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Optimal Blind Nonlinear Least-Squares Carrier
Phase and Frequency Offset Estimation for
General QAM Modulations

Yan Wang, Erchin SerpediMember, IEEEand Philippe Ciblat

Abstract—This paper introduces a family of blind feedforward received signal. Reference [20] has shown that the seemingly
nonlinear least-squares (NLS) estimators for joint estimation of different estimators [3], [12, pp. 281-282], and [15] are equiva-
the carrier phase and frequency offset of general quadrature on; 14 the standard fourth-power estimator, while the estimator

amplitude modulated (QAM) transmissions. As an extension _ . .
of the Viterbi and Viterbi (V&V) estimator, a constellation-de- [5] exhibits a larger asymptotic (large sample) variance than the

pendent optimal matched nonlinear estimator is derived such former class [3], [15]. A so-called reduced-constellation (RC)
that its asymptotic (large sample) variance is minimized. A fourth-power algorithm, which slightly improves the perfor-

class of conventional monomial estimators is also proposed. The mance of the classic fourth-power estimator, is proposed in [8].
asymptotic performance of these estimators is established in However. it is well-known that both the RC and the standard

closed-form expression and compared with the Cramér—Rao fourth timat hibit relativel f
lower bound. A practical implementation of the optimal matched ourth-power estimators exnhibit relatively poor pertormance

estimator, which is a computationally efficient approximation of in the case of cross-QAM transmissions [8]. Also, [8] intro-
the latter and exhibits negligible performance loss, is also derived. duces two signal-to-noise ratio (SNR)-dependent methods that

Finally, computer simulations are presented to corroborate the outperform the performance of standard and RC fourth-power
theoretical performance analysis and indicate that the proposed ggtimators in the case of cross- and square-QAM constellations,
optimal matched nonllne_ar estimator improves significantly the at moderate to high SNR levels, respectively. However, in the
performance of the classic fourth-power estimator. g : d
case of square-QAM constellations and low SNRs, the per-

formance of these two methods is inferior to the fourth-power
algorithm [8].

This paper proposes a family of NDA feedforward nonlinear
least-squares (NLS) estimators for joint phase and frequency
. INTRODUCTION offset estimation of carriers that are fully QAM-modulated.

Q UADRATURE amplitude modulation (QAM) is a highly The proposed NLS estimators represent a generalized form of

Index Terms—Blind estimation, carrier phase, frequency
offset, quadrature amplitude modulated (QAM) constellations,
synchronization.

bandwidth efficient transmission technique for digita® 10w SNR-approximation of the maximum likelihood (ML)
communications. Currently, large QAMs are widely use@stimator, that was originally proposed by Viterbi and Viterbi
in throughput efficient high-speed communication applicatioty&V) as a blind carrier phase estimator for fully modulated
such as digital television and time-division multiple acced¥ase-shift keying (M-PSK) transmissions [16], [22]. This
systems. One of the problems associated with the use cgfrier phase estimator is referred in the literature as the V&V
large QAM modulations is that of carrier recovery, which foflgorithm [12, p. 280]. Based on the V&V algorithm, Efstathiou
efficiency reasons must be performed without using preambl’fé@d Aghvami have introduced blind carrier phase and frequency
[8], [18], [20], i.e., in a blind or nondata-aided (NDA) mode. offset gstimators .for 16-QAM modulated transm?ssions [6],
Carrier recovery involves the acquisition of both the carridf]: Which are similar to the RC fourth-power algorithm in the
frequency and phase. Recently, assuming that the frequencyS@&2se that they tend to emphasize the weight of the four corner
covery has already been achieved, a number of blind feedforw®RiNts in the signal constellation. Moreit al. pointed out that
phase estimators for square and cross-QAM modulations wihis solution was unsatisfactory with short bursts and proposed
reported in [3]-[8], [12, pp. 281-282], and [15], and analyzed New blind scheme with superior performance to previous
in [18] and [20]. These estimators exploit the angle informatighethods [13]. However, it appears that it is not straightforward
contained in the fourth-order or higher order statistics of tH@ extend this algorithm to general QAM modulations that are
different from 16-QAM.
In this paper, we introduce optimal “matched” estimators as
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with respect to the classic fourth-power estimator at any SNggmbols. It turns out that the resulting problem reduces to

level, but significant improvements are observable especiallythe standard problem of estimating the phase parameters of

medium and high SNRs. The proposed estimation techniquesonstant amplitude harmonic embedded in additive noise,

represent a quite general and unifying framework to design blifmt which standard NLS-type estimators can be developed and

carrier synchronizers with improved performance. It appeatseir asymptotic variance can be established in closed-form

that some of the existing synchronizers [13], [19] may be olexpression. The key element in deriving the optimal estimator

tained as special cases of the proposed estimation framewoik. to select the optimal nonlinear transformation so that the
The rest of this paper is organized as follows. In Section kstimator's asymptotic variance is minimized.

the discrete-time channel model is described. Section Il intro-

duces the family of blind NLS joint carrier phase and frequency 1ll. ESTIMATORS FORSQUARE QAM CONSTELLATIONS

offset estimators for general square-QAM constellations. TrAe

asymptotic performance of these estimators is established

in closed-form expression and exploited to develop optimal First, let us consider square-QAM constellations (i.e., with

matched nonlinear estimators that exhibit minimum variancgizesM = 2*™,m = 1,2,...). With normalized energyy(n)

A class of conventional monomial estimators is proposdakes avalue fromthe set/r,, ){£(1+20)£j(1+2k), (I, k) €

and their asymptotic performance established in closed-forftns } With Ay := {(0,1,2,...,2™~" —1)*} and

Matched Nonlinear Carrier Synchronizer

expression, too. This family of estimators is further extended 4
to general cross-QAM constellations in Section IV. Section V r2 = i Z [(1 +20)% + (1 + 2k)2] .
presents a unifying approach for designing computationally (LE)EA N

efficient approximations of the proposed optimal matched
estimator. In Section VI, simulation results are conductddePresent
to confirm our theoretical analysis and show the superior #(n) = p(n)ei*™ @)
performance of the proposed optimal estimator. Finally, in

Section VII, conclusions are drawn and detailed mathematiGg{d define the procesgn) via the nonlinear transformation
derivations of the proposed performance analysis are reported

in the appendixes. y(n) := F(p(n))ei**) 3)

(n) in its polar form

Il. PROBLEM FORMULATION where F'(-) is a real-valued nonnegative arbitrary nonlinear
] o function. We will show shortly thag(n) can be interpreted as a
We consider a baseband QAM communication system Whefgnstant amplitude harmonic embedded in additive noise, and
the filtering is evenly split between transmitter and receiver §e yunknown carrier phase can be extracted from the parameters
that th_e overall ch_annel satisfies thg first_Nyquist Conditio'@phase/frequency) of this constant amplitude harmonic. It is
Sampling the receiver output at the right time instants yleldieresting to remark that the transformation (3) differs from the

class of nonlinear transformations introduced in [16] and [22].

B () B This difference is due to the fact that all QAM constellations
w(n) =w(n)e +o(n), n=0...,N-1 exhibit quadrant symmetries which translate into nonzero
n(n) =0 + 2rF.Tn (1) fourth-order moments K{w*(n)} # 0), and consequently

justify the special form of the exponential factor in (3).

where {w(n)} is the independently and identically dis- Conditioned on the transmitted signaln), z(n) is nor-

tributed (i.i.d.) input M-QAM symbol stream with zero-meammally distributed with the probability density function (pdf)

and unit variance o, := E{|lw(n)’} = 1), T denotes f(z(n)jw(n)) ~ N(w(n)exp(jn(n)), o2). Throughout the

the symbol period,{v(n)} is a zero-mean circular white paper, the notatior(-) will stand for the pdf of certain random

Gaussian noise process independentef) and with variance variables (RVs). Due to (2), it follows that

o2 := E{|v(n)|?}, andd andf. := F.T stand for the unknown

carrier phase and frequency offset, respectively, which af¢ p(n), ¢(n)|w(n) = pw(n)ej¢“’<n))

the parameters to be estimated based only on knowledge o

received samplez(n) ;V:_Ol, The SNR per symbol is defined:Lnge—(ﬂ2 (n)+p%, () /73 ,(2p(n) pu (n) cos[(n) —puw (n)—n(n)])/

asSNR := 10log;o(02 /o2). oy

Because the input QAM constellation has quadrant2 (4)

symmetry, It TOIIQ\.NS that_ the estimates 6fand F. present. wherep,,(n) and¢,, (n) denote the amplitude and phase angle
four-fold ambiguities, which can be counteracted by applyin w(n), respectively. Based on (4), it is easy to infer that the

differential encoding. Without any loss of generality, we assume . .

that the unknown phagglies in the interval £ /4, 7/4) and joint and marginal pdf op(n) and¢(n) take the expressions
|fe| < 1/8. The estimation approach that we will pursue COnS-hOVYn 'r\‘/([?i _"in;})g; (altihgk?%t/tgm cj the n?;i&i%‘(al’ J/rvhere
H e H : : ko= wr YLk =

sists of exploiting a nonlinear transformation on the receiv )/(1+21)), and Io(-) stands for the zeroth-order modified

signal samplesi(n) to remove the unwanted mUItIpllCatlveBessel function of the first kind [1, eq. (9.6.16)]. Moreover,

modulation-introduced effects due to the transmit randogri]ncew(n) andu(n) are i.i.d. and mutually independent, based

INotation := stands for “is defined as.” on (1) and (2), it is not difficult to find that the joint pdf of
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the RVs p(n1), ¢(n1), p(na), ¢(ns) satisfies the following which is generally zero-padded with a sufficiently large number

factorization: of zeros to achieve the precision provided by the asymptotic
CRB (O(1/N?)). Then, a fine frequency offset estimate is
f(P(nl)v¢(n1)7ﬂ(”2)>¢(”2)) obtained by means of interpolation or using a gradient al-

= f(p(n1),d(n1)) - f(p(n2),d(n2)), formy #mny. (7) gorithm. Finally, a closed-form estimate of the carrier phase
is obtained based on (14), which assumes knowledge of the
mequency estimatgfe. It is well known that estimator (11) is
asymptotically unbiased and consistent [21]. If the distribution
E{y(n)} :E{F(p(n))ej4¢(”>} = CedtmHan(m)  (g) of additive noiseu(n) is approximated to be circular normal,
. B 46(n) it turns out that the resulting NLS-estimator is asymptotically
C =|E{y(m)}| = [E{F (p(n))e HEC) efficient, in the sense that it achieves the performance of the

where the amplitudé is a real-valued constant which does nd¥L estimator [2], [9], and [21]. As the simulation experiments
depend om. Sincew(n) andv(n) are i.i.d. and mutually inde- illustrate, this approximation holds true for small-order QAM
pendent, from (7), it follows thak(n) := y(n) — E{y(n)} is constellations (e.g., quaternary PSK), and the departure from

wide sense stationary (WSS) i.i.d., too. Consequently circularity_ becomes more dominant for larger order QAM
constellations.

y(n) =M L), n=0,1,...,N—1 (10) Following a quite standard procedure (see, e.g., [9], [11], and
) ) . [21]), one can derive closed-form expressions for the asymp-
andy(n) can be viewed as a constant amplitude harmonic eiic \ariances of estimates, I = 0, 1. These calculations are

bedded in additive WSS white noise. Note that, in general, thgapjished in the Appendix Il and are summarized in the fol-
WSS white noise procesgn) is neither Gaussian dlstnbuted'OWing theorem.

nor circular [17].

Exploiting (5), some calculations, whose details are provided
Appendix |, lead to the following relations:

Theorem 1: The asymptotic variances of the NLS estimates

Letw := [ 1 wo wn]" =[~C 46 Sr/.]" andwbethetrial g, ) _ ¢y in (11)~(14) are given by
value ofw, and introduce the following NLS estimator (see, e.g., '
. R B—D 4l+2
[2], [9], and [21]): avar (&) ==z NUH (15)
w = arg min J(@) (11) Bi=B{ly(n)[*} = E{F(p(n))} (16)
it | D :=[B{y*(n)}| = [E{F? (p(m) ™™} @7)
1 win
J@) =5 Y |u(n) — e =0 : (12) andCis defined in (9).
n=0

Some calculations in Appendix | show thatC, andD take

) ) . the following expressions:
By equating to zero the gradient dfw), some simple algebra

calculations show that the NLS estimates.wf! = 0, 1, are _ =
asymptotically equivalent to the following estimates (see, e.g., b /o F (p(n))fl (p(n>)dp(n) (18)
(9. 1211 C= [ Flotm))éalom)don) (19)
1 N—-1 N 2 Ooo
Wy =arg max - 7;] y(n)e 7 (13) D= /0 F?(p(n))&s(p(n))dp(n) (20)

N-1 . . .
. . where fori = 1, 2, 3, the following relations hold:
wo :angle{ — Z y(n)e 1“1"} . (14)
n=0 &(p(n)) = (~1)= E) et
Note that the NLS estimates of the phase parametgrs Mo
Il = 0,1, are decoupled from that of the amplitugg?]. . Z cos(4(i—1)¢1 k)e_(ggk/ag)&(;l)(ZP(n)Qz,k)
From (13) and (14), it can be seen that the overall estimation L hE AL ’ ' o3
procedure includes two steps. First, a coarse estimate of the 1)
frequency offsetf. is determined efficiently by means of the
fast Fourier transform algorithm applied on the sequeyieg, andy; i ‘= Vmax{1,k},min{i,k}-
p(n) - :
p _ —10:: 2(n 2 2p(n)or 1 afcos¢>n—r’)_,.—m7r2—7n
F(p(n), ¢(n)) ~iire? Z Ze (1/a)le’ () +ei k] o (2p(n) i k)/ [p(n) =1k = (mm/2)=n(n)]
(l,k)eAJ\,[ m=0
©)
& 8p(n (R () o? ) /o 2p(n)or,
7o) = [ 5oty s0m)aotn) = S8 S et I<%> ©
- v (I,k)eAn v
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From the above expressions, one can observe that the asyhipit computational efficiency and simplicity when compared
totic variances ofy;, I = 0, 1, are independent of the un-with the optimal matched estimator. In this subsection, we de-
known phase parametefisand f.. It is of interest to compare rive closed-form expressions for the asymptotic variances of this
the asymptotic variances (15) with the CRB. In [18], the CRBdass of monomial phase and frequency offset estimators. Define
for carrier phase and frequency offset estimates are derivedtioe class of processgg(n),n = 0,..., N
fully QAM-modulated carriers, and with the notations adopted

so far admit the following expression for largé& yr(n) = pF(n)e?**™ |k =0,...,4 (27)
~ A 2 (4l + 2)012; 2 h .
CRB(@1) = CRBow (@1)-R(07) = 577 = R(07) (22) and the zero-mean processes(n) = yx(n) — E{yk(n)},

k=0,...,4.Asbefore, it turns out tha' {yx(n)} is a constant
where CRBcw corresponds to the CRB for an unmodulatedmplitude harmonic, and hencg,(n) = E{yr(n)} + ur(n)
carrier wave, and?(c?) denotes the constellation-dependenian be interpreted as a constant amplitude harmonic embedded
ratio of the true CRB taCRBcw, which can be evaluated byin additive noise. As a special case of (11), we introduce the
means of numerical integration or Monte Carlo evaluations [18bllowing class of monomial NLS estimators:

Based on (15) and (22), one can observe that the asymptotic

varianceswar(w;) of the NLS estimates;, [ = 0, 1, decay at JEIN
the same rate as the CRB, i.©(1/N?/*1). N R s o J;Owl n -
In the absence of frequency offset), the proposed NLS ¢~ = #8005 Z:O yr(n) — e 1= (28)

estimator (11) reduces to the phase estimator

N-1
;o1 whose asymptotic variances f@fk) [ =0, 1 are provided by
6 = —angle, — 23 ' ’
4ang e{ ; y(n)} (23) the following theorem.
) ] o _ Theorem 3: The asymptotic variances of the NLS estimates
whose asymptotic variance is one quarter of that correspond!p@,‘), 1 =0, 1,in (28), are given by
to the case of joint phase and frequency offset estimation [18f, 7

and is given by k), Br =D 4+2

(e (24) W) =g
avar = ———>5 -
32N> Bi :==E{lyr(n)*} = E{p** (n)}
Next, we determine the optimal “matched” nonlinearity:) Cr. == E{yr(n)}| = [E{p" (n)e**M}|
which minimizes the asymptotic varianaear(&;)(15). Since Dy, :=|E{y}(n)}| = |[E{p**(n)e’*™M}| . (29)
in (15) only the termd3, C, D depend or¥(-), finding an op-
timal F'(-) resorts to solving the optimization problem Exploiting (6) and [10, eq. (6.643.4)], the following
B_D closed-form expression fd;, can be derived:
Frin (p(n)) = arg %1(11)1 -
. . k—q
4020 &L (k2 o7
Based on (9), (16), and (17), the optimum nonlineafity., is By = % Z < ) q! Z Ul’zp . (30)
obtained by using Cauchy—Schwarz’ inequality and is given by a=o \ LpEAM v

the following theorem. ) )
Theorem 2: The optimal “matched” nonlinearityy (-) From Appendix lIl,Cy, andDy,, k = _0, ... ,4_can be expressedin
that minimizes the asymptotic variances of the proposed famiffms of confluent hypergeometric functid-, -, -) as follows:
of NLS estimators (11) is given by
o 4ok =41(L + 3)
£2(p(n)) N ViV E)

(25)
&1(p(n)) — & (p(n) >

where A is an arbitrary nonzero constant selected such that o
. . (ILp)EAM
Foin(+) is nonnegative.

Foin (p(n)) =A

Plugging (25) back into (18)—(20), and substituting these AT =S 15 (31)
values into (15), the asymptotic variances corresponding to thep, :Uv—(J“’)
optimal matched estimatés, | = 0, 1, can be expressed as MT(9)
2 2 2
vt (@) = Yoot - . (26) D cos(8prp)em a7 g, @ (k+5,97 %)
N2 [ _ &) o(n (Lp)yedar 2
0 &i(p(n))—&s(p(n)) 32)

B. Monomial Nonlinear Estimators It should be pointed out that whenis even (/ is usually a

The conventional V&V-like nonlinearities rely on the monopower of two), following a similar approach to that presented
mial transformationg’.(p(n)) = p*(n), k = 0,...,4, and ex- in[22] or the formula [1, eq. (13.5.1)], one can obtain a slightly

’
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more compact expression for the confluent hypergeomettions out that the proposed optimal estimator approaches the
function in (31) CRB in low and high SNR ranges, and in almost the entire SNR
region of interest, the optimal nonlinearit,,(p(n)) can

2 . . .
o= — % Z cos(dgi, )M (k 017,))7 if k=0,2 be approximated without much loss in performancepbn).

2'% g2 However, the same conclusion can not be drawn for larger
4(l’p)eA“’ order QAM constellations. Assuming the number of samples
Cp=—— Z cos(4pip)or,, if k=4 N = 500, Figs. 2 and 3 illustrate the theoretical asymptotic
M (1.p)EANM variances for 16-QAM (square) and 32-QAM (cross), respec-
tively. Since the difference between the asymptotic variances
H(S’ t 7) of § and f. is just a constant for a given SNR, only the variance

S e\ [s—t fp—1\/-2\" of §(24) is plotted. From Figs. 2 and 3, one can observe that
!< > < ) <—) at low SNRs, both the optimal estimator and the fourth-power

K estimator achieve CRB, which means that at very low SNRs,

sttt1ot —(v/2) [ 2 t+1 the classic fourth-power estimator is always the best choice.
+(=1) 2e y This is not a surprising result since the fourth-power estimator

s—t—1 | » is simply a low-SNR approximation of the ML estimator [15].

. Z (5 +t+p> &(2) } However, in the more practical regime of medium and high
— p (s—t—p—1!\y SNRs, the optimum nonlinear estimator provides a significant
improvement over the class of monomial estimators while the

p p

p=0

Similarly latter exhibits the error floor due to its self-induced noise [15],
A 2 [18].
Di=— > cos(8pr,)H(k4,—L), ifk=01,23
M ’ 0'2 V I
(1,p)EAM v . IMPLEMENTATION OF THE OPTIMAL ESTIMATOR
Dy, :i Z cos(8¢,) 0} if k= 4. The results shown in Figs. 2 and 3 illustrate the good property
(L) edn pIELE of the optimal nonlinearity (25) for higher order QAM modu-

lations at medium and high SNR ranges. As can be observed
Plugging (30), (31), and (32) back into (29), closed-form expreom (21) and (25) Fiuin (p(n)) is a function that depends on
sions for the asymptotic variancesar(d;l(k)) fork=0,...,4 the SNR and presents high implementation complexity, which
and! = 0, 1 are obtained. Note that whén= 4, the phase es- makes the optimal estimator impractical. Fortunately, computer
timator (23) is just the standard fourth-power estimator [3], [18jmulations indicate that the sensitivity of the optimal estimator

pp. 281-282], and [15], and (24) coincides with the expressitm SNR is limited in medium and high SNR ranges. By consid-

established earlier in [20, eq. (13)]. ering approximations of (25), we propose next computationally
efficient SNR-independent estimators, which will be referred to
IV. EXTENSION TO CROSSQAM CONSTELLATIONS as approximate (APP)-estimators.

Followi imil h h d ab We select 16-QAM as an example to illustrate the derivation
olowing a simrar approac to the one pregente aboVthe constellation-dependent APP estimator. Fig. 4(a) plots the
one can develop an optimal matched joint carrier phase

¢ p . f | AM modulati imal nonlinearity (25) versus the magnitydef the received
requency offset estimator for general cross-QAM modulationf,, 5y SNR= 20 dB for 16-QAM modulation, while Fig. 4(b)

(ie., with sizesM = 227F%, m = 2,3,...). Observe that depicts the optimal nonlinearity (25) for a set of varying SNRs.

for general cross-QAM cons.tellatlons(n) takes a value f_rom The curve presented in Fig. 4(a) suggests that for 16-QAM a
the set(1/r,,){=(1 +Zf_)2i J(% + 2]2)_’1(1’ k) € ffg}' W'ch good design for the APP estimator is a piecewise linear approx-
A= {0, 1,327 —1)7— (2770, 32T o of the following form:

andr,, an energy normalization constant. Therefore, we can still

express the joint and marginal pdf pfrn) and¢(n) as in (5) 122.2733p(n), if p(n) < 0.7
and (6). Similarly, to the derivations presented in Section I, byFAppm(p(n)) = { 331.885p(n) _ 30.4524, if p(n) >19
considering the procesgn) [see (3)], it follows thaty(n) can 0. " elsewhere.
be interpreted as the sum (10). Therefore, it is not difficult to ' (33)

find that all the estimators proposed for square-QAM modulgimilarly for 32-QAM and 64-QAM, since the optimal nonlin-
tions can be applied to cross-QAM constellations, and all theyrity (25) appears to be well modeled by piecewise linear ap-

expressions for the asymptotic variances still hold true withoptoximations, we can obtain the APP estimators
any change. The constarits, Cx, Dy, are constellation-depen-

dent and their values should be computed accordingly. Due to 206.9958p(n), if p(n) <0.5

space limitations, we will not present any detailed derivation$s pp,, (p(n)) =< 608.4586p(n) + 2.2689, if p € [0.84,1.02]
In Figs. 1-3, we evaluate the theoretical asymptotic variances 0, elsewhere

of the proposed optimal matched and monomial estimators 106.4159p(n), if p(n) < 0.34

versus SNR. Fig. 1 depicts the performance loss of the asymp- ) 321.2425p(n), if p €[0.59,0.69]

totic variances (26) and (29) with respect to the CRB (22) (i.8APPss (p(n))= T17p(n), if p(n) > 1.44

—10loglo[avar(cbl)/CRB(dzl)]) for 4-QAM modulation. It 0, elsewhere
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Fig. 1. Performance loss with respect to the CRB versus SNR (4-QAM constellation).
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Optimal

avar(0)
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Fig. 2. Theoretical bounds ofversus SNR (16-QAM constellation).

respectively. Sincé&'spp(-) is constellation-dependent, we willwith selection (V&V-SEL)] [13], which takes the following ex-
not present the detailed expressionstafpp for other QAM  pression:

modulations in this paper. The APP nonlinearities for general

QAM constellations can be obtained in a similar way. Itis inter- 0.4472p(n), if p(n) < 0.7236
esting to observe thdfspp,,(33) is quite similar to the nonlin-  Fygv_sen(p(n)) = < 1.3416p(n), if p(n) > 1.1708
earity introduced in the MorelBt al. estimator [V&YV algorithm 0, elsewhere.
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Fig. 3. Theoretical bounds ofversus SNR (32-QAM constellation).
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Fig. 4. (a)Fumin versusp (16-QAM constellation at SNR= 20 dB). (b) F.;. versusp (16-QAM constellation at varying SNRs).
Careful examination of the expressions of APP nonlinearities VI. SIMULATION EXPERIMENTS

illustrates that the intrinsic principle of APP estimators is to n this section, we study thoroughly the performance of
emphasize the Weig.ht of the ppints located on the diagonalse‘#timators (11), (éS), and (28) using computer simulations. The
the signal constellation, and discard all the off-diagonal po'méxperimental mean-square error (MSE) results of the proposed

It appears also that only a subset of the points located on figimators will be compared with the theoretical asymptotic
diagonals is selected. This principle was implicitly exploited by, ,nds and the CRB. The impact of the nonlineadty.)
V&V-SEL estimator [13] for 16-QAM, and by Sari and Moridi oy SER is also assessed. The additive noise is generated as
for 16-QAM and 64-QAM under quite different circumstancegerg-mean Gaussian white noise, the number of samples is
[19]. . _ . . . assumedV = 500, and the experimental results are obtained by

In the next section, we will present simulation experimeniserforming a number dfIC = 1 000 Monte Carlo trials except
to corroborate the theoretical performance analysis and toift- Figs. 5-8, where we use a larger numb&€ = 100000

lustrate the performance of the proposed optimal estimators farensure accuracy. Unless otherwise noted, the carrier phase
both square- and cross-QAM constellations. 6 = 0.2 and frequency offset,. T = 0.05.
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Fig. 5. SER curves versus SNR (32-QAM constellation).
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Fig. 6. SER curves versus SNR (64-QAM constellation).

A. Experiment 1—Comparison of the MSE of the Proposed no frequency offset. In Figs. 9 and 10, the performance of
Estimators With the Theoretical Bounds Versus SNR V&V-SEL estimator [13] is illustrated, too, while in Fig. 11,

we also plot the MSE-result of the eighth-order statistics based

This experiment compares the theoretical (The.) bounghase estimator (EOE) proposed for cross QAM in [4]. These

with the experimental (Exp.) MSEs of the proposed estimatdigures show that for medium and high SNRs, the experimental

for 16-QAM (Figs. 9 and 10) and 32-QAM (Fig. 11) assumingesults of the optimal estimator and the fourth-power estimator
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Fig. 8. SER curves versus SNR (256-QAM constellation).

are well predicted by the asymptotic bounds derived in th@AM modulations. Because the choice of nonlineafity) is
paper. Note that at low SNR (0 dB), the MSE of the phaghe same for both carrier phase and frequency offset estima-
estimator (23) asymptotically converges toward the constants, for simplicity we only concentrate on the carrier phase
value 72/48, which represents the variance of a uniformlgstimator assuming the absence of frequency offset. Figs. 5
distributed phase estimate over the rariger/4, 7/4][18], and 12 compare the performance of the proposed optimal and
[22]. From Figs. 9 and 10, we can observe that for 16-QAMAPP estimators with that of the classic fourth-power estimator,
the performance of the optimal estimator and the V&V-SEN&V-SEL estimator, and EOE for 16-QAM witld = 0.75
estimator is essentially identical, and both of them outpesnd 32-QAM withf = 0.2, respectively. To show the superior
form significantly the standard fourth-power estimator in thperformance of the optimal estimator, we also plot as a lower
medium and high SNR ranges, and are very close to CRB.Hound the SER curves in the case of perfect carrier recovery,
the case of cross-QAM constellations, the proposed optima., in the case when the transmitted symbols are only corrupted
phase estimator provides considerable improvement over the additive white Gaussian noise (AWGN). Figs. 5 and 12

fourth-power estimator and EOE. indicate that the proposed optimal estimator approaches closely
) ) . this lower bound and improves significantly the performance of
B. Experiment 2—Impact of the Nonlinearity on SER the conventional fourth-power estimator and EOE for medium

In Figs. 5 and 12, we show the SER performance of ti@nd high SNRs. We can also observe that APP is a satisfying
carrier synchronizers exploiting different nonlinearities antgalizable alternative to the optimal estimator.
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Fig. 10. Comparison of MSEs ¢f. versus SNR (16-QAM constellation).

C. Experiment 3—Performance of the Proposed Estimators posed optimal estimator and APP, and justify again our deriva-
the Case of Higher Order QAM Modulations tion of the asymptotic variance.

Figs. 6-8 illustrate the performance of the optimal estimator VIl CONCLUSION
and APP for larger order QAM modulations (64-QAM with In this paper, we have introduced and analyzed a family
6 = 0.75, 128-QAM, and 256-QAM, respectively) comparedf blind feedforward joint carrier phase and frequency offset
with the existing methods. Since higher order QAM modulastimators for general QAM modulations. Based on a general-
tions often operate at larger SNRs, we pay special attentionization of the V&V algorithm, a matched nonlinear estimator
the medium and high SNRs, where the SER is in the rantpgether with a class of monomial nonlinear estimators were
SER < 1073. These figures show again the merit of the prantroduced and their performance established in closed-form
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Fig. 11. Comparison of MSEs ®fversus SNR (32-QAM constellation).

SER

Fig. 12. SER curves versus SNR (16-QAM constellation).

expressions. A framework for designing computationallipnformation provided by the two spectral lines present in the
efficient approximations of the proposed optimal estimat@rocessy(n) := Fy(p(n))el*(™ + F5(p(n))e’®*(™), where
without incurring much performance loss, is also proposeff;(-) and F>(-) are two arbitrary nonlinearities. It appears that
The proposed (approximate) optimal estimator exhibits better square QAM or small-order QAM there is not too much
performance when compared with the existing methods. Sinmom for improvement, a fact that is corroborated by the SER
ulation results indicate the merit of the performance analysiarves depicted in Figs. 5-8 and 12. However, for larger order
presented in this paper. In a future paper, we will analyze tbeoss QAM, the exploitation of additional harmonics (lines)
performance of a generalized NLS estimator that exploits theay provide some performance gains.
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APPENDIX |
DERIVATION OF (18) AND (19)

Using (5), we can expreds{y(n)} as (34), at the bottom of

1051

{F (p(n)) =470 E (p (n—|—7—))ej4¢(n+r)}
E{F(p —J4¢(n)} { (o (n+T))ej4¢(n+T)}

the page, where in deriving the third equality, we made use of 7u(n;T

the definition ofI4(-) [1, eq. (9.6.19)]. For a fixed paii,( k)
andl > k, Y1 = =i+ /2, SOexp(4er,1) = exp(—4¢y 1).
After defining v & := Ymax{i,k},min{z,k} aNd

8p(n) _(,2 -
&2(p(n)) == —ﬁe (0% (n)/02)
Z COS(4@l7k)6_(9.lz.k/”3)I4(M)
(Lk)EAN [op

we obtain from (34)

B = [ Flon)éa(pm)dotn)

which is (19). Equations (18) and (20) can be obtained using a. §(r) =(D —

similar procedure.

APPENDIX Il
PrROOF OFTHEOREM 1

In order to establish Theorem 1, let us first study the seco
order statistics of additive nois€n). From (10),u(n) can be

expressed as

u(n) :=y(n) — E{y(n)}

=F(p(n))e/**") — B{F (p(n)) e} .

Define the second-order covariance and relation functions of

u(n) as

ru(n;T)
=E{u"(n)u(n+ 1)}

)
=E{u(n)u(n +71)}
=E{F (p(n)) ™I F (p(n + 7)) /4047 |

- E{F(P(”))€j4¢(n)}E{F(p(n—i—T))e”‘/’("*T)}

respectively. Due to (7), it turns out that(n; 7) and7, (n; )
are both equal to zeroif # 0. Hence, we obtain from (9), (16),
and (17) the following relations:

. 2
rutism) = B{# o)} P o=} ] st
=(B — C?)5(r) (35)
Fu(n;T) [ { 2(,0 )e]8¢(" }—EQ{F(p(n))eﬂd’(n)H
%)l 6 (1) (36)
whereé(.) stands for the Kronecker’s delta.
Next, we begin the derivation of Theorem 1. Since= —C,

for simplicity, we replace: by C in the cost function (12). Con-
sidering the Taylor series expansion(xp (J Zl owinl)in

e neighborhood of the true val{i€ wy w:]?, we can write

A]Z“”n jzwln ijln
Ce =Ce t=0 +(C = C)e i=0
JZWITL
+JZ” W —wi)Ce =0 +rem

k=0

whererem stands for the high-order remainder terms which
asymptotically asV — oo can be neglected. Thus, we can ap-
proximate (12), as shown in the equation at the bottom of the
page. Setting the derivatives &fw) with respect tav to 0, we

E{y(n)}
:E{F(p

1 > [ ot
~Mno?

v, k)GAM m=0"

2
e

v (l,k)e Ay m=0

)ej4¢(n)}

—ed4n(n)

—(Pz(n)+912,k/03)

Z e i /oo p(n)F(p(n>)e—(pQ(n)-‘erz,k/U%)Ll < 2p(

" 40() o 20(n) 1 /02) sl (mins=om /2D =1] gy (1) d ()

J—m

%) dp(n)

v

a8 SR e (2 ()0 o2 2p(n)or,
ECEIN S 634@_,&/0 p(n) P (p(n)) =7 (et a/ U>I4<%>dp(n) (34)
YV (lLk)eEAM ’ Y
1 1 2
K 1N—l jzwln R ijl'n 1 jzwln
J@) =53 jun) =Ce = — (€= =~y n* (@ —we)Ce
n=0 k=0
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obtain the first equation at the bottom of the pag@/e nor- Since in (39) only is random, the asymptotic covariance matrix
malize the above equations By'/2 and N*+t1/2 L = 0,1, of is given by

respectively, and obtain that asymptotically (sis— o) the T

relations hold, as shown in (37) and (38), at the bottom of the Yo = A}lm E{Ky(@-w)@-w) KL}

page, where in deriving the last equality, we made use of the — lim E {A 1 TA- 1} — A'ReA!
well-known limit [11]

N whereRg := limy_., F{ee’'}. Observe that
Jim Z (3) =1 Re(L,1)
n=0 1 N-1 9
: —j4n(n
Next, we express (37) and (38) in the matrix compact form:NIE}})O NE ( Z Te{“(”)e 7anC )})
equation n=0
1 N-1 ' .
K (o - w) =A~e =dim x 3 B{[utu)e ) e
N2 0 0 nma=0
Ky := 0 N1/2 0 .[u(nz)e—ﬂﬂ(nz)+u*(n2)ej4ﬁ(n2)]}_
3/2
L 00 0 o N Using (35) and (36)Re(1,1) can be written as
N-1
A=|0 C & L 1 o 1 )
o ¢ & R€(1,1)_A;@WW;(D+B—QC )= 5(D+B-2C%).
- N_1
\/L_ 3 re {u E f4n(")} Similarly, we obtairRe¢(1, k) = 0, k = 2, 3, which means that
1@:3 the NLS estimators of the amplitude and phase parameters are
e — | L Z_ im {u(n)e=74n()) . asymptotically decoupled.
VN o To evaluate the asymptotic variancedgf I = 0, 1, we need
o N ﬂ)lm {u(n)e-4nm) to compute fork,m = 0, 1, as shown in the equation at the
L VN = \N bottom of the page. Using a technique similar to the one devel-
(39) oped in the evaluation dRg(1,1), we obtain
2The notationse andim stand for the real and imaginary part of a complex- Re (2 +k,2+ m) 1 (B _ D) km=0.1
valued number, respectively. 2(k+m+1) ’ T
N-1
re {u(n)e 34’7(")} N(C-C)=0
n=0
N-1 ) 1 N-1
Z n*im {u(n)eﬂ‘ln(")} -C Z(d}l — wp) nFtt =0, fork =0, 1.
n=0 =0 n=0
1 N-1
— re {u(n)e ML = /N(C -C 37
> {utn) }=VNE-©) (37)
1 nk —jdn(n l+1/2 L\ e
\/—N 2 (N) im {u(n)e } CgN (0 — wy) N 7;) (N)
1
=y ——  NHFV2G —w), k=01 38
; +l+1 (@0 — wi), ! (38)
1 = ny k no\™m
Re(+k.2em) =l 53 () ()

- K [im{u(nl)e_j4"("1)}im{u(ng)e_ﬂ”(m)}} .
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Bl = [ [ M0 (o), o)) bt doto)

1 3
~ Mnro? Z Z

Y (I,p)eAy m=0

8

“Mo?
v (Lp)EAM 70

i) Y gt /°° P )= (/D () +ed, 1,

/ P ()e= (/oD () +eh, ]
0

. / " i40(n) ,20(m) 15 /02) coslé(m) =, — (ma/2) = (n)] d(n)dp(n)

v

Thus, the matrixRe can be expressed as

R._ L[B+D—-2¢%0 (1
€7 2| 0(B-DH 2
whereH := {1/(k 4+ + 1)},16, 1—o IS the so-called Hilbert ma-
trix [14]. Note that [3]
11 0
A _'[0 Cl}{l}' [4]
Therefore, the asymptotic covariance matrixxak obtained as 5
Y, =AT'ReA™!
1 |B+D- 2C2 0 6]
T2 [ 0 (B - D)c—2H—1} (40)
where the inverse of the Hilbert matH is given by [14]
Ho (1) — (1) (k+2)1(1+2)! 7
v (D2N2(1— kN1 - DNk +14+1) (8]
(41) [9]

Based on (40) and (41), some direct computations lead to the
sought asymptotic variances (15). This concludes the proof dfio]
Theorem 1.
[11]
APPENDIX |l

DERIVATION OF EXPRESSIONS(31) AND (32) [12]

Using (5), we can obtain (42), at the top of the page, where i3]
deriving the third equality in (42), we made use of the definition
of I4(-) [1, eq. (9.6.19)]. Note that the first term of the sum in
(42) (i.e.,l = p = 0 andyy o = w/4) can be written as

8

ej4n(n)ej4woo

[14]

[15]

Mo?
e e 2 16
: /0 P (n)e— (/7D () +e3, 14< p(z)zgo,o> do(n) [16]
40f 1 < [17]
__ v_eﬂn(n)e*(v/?)/ (/D ()
M (V2)k 0 Hacic [18]
qok=4 o L0 T(E+3) [k 02 ,
= v (egofo)d 12 T g My g5 20,0 jdn(n)
M 07T (5) <2+ o ) ol

(43)

wherea := 2000/0,, 7 = a2, := V2p(n)/o,, ®(-,-,-) 120
denotes the confluent hypergeometric function, and the last
equality in (43) employs [10, eq. (6.643,2)] and [1, eq.[21]
(13.1.32)]. By exploiting the same procedure as in (43) on
the other terms of/{yx(n)} in (42), we can obtain (31). The 122]
expression (32) foD;, can be derived in a similar way.
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