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Blind Carrier Frequency Offset Estimation for
Noncircular Constellation-Based Transmissions

Philippe Ciblat and Luc Vandendorp8enior Member, IEEE

Abstract—We address the problem of nondata aided frequency fractional sampling [3]) are also of interest. Since these tech-
offset estimation for noncircular transmissions over frequency- niques are not widely used and only concern a single-user and
selective channels in a linear precoder-based Comm”n'cat'onssingle-carrier communication scheme, we do not deeply focus

context. Linear precoding is representative of a downlink direct-se- . -
quence code dFi)vision n?ultiplg access (DS-CDMA) system or of O them. Nevertheless, the numerical study of these techniques

an orthogonal frequency division multiplexing (OFDM) system. Can be laid in further papers [4].
We observe that twice the frequency offset is a cyclic frequency of ~ The transmitted signal that has propagated over the channel
the received signal. We thus introduce an estimator relying on the s mainly disturbed by two kinds of impairments: on the one
maximization of the empirical cyclocorrelations. We analyze its panq the frequency selectivity and, on the other hand, the carrier
asymptotic behavior and obtain a closed-form expression for the f fiset. This offset dst . tch bet
asymptotic covariance. This enables us to design relevant system requengyo set. This 0_ Se cprrespon S _0 amismatch between
parameters. Numerical illustrations are provided and confirm our ~ the receive and transmit carrier frequencies and may be caused
theoretical assertions. Comparisons with existing methods are also by a Doppler effect or a local oscillator drift.
reported. For a DS-CDMA system, a carrier frequency offset leads to
Index Terms—Blind estimation, carrier frequency offset, cyclic an additional loss of orthogonality between the different users
frequency, DS-CDMA, fading channel, harmonic retrieval, noncir- and affects the performance. In an OFDM system, the presence

cular constellation, OFDM, synchronization. of a carrier frequency offset is more critical [5]. Therefore, ex-
tensive literature exists on this topic. More precisely, intercarrier
I. INTRODUCTION interference (ICl) appears after the discrete Fourier transform.

___ This ICl prevents the equalizer from distinguishing between the

F OR several years, the orthogonal frequency divisiogfects caused by the channel and the frequency offset [6]. In
multiplexing (OFDM) based multicarrier communicationyrder to overcome this drawback, we have to counteract the
systems and the direct-sequence code division multiple accggssence of the carrier frequency offset before any other pro-
(DS-CDMA) based multiuser communication systems have rgassing (namely, before the compensation of the channel time
ceived increasing attention. For instance, the OFDM techniqygpersion). Thus, it is relevant to estimate the carrier frequency

is employed in the European digital broadcast radio systefset directly from the received signal that is still corrupted by
and will be used in the future indoor and local area networkge channel.

The third-generation mobile communication network is based gending a known training sequence leads traditionally to ac-

on the DS-CDMA technique. Although these two systemg,rate estimates of the carrier frequency offset and of the filter
have been developed separately to solve different problerggrresponding to the channel. Nevertheless, this method reduces
it is possible to treat them in a similar way. Indeed, these tWge effective transmission rate. It also cannot be achieved in
systems rely on a transformation of the transmitted symbols g¥ne applications (e.g., passive listening in a military context).
means of a linear mapping. Therefore, these systems canth@refore, we only focus on nondata-aided (NDA) estimation
described with a general formalism based on linear precodgfsinhods.

(see [1] and [2]). In this paper, the theoretical derivations aregeyeral works have been reported about this problem. For a
developed for any linear precoder. Regarding the numerigg5.cpmA system, two methods have recently been developed.
simulations, we only concentrate on either a DS-CDMA or 8§ sypspace-based estimator has been introduced in [7]. The es-
OFDM system. We are aware that other linear precoder-basgfaior only makes sense if the spreading factor is larger than
techniques (like transmitter induced cyclostationarity [2] Qf,e channel length while the number of users is bounded and

cannot reach the spreading factor. An ESPRIT-like estimator is
. . . _described in [8]. Unfortunately, this estimator can only be ap-
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tors: Subspace based estimators have been studied in [11] wedshow that the system can be fully loaded and that the null
[12]. An ESPRIT-like estimator has been introduced in [13kubcarrier is not required. Section VI is devoted to numerical
and its associated adaptive version is carried out in [14]. A d#lustrations and comparisons.

terministic maximume-likelihood based estimator has been pro-

posed in [15]. Nevertheless, all estimators require the presence [l. PROBLEM STATEMENT

of virtual sub-carriers. Although such an assumption prevents,, .. . . . .
. X At first, we consider the single-carrier and single-user
the full load of the systems, virtual sub-carriers are encoun-

tered in practice. Indeed. in IEEE 802.11 or the HIPERLANZOTMunications framework. A linearly modulated symbol

- . n which i n is transmitted.
standard, the conditions on out-of-band interference lead to auence, ch 1S denoted b, }nez, 1S trans tted

. adioy f?ls sequence is assumed to be zero-mean, independent and
used the band borders. Furthermore, the optimal localization.

LT . |8entically distributed (i.i.d.), noncircular, and unit-variance.
the null subcarriers is discussed in [14]-{16]. In [17], the dete‘Y"he transmitted signal passes through a multipath propagation

ministic maximume-likelihood approach is developed in the cas . . . .
o nnel. Hence, the continuous-time baseband received signal
where the constellation is constant modulus, e.g., phase-shi .

t) can be written as

keying (PSK). It is proved that null subcarriers are not requiré/d‘
and that the system can be then fully loaded.

So far, besides these restrictive assumptions, the above-men- . (t) = <
tioned estimators only consider the specific cyclic-prefix

OFDM scheme. For instance, no estimator has been developgfh e and §f, are the symbol period and the carrier fre-

for a zero-padded OFDM scheme described in [18], exceptdfiency offset, respectively. The unknown filteg(t) results

the following current work [19]. _ from the convolution of the shaping filter and the propagation
A nondata aided estimator has been recently introducedgfytipath channel. Without loss of generality, one can assume

[20] for a single-carrier and single-user transmission conteyt the mapping — h.(t) is time limited and causal with time

It is designed for noncircular transmissions, i.e., the symbg, port[0,7}]. Finally, w,(t) denotes an additive zero-mean
constellation is assumed to be noncircular, which means that.,jar Gaussian noise.

the mathematical expectation of the square symbol is not equahg the transmitter is equipped with a linear precoder, it sends
to zero. Notice that new noncircular constellations have beg{y so-called “pseudo-symbol” sequer{ag }.cz at the baud
also recently built in [21] for improving phase estimatior}atel/TU instead of the usual symbol sequetigg} .7 at baud
and for avoiding differentiel encoding. A noncircular Procesgite1/7;, [1], [2]. We consider the intege® andQ such that

{Pn}nez admits a so-called conjugate correlation functio < (). The “pseudo-symbol” sequence is defined as follows:
(n,7) — r.(n, ), whichis the correlation between the process

Z Snha(t — nTS)> eZimhot L (1) (1)

ne”z

and its shifted versions, namety,(n,7) = E[p(n + 7)p(n)]. Vo(n) = KSp(n) )
In [20], the authors have noticed that if the symbol constellation
is noncircular, then twice the carrier frequency offset is th&ith Vo(n) = [vng, .- . vn@+q-1]". Sp(n) can be expressed

sole cyclic frequency of the baud-rate sampled received sigiap similar way [2]. Moreover, the “pseudo-symbol” baud rate
associated with its conjugate correlation function. Thus, tHé7, is equal toQ/PT;. Matrix K is tall and has full column
estimator is provided by maximizing a weighted sum of coriank denotes and is called a “precoding matrix.” The previous
jugate cyclocorrelations in the cyclic frequency domain. THgeneral formalism encompasses the cyclic-prefix OFDM, zero-
asymptotic behavior of its estimate has also been analyzedPgfided OFDM, and downlink DS-CDMA systems [1], [2]. In-
[20]. The analysis has shown that the performance is aim@§ed, matriXK is equal to a particular Vandermonde matrix for
independent of the frequency-selective channel if the numberagyclic-prefix OFDM system. A zero-padded OFDM system
cyclocorrelation coefficients taken into account is large enougdh. obtained by concatenating a null matrix and an IFFT ma-
Our purpose is to extend such an approach to any lineaHix. For a DS-CDMA system, each input of the vects(n)
precoded noncircular transmission scheme, especially to mg@fresponds to one user. Then, each columK aforresponds
carrier (OFDM) and multiuser (downlink DS-CDMA) noncir-t0 & user-specific spreading code. Furthermore, the “pseudo-
cular communications. symbol” baud raté /T, corresponds to the chip rate. The single-
The paper is organized as follows: In Section I, we briefigarrier and single-user system is obtained by sefting @ = 1
review the transmission using linear precoders. More precisefld K = 1. In fact, the model (2) is more general since it
we mention the general formalism putting together the cycli@lso appears to any transmitted induced cyclostationarity (TIC)
prefix OFDM, zero-padded OFDM, and downlink DS-CDMAsScheme (see [22] for more details).
systems in a unique framework. In Section I, we express theln order to treat OFDM and DS-CDMA systems simultane-
new estimator in the unifying framework. In Section IV, weusly, we now consider the unifying framework [1], [2]. We as-
analyze the asymptotic behavior of the estimator. We obtairfdme that the receiver knows only the valué)f.e., the length
closed-form expression for the asymptotic covariance. In S&fthe codes (resp. the number of the subcarriers) ifa DS-CDMA
tion V, we analyze the influence of design parameters. Fol('&sp. OFDM) system is considered. Then, the continuous-time
DS-CDMA system, we conclude that the performance of tHgceived signal can be written as follows:
well-designed proposed estimator is almost insensitive to the
dispersive channel. This property holds if each user code and Ya(t) = (
the symbol constellation are real valued. For an OFDM system,

Z Unha(t — nTw)) 2ot Lap,(t).  (3)

nez
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At the front—end of the receiver, we wish to estimate the cai{n) is cyclostationary with cyclic frequenci¢s/Q | 0 < k <
rier frequency offset from the sole knowledge of the “pseuddy — 1}, we obtain that

symbol” baud-rate sampled received sigpah) = y,(nT,).
According to (3), the discrete-time signgk) can be written in
the following form:

y(n) = a(n)e® 20" +w(n) 4

Q-1
re(n,m) = Y rit @ ()e2inleott/An - (5)
=0

Consequentlyy(n) is cyclostationary with respect to its con-

with a(n) = [h(2)]v, andw(n) = w.(nT,). The notation jugate correlation coefficients. Sineg is known, if |Afy| <
[] stands for the convolution product. The “pseudo-symbotiin(1/4,1/2Q), then one can check that the knowledge of the
baud-rate sampled version of the continuous-time filtgft) cyclic frequencies ofi(n) provides the value af,. Let Ay be
is denoted by(z). In an OFDM communication system, thea compact set included if, min(1/2,1/Q)). Then
filter h.(t) depends on a shaping filter built atld7; rate.
In a DS-CDMA communication system, the shaping filter VYae Ay, a#ao, V7, VI, 7T/ =0.
is constructed at chip rate, namely/T,. The z-transform
h(z) represents a causal FIR filter of degrée = [T},/T,], Thus,ao satisfies the following equality:
where [z] is the upper integer closest ta We also denote 0-1
Afy = (6foTymodl). The notation(amodb) stands fora _ _
modulob.( By conventi)on,(amodb) belgngs tq()L b). @0 = arggé% e, J(e) = Z ‘

Equation (4) shows that estimating the carrier frequency =0
offset is equivalent to harmonic retrieval in multiplicative and . =~ () (o) (@) T . :
additive noise. In a single-carrier and single-user system, & e " = [7¢ (._T)’ oo Te (.77)] » whereT'is an integer,
multiplicative noisex(n) is stationary, whereas it becomes cyand{Wl}l=0,Q4 is a set of positive Hermitian weighting ma-
clostationary in a multicarrier or multiuser system. Indeed, tiéces? In practice, the vector(*) of cyclocorrelations has to
“pseudo-symbol” sequence is cyclostationary because it obm estimated because only observations are available. Let
the structure defined by (2). More precisely, as the symbbﬁf])V(T) be the empirical estimate of™ (7). It is defined by
sequence is noncircular, the “pseudo-symbol” sequence and the
process:(n) are cyclostationary with respect to their autocorre- (a) 1 V= Coiram
lation and conjugate autocorrelation functions. The set of their 7"C,N(T) - N Z y(n + 7)y(n)e .
cyclic frequencies is as followg%/Q |0 < k < @ — 1}. We n=0
recall that a zero-mean discrete-time stochastic progessis  we now consider the stacking vector
said to be cyclostationary if the correlation coefficients-based

sequence {E[p(m + n)p(n)]}mecz (Or the conjugate correla- a0 _ I:f‘(a) (=T) () (T)}T
tion coefficients-based sequenB[p(m + n)p(n)]}mez) is e e T eN '
“almost-periodic,” which means that

L(a+1/Q) ’ ‘ ?
¢ W,

It thus can be written as

Elp(m +n)p(n)] = Y v (m)e2mes @ _ LNS . siran
k=0 c,N

where {ax }r>0 are the so-called cyclic frequencies fn).

The sequenc{ar(“k)(m)}mez denotes the cyclocorrelation sewhereys(n) = [y(n—T)y(n),...,y(n+T)y(n)]T. Then, the

quence at cyclic frequeney,, of p(n). The Fourier expansion «, estimate, which is denoted layy, is defined by

SI()(yk)(e%ﬂTf) — Z r(ak)(m)e—%‘nm,f

mez an = arg max Jy ()
a€Ag

)

JN(OJ) =

(a+1/Q) H2
I'(‘,N W, .

I
=)

represents the cyclospectrum at cyclic frequedagyf p(n).

On account of the multiplicative noise cyclostationarity, Wehis estimator extends the one introduced in [20] to a more
can not directly apply the estimator introduced by [20] in thgeneral scheme including cyclic-prefix OFDM, zero-padded
context of a single-carrier and single-user transmission to0 Q@gEpM, and downlink DS-CDMA communication systems.
more general context. Section Ill, therefore, addresses suitablnsidering = 1 leads to the single-carrier and single-user

modifications and extensions. case. This estimator has been partially introduced for a system
using nonredundant precoding dedicated to a particular trans-
ll. NEW ESTIMATOR mitter induced cyclostationary scheme ([23]). Nevertheless,

Letr.(n,) = E[y(n + 7)y(n)] be the conjugate correlationthese authors only consider the cyclocorrelation coefficient at
at lagr of y(n). We putag = (2A fomod1). As the noise is 129 0 (i.e.,7" = 0) and the identity weighting matrices (i.e.,
circular, we get.(n, 7) = E[a(n + 7)a(n)]ei™07e2imeon As Wi = 1 for eachl). In the sequel, we rigorously analyze

the asymptotic behavior of this estimator. This enables us to
2| etx be a scalar or a vector. The overlinstands for the complex-conjugate

of x. The superscripts” andx? denote its transpose and transpose-conjugate, 3Letx andi¥” be a vector and a positive Hermitian matrix, respectively. Then,
respectively. l|x]|3 = x"¥Wx.
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forecast the influence of the weighting matrices and the numbénder condition 1 , for eack’” € N, we get
of considered cyclocorrelation coefficients on the performance. (K)( )
SN (0%

where a.s. stands for “almost surely.”

_In this section, we prove that the proposed estimator is con-Thjs lemma is the starting point of the asymptotic analysis.
sistent and asymptotically normal. We also determine the capsing (6) and (7), one obtains that

vergence rate. Finally, we obtain a closed-form expression for

the asymptotic covariance. In(a) = Ty(a) +en(a@)
In the context of single-carrier and single-user communlc

tions, such an asymptotic analysis has already reported in [201

a.s.

lim max
N—oo a€l0,1]
IV. ASYMPTOTIC ANALYSIS

The authors exploited successfully the fact that their proposed ol i (ao+m/Q)
estimator can be described by means of harmonic retrie éY Z Z
tools. Therefore, we consider the same approach as that of [20]. =0 lim=0 5
In the present paper, we only sketch the proof dealing with 1= 2in(ag—a)n 2in((m—1)/Q)n
consistency and asymptotic normality. The derivations leading N Z € €
to the closed-form expression for the asymptotic covariance n=0 Wi
are described more precisely. Nevertheless, we focus on el
main steps, and for sake of clarity, some straightforward details o-1 N_1 2
are omitted. For more details, see [20] and [24] and references () = L e(n)e2im(atl/Q)n
therein. —~ N = W
We consider the following zero-mean proces$n) = o-1
yv2(n) — E[y2(n)]. Equation (5) thus leads to + 9
1=0
. Q-1
— Z rgﬂo+l/Q)62W(ao+l/Q)n + e(n) (6) Re { I‘ga0+m/Q)TWl
1=0 m=0

N
Therefore,ys(n) corresponds to a sum of sinusoids with mul- % 1 Zle( ) 2im(co—a+(m—1)/Q)n
tivariate amplitudes disturbed by the additive nai$e). The N

. . n=0
cost function/x («) can be rewritten as follows:
whereRe stands for the real part of a complex-valued number.

N1 2 According to Lemma 1, we show that 38— oo, ey (dn) —

1 Z ya(n)e 2w (@+/Qn @ O i.e., Jy(an) — Tn(an) — 0. As &n maximizesJy ()

N &~ on the setAdy, Jy(an) converges to the maximum value of
the theoretical cost functiod(«), i.e., J(«g). Consequently,

It thus represents a sum of weighted periodograms. We obsefue(( ) also converges to the nonzero valued teffn), i.e.,

that estimatingy, is connected with multivariate amplitude-

In (o Z

W,

based sinusoid frequency retrieval corrupted by an additive In(an) = J(op) 8SN — oo. (8)
noise. In [20], Lemma 3 shows that the term

We assume that the noia€n) satisfies the traditional mixing N_
condition [25]. Ash(z) represents an FIR filter and thus has 1 Z p2im(ao—an)n

finite memory, one can show thafrn) satisfies the following
condition. Indeed, in such a case, sums reduce to finite ones, ) .
and the maximization only works on a finite set of integers. Converges i) to a nonzero value fy — )0 and

Condition 1: Lete(®(n) = e(n) ande™ (n) = e(n). N(any — ao)—>0 and ii) zero otherwise. Therefore, if either
(Gn — @0)®30 or N(ax — ap)*30 does not hold, the term
V L,3Br < o0, Y (11,..., v) € {0,1}%, V (N, N') T'n(Gn) converges to zero, which contradicts the equality (8).
N Finally, this leads to establish the following theorem

max Z lcumg (€ (ny),...,e" ) (ny))|| < By Theorem 1: Under the mixing Condition 1, a§ — oo, we
n1€
1 get

where cum (xi,...,x.) stands for theLth-order cumulant dy — ap—0andN(&y — ag)=0.

tensor of random vgctonsh o XL i To establish the asymptotic normality éfy, we note that
In [24], the following lemma has been rigorously proved. dJx(a)/dal._. = 0. Using a first-order Taylor series

Lemma 1: Let K be a positive integer. We put expansion of the derivative ofy aroundag, we obtain that

r 0Jn ()

N—1
K 1 C —2iTan ~ 82‘] ]
s\ (@) = gy D nielm)e by = = lﬁg) 9o
n=0 a=aN

9)
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wheredan = (dn — ag) denotes the estimation erréry isa estimate. First of all, we derive these matrices in terms of the
scalar betweeny anda . We define statistics of the disturbance occurring in the equivalent harmonic
retrieval problem, i.e.¢(n). As seen in Appendix A [namely,

RN ) (20) and (21)], we
Y JN\Y) , get
WIENT e |, (10)
1 dJx(a) T =g(-1)/@) (ezmaow@)
by =— — . (11)
VN | y=ag ) :S((20;0+(l+l')/Q) (eZiw(aoJrl/Q))
Plugging (10) and (11) back into (9), we obtain
where f — S (e2i7f) and f — S (e27/) denote the
N32(6n — ap) = —ath (12) : el
N 0 N N cyclospectra ofe(n) at cyclic frequencya with respect to

its autocorrelation function and its conjugate autocorrelation
function, respectively. The notation» stands for “maps to.”
We now determine the second-order cyclic statistics of the dis-
turbancee(n). We putdy(e?™f) = [e=27T/ e2mTHT,
After straightforward but tedious derlvat|ons, we obtam

Due to Lemma 1, one can easily check that tends almost
surely to a positive real-valued number, which is denoteg by
as N tends toward infinity. Applying the mixing Condition 1
and Lemma 1 leads to the fact tha¢ tends in distribution to
a Gaussian distribution with zero-mean and covariap@s N
tends toward infinity. Using both previous results, we deducg - l)/Q)( 2im(a0+l/Q))
the following theorem [26].

ge'tl'heorem 2:Under the mixing Condition 1, a8 — oo, we  _ Z / Sz(lm/Q)(eQMrf)S?S((l—l —m)/Q) (e2im(0+l/Q)=1)

N?’/Q(&N _ ao)iN(O, v)  with ~= '7_; . dT(eW’f) [dg(e%w(f—m/Q))
+ dqf{(ein(a0+(l’+m)/Q—f)):| df

a

where£L stands for a distribution convergence, axidm, c) is

a Gaussign distribution with meamn and yariance.. n ! S(a)(ez,iﬂfl . 2imf. eQ,iﬂ(aoH,/Q_fz))'
We notice that the convergence rate is proportional/ty?,

which is a standard result about the harmonic retrieval probleuél i fl ao—U/Q)aH (2712) df, df
As detailed in the following theorem, we have also obtaine

a closed-form expression for the asymptotic covariance
Theorem 3: Under Condition 1, we get

+(l+l )/Q) ( 2L7r(a0+l/Q))

_ Z/ Slegtm/ @) (g2inf ) gloo = I'=m)/Q)
y(©)

Z R WlGl I’Wl’Rl'

3 120 (eZW(ao+l/Q f))_
) 2 Ao (2™ [dE (2im(@atm/Q=1)y 4 gT (2im(f+(I'=m)/Q)]4f
(Z Ry WlRl> . . o
= +/ S(2a)01-(l+l )/Q)( 2imfu, 2imfa, 2im(aot /Q-F2))
with - ,
dT(e2“T(f1_O‘U_I/Q))d;(emwh)dfldfg
ag+l
R—M wi= [V Y1 and (@) ¢ 2inf (@) (2inf :
LT Lot/ | =lo W |’ where S, (e*™/) and S, ., (e*'™1) denote the cyclic
c , spectra assomated with the autocorrelation function and the
G = e _pth conjugate autocorrelation function of(n). Furthermore,
LU = _Fgl,l’) W Sl(loil)(e%rul 62i7l'l/2 eZiﬂ’Vg) and S( ) ( 2imvy . 82i7ﬂ/2 e2i7rl/3)
denote the cychc trispectra assouated W|th the fourth-order
where cumulant function and the fourth-order conjugate cumulant
function of y(n). In Appendix B, we give a more precise
ag+l ag+1’ H
NG = lim NE [5 Py op ( Y ] definition of such trispectra.
e ") _ tim NE [6 a0 +l/Q) s (aOH /)T ] The thirq step consists of dgriving the expres;ions of these
Neoo received signal cyclospectra with respect to the filter) and
the cyclic statistics of,,. After rather simple calculations, we
and get
a(@) _ (a(0) (@)
5I'C7N = (I‘C,N r. ) . stz/Q)(emf) :h(eZiﬂ’(ffao/2))h(ein(f_a0/2_l/Q))
Proof: See derivations in Appendix A. [ ] x SHQ) (2im(f=a0/2)y 4 5,8, (e*™)

The previous expressions are not computable as they sta (.vg-i-l/Q)(eQiﬂ—f) :h(ezm(f,ao/z))h(ezm(ao/QH/Q,f))
We need more explicit expressions forandI., which is the v 4
asymptotic covariance of the cyclocorrelation vector empirical X Sil({)Q)(e?”(f —0/2))
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and
SSIQQ)(627;‘IFV1;821'71'1/2;62i7rl/3)
= p(2im(riHratra—l/Q=ao/2))
X h(e2m1 =00/ (i a0 D)
h(e2in(vs—ao/2))
Sq(){ﬁ@)(emﬂurao/z);ezm(urao/z);ezm(urao/z))
;?g?:l/Q)(eZirul ; p2imve

— h(62'i7r(—l/1—Vg—ug—l/Q+3a0/2))

’621'771/3)
% h(e2i7r(u17a0/2))h(e2i7r(1/27040/2))'
h(eQiTr(ug,—on/Z))

S(I(C)Qi (62i7r(1/17a0/2); 62i7r(1/27a0/2); 82’1571'(1/37(10/2)

where ${* (e2f) and Si?c))(ez’i”f) denote the cyclic spectra
associated with the autocorrelation function and the con
gate autocorrelation function af(n). Moreover, the terms
55?‘2(62iwul;e?iﬁl/g;e%wug) and Si(oi)) ‘4(62i7rl/1;e2i7TV2; e2i7rl/3)

denote the cyclic trispectra associated with the fourth-ordg

with A, = max(0,-7), B, = @ — 1 4+ min(0,—7),
Cr = max(0; —71; 72; 73), andDr = Q — 1 + min(0; —71; 72;
73). Termsk = cumy{s,, Sn,n, 5nt ands’ = cumy{s,, s,,
Sn,Sn} denote the kurtosis and conjugate kurtosis sqf
respectively.

Henceforth, it is interesting to point out the influence of
the design parameters, namely, the weighting matrices and the

number?’ of considered lags.

V. PARAMETERS CHOICE

After straightforward derivations, one can check thaplits
into two terms

v =0+ O(c?)

wherey, is a term independent of the noig¢n ), ando? is the

variance of the noise(n) (w(n) does not need to be white).
Itter some obvious but tedious derivations, we obtain the fol-

lowing result.
Theorem 4: We assume that the symbdls, } .,z are drawn
bm a real-valued constellation. We also consider that the ele-

cumulant function and the fourth-order conjugate cumulagients ofK are real-valued.
function ofv,,. Finally, S5 (¢2/) denotes the power spectral Let T be the identity matrix. Recall thal/ is the degree of
density of the noise(n), and$ stands for the Kronecker index.the filter h(z).

We now derive the cyclic second- and fourth-order cy- f 7 > M + Q andW; = &y I, then

clospectra ofv,, in terms of the elements of matriK

[kn,m] 0<n<q-1 . We putr = [y, 72, 73]. Then, we obtain that

0<m<P—1

1 P-1 Q-1 B,
Sagl/Q)(esz> = Z Z Z kn+‘r,m
m=07r=1-Q n=A,
x kn’me—%w(l/Q)ne—Ziwf'r

Q|

1 pP-1 Q-1 B,
U/Q) 2imfy _
P 5> > 5
m=07=1-Qn=A,
X kn+7— mli,n me_%"r(l/Q)ne—Zi'n‘ffr

and
Sil{lQ) (621'71’1/1 ; e2i7r1/2 : e2i7r1/3 )
P-1 Q-1 Dt

Iy YN

=0 T=1-— =C.
m C'TSD;?- n T

X kn,mkn-‘rﬁ ,m,kn—q—Q,m,kn—Tg,m,
% e~ 2im((l/Q)ntviTi+vaTa+vsTs)
(/@)
SU(C)74
, P—1

m

2imvy, 247y, 2iTUr3
;e e )

1 Dr

e

K

Q

>

=0 T=

1-Q n= T
Cr<Dpr

X kmm kn+7-1 7mkn—7'27mkn—7'3,m
% e—2i7r(l/Qn+u1‘rl—l/sz—VaTa)

l iU
S( (/)Qi (62

2imwvo, 2iTvs
jeST e )
o b=l Q-1 Dr
= 6 § § kn,mkn+‘rl,mkn—'rg,mkn—'r;;,m

m=

<)
3
!‘
|
Q
3
(H}
S

% 6—27',7r((l/Q)'n,+l/171—UQTQ—Vgrg)

Y =0
else

Yo # 0.

Asthe mostpopularnoncircular constellationisthe binary PSK
(BPSK)real-valued constellation, the assumption on the constel-
lation characteristic is not restrictive. Unfortunately, the other as-
sumption on the precoding matrix is more restrictive. Indeed, the
OFDM systems do not satisfy such a condition since the associ-
ated precoding matrix is complex-valued. Nevertheless, one has
to notice that the proposed estimator is consistent for OFDM sys-
tems anyway, although the asymptotic covariance is not null in
noiseless case for OFDM systems. The previous theorem just as-
serts that at high SNRs, the floor effect occurs in OFDM system.
On the contrary, the condition holds for the DS-CDMA systems
since the associated precoding matrices (e.g., Walsh-Hadamard
or Gold sequences) are real-valued generally.

In the sequel, the criterion associated with the following
weighting matrices sefiV; = 60,1 | 0 < [ < @ — 1}
will be calledreduced In fact, it only takes advantage of the
cyclocorrelations vector around the cyclic frequenrgy The
completecriterion is obtained with the following weighting
matrices se{W; =10 <1< @ — 1}. Itis based on the sum
of cyclocorrelations vectors around all the cyclic frequencies.

Theorem 4 shows that the asymptotic covariance of the esti-
mator associated with the reduced criterion is proportional to the
noise variance if we take into account enough cyclocorrelation
coefficients. This covariance then becomes null in the noiseless
case. Moreover, itimplies that this estimator is almost insensitive
to an intersymbol interference effect. Theorem 4 also shows that
we should consider the reduced criterion rather than the complete
criterion. An explanation is that the cyclocorrelation coefficients
atthe cyclic frequencies different fromy are numerically weak.
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Although the asymptotic covariance is null in the noise,;
less case, the estimatey is not deterministic unless the
filter h(z) is flat fading. Indeed, one can be shown that th o«
first-order derivative of/y(a) ata« = «ag, which is denoted
by (dJn(a)/dola=a,), IS NOt null except in the specific *®
flat fading filter context. This implies that in presence of ¢ .
frequency-selective channel, the theoretical and empiric ~

performances could differ at high SNRs. 025

02
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Reduced cost function versus alpha
T T T T T T T T

VI. NUMERICAL RESULTS

In this section, our aim is twofold. On the one hand, we wis o.1s
to confirm the accuracy of the theoretical analysis and the p
rameters choice. For the sake of clarity, these simulations ¢ ®' il ‘ il I
only done in the CDMA context. On the other hand, we corr I'e ‘ AL Y il v
pare our method with other existing methods. We focus on tl
CDMA context as well as on the OFDM context.

0 I 1 1 L L 1 1 I I
o 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
Normalized cyclic frequency alpha (Ns=200, SNR=0dB)

A. Comparison Between Theoretical and Empirical

Performances Fig. 1.

Cyclocorrelation vector square noffis*) || versuso.

The symbol streanfs,, } nez is drawn from a BPSK constel- Mean Square Error (MSE) versus SNR

lation. We denote by, the number of transmitted symbals.
N, is equal toN/@, whereN is the number of available re-
ceived observations. We pD; = 200. The shaping filter is a
square-root raised cosine of roll-gfi= 0.2. The symbol-period
is fixed to beT; = 3 us. In order to drop the negligible tails,
the complete impulse response of the filter is truncated such tl
only 99% of the total energy is kept. The propagation multipa g
channel is modeled by five Rayleigh fading paths with maxim:
delay3Ts. The noisew(n) is assumed to be white.

In this subsection, we only compute a downlink DS-CDM/
communication system. The considered downlink DS-CDM.
system is as follows: The precoding matKxis obtained from
a Walsh—-Hadamard sequence. The spreading factor and
number of users ar@ = 4 and P = 3, respectively. In order to
satisfy the constraint, < min(1/2,1/Q), the sought cyclic
frequencyqy is equal to 0.15. Except otherwise stated, each
criterion takes into account all the available cyclocorrelation
components, i.el = M + Q. is obtained by means of a gradient algorithm initialized at the

In Fig. 1, we have plotted one realization of the reduced cdstie pointng in order to avoid local minima. This assumption is
function versus the cyclic frequeneyat SNR= 0 dB. We ob- not so restrictive in practice because in any current (resp. fu-
serve that the peak around is much larger than those aroundure) system, a training sequence is (resp. remains) available
the other cyclic frequencies (i.exy + I/Q with [ # 0). The and enables us to estimate roughly the sought parameter. Then,
complete cost function takes priori advantage of the peaksour blind estimate just leads to improve deeply the accuracy
at all the cyclic frequencies for estimating,. As the power of the estimate. As expected, the theoretical and empirical per-
of these peaks is numerically weak and sometimes below fleemances are better for the reduced cost function-based esti-
ground noise level, the resulting estimation is unreliable. Thenaator than for the complete cost function-based estimator. For
fore, we must consider that all peaks lead to a degradation of the reduced cost function-based estimator, the theoretical per-
estimation instead of an improvement of it. formance fits in with that one obtained for a transmission over a

From now on, in each simulation, we average the empiricéét fading channel (i.e., in the ISI-free case). Nevertheless, there
and theoretical result over 200 Monte Carlo runs. At each rus,a gap between the theoretical and empirical performances for
the channel realization (delay and magnitude of the five pathk)gh SNRs. Itis due to the bad estimation of the cyclocorrelation
the symbol sequence, and the noise are modified. coefficients for high lags; indeed, an accurate estimation of these

Fig. 2 depicts the theoretical and empirical mean square eroyclocorrelation coefficients requires many samples and, in par-
(MSE) versus the SNR of the proposed estimator for differetitular, more tharV, = 200 [20]. In fact, this phenomenon can
values of the design parameters. According to all the design e theoretically interpreted by means of the above-mentioned
rameters, we have observed that the filter degveés about nondeterminism of the proposed estimator.

10. We recall thatV, = 200. The theoretical MSE is equal to In order to inspect the mismatch between the theoretical and
/N3, and~ is computed via Theorem 3. The empirical MSEEmpirical performances at high SNRs, we plotin Fig. 3 the theo-

1e-08

T T T T T
Theoretical MSE : Flat fading channel case
Empirical MSE : Flat fading channel case
Theoretical MSE : Reduced criterion ——
Empirical MSE : Reduced criterion ---+---
Theoretical MSE : Complete criterion —&—
Empirical MSE : Complete criterion ---&---

10-09 -

1e-10 \ .................

1e-12

1e-13

1e-14

20 25 30 35 45 50

SNRin dB (Ns=200)

0 15

Fig. 2. Theoretical and empirical MSE versus SNR.
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Mean Square Error (MSE) versus Ns Proposed and Li/Liu method versus SNR

T .0001 T T
Theoretical MSE : Flat fading channel case 0.000 Proposed method ---+---
Empirical MSE : Flat fading channel case -------- Li/liu method ----+--
Theoretical MSE : Reduced criterion —— _| N
Empirical MSE : Reduced criterion ---+---
Theoretical MSE : Complete criterion —&8— 1e-06
Empirical MSE : Complete criterion ---@---

1e-09

16-10 ez

1e-11

16-12 foooe

. 1608 B ]
1e-13
§ § 16-10 [
1e-14
16-15 1e-12 o
1e-16
1e-14
1e-17
1e-18 L 1e-16 NN I S AL,
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Ns (SNR=50 dB) SNR (Ns=200)
Fig. 3. Theoretical and empirical MSE versiis. Fig. 5. Empirical MSE for proposed and existing methods in CDMA context
versus SNR.
Mean Square Error (MSE) versus T
1e-09 T — - T T
"Empcal USE it fadng Channlcase Two methods dealing with the nondata-aided frequency offset
eore}gcal MSE: Reduced crgter!on — R . R A . R
Theorotioal MISE - Gompiate orterion 5 estimation in a downlink DS-CDMA communication scheme
Empitcal MSE : Sompistscrkfion =~ have been recently introduced: the Fu/Abed method [8] and the
roto L Li/Liu method [7], [27]. In order to satisfy the restrictive con-
straints stated in these two articles, we need to modify two de-
u ; sign parameters in the above-mentioned DS-CDMA scheme. In-
= R e N | deed, we now puf) = 16 and P = 3. Such a choice of param-
N R ° eters was impossible in the previous subsection because it leads
-1 E . . . .
e ‘k\ to a very high computational duration for the theoretical mean
—— square error given by the asymptotic covariance. On the con-
T SRR RN O + trary, the empirical MSE is obtained in a reasonable duration
even with this choice of parameters. In order to satisfy the con-
ez 2 . s s 10 2 4 Straintag < min(1/2,1/Q), the sought cyclic frequenay, is
T (Ns=200, SNR=30 dB) now equal to 0.01.

In [8], it is asserted that the method is better than that de-
scribed in [7]. In our case, we have observed that the Fu/Abed
) . method performance is very poor and is outperformed by the
retical and empirical MSE versu$, at SNR= 50 dB. We show | j/| jy method. For the Fu/Abed method to work well, the filter
that the gap between theoretical and empirical performances glgnuise response has to be almost flat over a chip duration. It is
creases adV, increases. _ N a very strong assumption that does not hold here.

Fig. 4 represents the theoretical and empirical MSE VErsUSTherefore, we only compare our method relying on the reduced
T. We putN; = 200 and SNR = 30 dB. The numbefl’ agtimate with the Li/Liu method. In Fig. 5, we plot the empirical
of considered conjugate cyclocorrelatlpn lags vane_s_from 0 f9sE versus SNR for these two methods. We notice that our
(M + Q). We observe that the theoretical and empirical MSEethod outperforms the Li/Liu method at each SNR, especially
rapidly decrease. For the reduced criterion-based estimator, th¢,v SNRs. Nevertheless, a floor effect occurs only for our
optimal performance is reached before taking into account ﬁ‘bthod, i.e., a stagnation of the MSE appears at very high SNRs.

the cyclocorrelation coefficients. It is due to the filter impulse g already mentioned, it is due to the nondeterminism of the
response weak tails. The weak tails can be neglected, and thefimaior. As the Li/Liu method is deterministic, such a phenom-

the effective channel length is smaller thiah For the complete gnon does not appear. In Fig. 6, we analyze the influence of the
criterion-based estimator, the correspondipgonverges 10 & n mper of available observations on the two methods. We recall
nonzero term. Therefore, as observed, the influendeah the ¢ our method admits a convergence rate that is proportional to
performance is less strong. _ N 1/N3, whereas the Li/Liu estimator has a slower convergence
As a conclusion, even if the previous empirical curves af8te proportional tal/N,. An explanation is that their work

not always in perfect agreement with the theoretical asymptofigs pe done for frequency estimation issue in complex-valued
analysis, they nevertheless corroborate the parameter choiC@gcylar constellation transmission, whereas our work relies

on complex-valued noncircular constellation transmission and
takes benefit of such constellation property [28], [29]. So, as
At first, we concentrate on the comparison between estimexpected, we notice that the MSE for our method decreases
tors introduced in the downlink DS-CDMA communicatiorfaster than that for the Li/Liu method. We also observe that our
context. method remains powerful even with ten transmitted symbols.

Fig. 4. Theoretical and empirical MSE verslis

B. Comparison With Existing Methods



1386

Proposed and Li/Liu method versus Ns
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MCRB, proposed and existing methods versus SNR
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Fig. 6. Empirical MSE for proposed and existing methods in CDMA contextig. 7. MCRB and empirical MSE for proposed and existing methods in

versush,.

The better performance of our method is not surprisin
because we take benefit of the noncircularity of the sourc
whereas the Li/Liu method does not exploit such an addition
knowledge. However, unlike our estimator, the Li/Liu estimato
also succeeds with circular constellations.

We now focus on an OFDM system that is designed as ti
IEEE 802.11 or HIPERLANZ standards; the number of sub-cay
riers isP = 64. We consider that 16 sub-carriers are virtual™
i.e., no information is transmitted through them. The guard ir
terval length is fixed to be 16. This implies that= 80. As N;
represents the number of transmitted OFDM blocks, it is mol
reasonable to considé&¥, = 50 instead of N, = 200. To sat-
isfy the conditionyy < min(1/2,1/Q), we choosey, = 0.01.

As the reduced estimator is better, our method now refers to t
reduced estimator based method.

Several methods of NDA frequency offset estimation in afng. 8. MCRB and empirical MSE for proposed and existing

0.0001

1e-06

1e-08

1e-10

1e-12

1e-14

1e-16
10

OFDM context versus SNR.

MCRB, proposed and existing methods versus Ns

MCRB
Proposed method ---+--- |

Ma/Giannakis method ------
Ge/Wang method -
Tureli/Liu method ---&---

Ghogho/Swami method

OFDM system scheme are robust against a dispersive chanf&RM context versusy.

For instance, one can cite the Tureli/Liu method [11], [30], the
Ge/Wang method [12], the Ma/Giannakis method [19], and tF
Ghogho/Swami/Giannakis method [15]. Furthermore, a moc
fied Cramér-Rao Bound (MCRB) has been derived in [16]. W
thus evaluate the loss in performance of our estimate and 1
others with respect to this MCRB. We notice that our estimal
is not asymptotically efficient.

Fig. 7 depicts the MCRB and the empirical MSE versu
SNR for the four above-mentioned methods and ours. F2
our method, we still notice a floor effect. Ag is not null,
this effect is more critical than in the CDMA communication
context. We observe that our method is quite insensitive to tl
SNR. This means thayj, is the main term in the expression of
~ at each SNR. Therefore, our method has bad performar
at high SNRs. On the contrary, our method outperforms tt
others at low SNRs. This statement was expected since 1
other methods do not properly treat the noisy case.

In Fig. 8, we have plotted the MCRB and the empirical MSE
versushV; for the five methods. The SNRis fixed to be 0 dB. The

100

Ns (SNR=0 dB)

1000

methods in

Proposed method versus system loading

1e-05

T

lProposedlmathod T

1e-06

1e-07

1e-08

1e-09

1e-10

1e-11

20

Fig. 9.

25

30

35
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45 50 55 60

Loading of OFDM system (Number of subcarriers = 64 ; SNR=0 dB ; Ns=50)

Proposed method versus the loading of OFDM system.

convergence rate of the four other simulated methods is propperform ours ifN, gets a reasonable value, whereas our method
tional to1/N,. Therefore, our method outperforms themMas is better only if N, is chosen large enough.

increases, whereas the performance becomes closer afJow We now analyze the influence of the number of virtual subcar-
At high SNRs, we have observed that the existing methods otiers on our method. In Fig. 9, we observe that the performance
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degrades whenever the number of null subcarriers becomefor the sake of clarit)C%)(ao), R%f’,)(ao), ands%")(a0+

small. Nevertheless, even in a fully loaded system, the propoq?@) (defined in Lemma 1) are replaced @(]5(!) Rg\{s’l) and

estimate works, whereas the other computed methods fail. . o
P Sﬁfl), respectively. One sees thiat can be split into three terms

VIlI. CONCLUSION

A CO NP C)RIAC))
. . . . by =by’ + by +by
We have investigated a new estimator of the carrier fre-

quency offset for linear precoder-based communication systwrﬂere
assuming a frequency-selective channel and a noncircularly

distributed symbol stream. We have especially focused on an u u
OFDM system or downlink DS-CDMA technique. We have bf\l,) =2imVN (Rg\l,_), W,RSS_), - RE\?_)I WlRS\l,_),)
rigorously analyzed the asymptotic behavior of the proposed 1
estimator. According to this analysis, we have identified . .
relevant design parameters. In a DS-CDMA context, if the bg\%) =2irV/N (ngl,)l WZS§3}, - SES,)I W:SS&?I)
user codes and the constellation are real-valued, then we have l

Q
—

Q
L

Il
<)

proved that the well-designed estimator is powerful, even in the ) o Q-1 )" ©) " ©)

presence of inter-symbol interference. by =2irVN (SN,z WlRN,z + RN,z WlSN,l
Extending such an approach could be the purpose of fur- =0

ther works in two different ways: on the one hand, inspecting _sg\??lHWle\l,?l _ Rf{??,HWzSE\lf_)l) ,

the influence of a symbol timing delay and, on the other hand,
adapting this method to several nonlinear or offset modulations.Accordmg to (13), one can prove that the deterministic term
bg\}) converges toward zero. As the nois@g) satisfies Condi-
APPENDIX A tion 1, we obtain that for eack’, the high order cumulant of
PROOF OFTHEOREM 3 VNS converges to zero. Thereford NS\, is asymptoti-
_For expressing, we have to derive the closed-form exprescally Gaussian. Sincﬁés\{"l) converges almost surely to zebﬁz,)
sion fory, and-, separately. At first, we focus op,. We put  converges almost surely to zero [26]. This implies that

Nl : (3)p(3)"
K 1 - —2im(a n v = lim E |by'b . (15)
Cg\f,l)(a) - N&E+D Z n*yy(n)e2mlott/Qn b T NS [A N }
n=0 .
. ) ] ] It now remains to inspect the terhﬁ). In fact, bﬁ) can be
After straightforward manipulations, we obtain rewritten as follows:
Q-1 Q-1
aN = 47r2 Z (2C§V1v7)l(o~é]v)HWIC§\lf?l(dN) bg\%) = 27 Z RN,IWZSN,I
1=0 1=0
0) /~ 2) /~ 2) s~ 0) /~
_CSV,)Z(QN)HWICSV,)I(QN) - CSV,)I(QN)HWZCX',)Z(QN)> © with
nA 0)" nT 0)”
we R = R R R R
- | Mol W, =diag W, =W, -W;" , W;')
K _ K —2in(a+l/Q)n
i )=yt 2l - v VNS ) s 0T

, (K) (K) diag(.) stands for the block-diagonal matrix constructed from
According to Lemma 1€/ (a) andR ;' (a) get asymptot- 1ha mentioned matrices.

ically the same behavior. A&y belongs to[ag, ay + @n], According to (13) and (15), we get
N(an — ap) converges almost surely to zero. Due to (5), we
thus can see that Q-1 )
=472 S RWICOWHRH 16
(K) p(20 /@) re HZ::() e l (o)
RJV,Z (QN) — K—_l_l, asN — oo. (13) ’
where
One can immediately check that
R, — [lr<ao+z/Q>H a0t/ L (a0 t1/@)T (a0 +t/Q)T
Q— 2 c ) c ? 2 c ? (&
272 2
_ = (a0+1/Q)
Yo = (SRl (14)
3 ; W, and

. . @'y _ g H
We now wish to obtain the term,. P’ = lim E[SniSyu]-
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We now need to obtain a closed-form expressiorﬂé)f’). One YQ‘(R)672M(&°+[/Q)” and yqo(n) = Zgj} rﬁaOer/Q)
can check that we have (17), shown at the bottom of the pag&(®o+™/@) 4 e(n), it follows that
where I VNS NSO, + ey,
Py '(K,K') =NE [SN,Z SN,l’ } with
1 " LR Lontm/@) N p2im(n=0/@)
T K _IK' - ag+m/Q 2im((m—=1)/Q n
=it O E le(me(n)T]nfn’ VYN Z: & 7;) ’
=0 mAl -
N e—2i7r(q0+l/0Q)n62m(a0+1'/Q)n’ We easily obtain thaty; converges to zero a§ converges to
infinity. We deduce that [26]
and , I ,
. W) — (0) g(0) } _ L)
P! (i, K') =NE [0 PO = Jim NE[SU)SW) | = Jim PRO0,0)
eN ety ((1-1)/Q) (g2im(00 +1/Q)
1 N—1 :Se (e ) (20)
’ 7 T ’
:m Z [E[e(n)e(n')T]nKn'K ]__‘glyl ) = ]\;E)noo NE [SSS?[SE\OT)ZI} = ]\}gnoo ngilv)(()())
n=0
n’=0 _ o(2a0+(+1")/Q) ¢ 2in(co+1/Q)
% e—2’i7r(oz0+l/Q)ne—2i7r(a0+l//Q)n/. _Se(")o (e 0 ) (21)
) ) Plugging (18)—(21) back into (17) yields
We now analyze the asymptotic behavior of these terms. One @y 1pery  pa  1pl)
can easily prove that 2 e .o2me
. ip@ry ipery ip@) o 1pGl)
Q-1 ‘ F(l,z): 2 3 2+ ¢ 3+ ¢ (22)
Re(n,7) =E [e(n + T)e(n)H] = Z Rgl/@e?“““/@” s I‘Ef’l') %I‘gl’l/) &) %F(l:l’)
[=0 1p@) 1p@l)  Ap@Ey P
and o 2t ¢ 3t¢ 2 3 _
T’ Combining (22) and (16) leads to the closed-form expression
Re(’) (7’L, T) =E [e(n + T)e(n) ] for Yb-
Q-1
= R0 H/D gimCeot/@n, APPENDIX B
1=0 DEFINITION OF CyCLIC TRISPECTRA

After some simple manipulations, using Condition 1 and results

X The cyclic trispectra associated with the fourth-order cumu-
on Césaro sums leads to

» 1 lant function and the fourth-order conjugate cumulant function
A}im PSV’ )(K7 K)y=—— of the procesg/(n) are defined as follows (for more informa-

- /
K +((l[{l,-;'/é) 2im(ao+1/Q) tion, see also [25], [31], and [32], and the references therein).
X S . (e ) (18) Letey 4(n, 11,72, 73) ande, ) 4(n, 71, 72, 73) denote the fourth-
lim ng}lv)(K7 K') - qrder'cumulant and fourth-order conjugate cumulanj(af) at
N—oo +( +(l "o time indexn and lagg7, 72, 73], respectively. We get
20+ (141 im (o
X Se(r)0 @ (62 ( 0+l/Q)) Cy_’4(t.,7'1.,7'2,7'3)
19
(1) = oumy {y(n), y(n + 1), 500 =), y(n = 7)}
where
and
SgC”)(eZ”f) = Z Rga>e—2”ff Cy) 4(t, 71,72, T3)
et = cumy {y(n)7y<n+Tl)7y<n+T2)7y<n+T3)}'
and The fourth-order cyclic cumulant at cyclic frequeneyis de-
S(?))(e%”f) _ Z R(?))e—Zifrf‘r fined by
TEL 65?4) (T17T27 ’7'3) = / Cy_’4(t, T1,72, Tg)e_gmﬂtdt.
R

represent the unconjugate/conjugate cyclic spectrum at cydlcthe previous equation, considering the fourth-order conju-
frequency o of e(n), respectively. These spectra can bgate cumulant instead of the fourth-order cumulant leads to the

written more explicitly; sincefg’]{}“/Q) = (1/N) ijz‘ol fourth-order conjugate cyclic cumulant at cyclic frequency
LU LU LU L
PR(0,0) PRV0.1) PIY0,0) PUY(0.1)
L Ly Ly LU
can o [PV PRU D PUVL0) PUY (L) a7
SN lP0.0) PITO.1) PEV0,0 PEU0,1)
NG LU LU NG
Pl (1,0) POY(LY) PRYL0) PEU(L)



CIBLAT AND VANDENDORPE: BLIND CARRIER FREQUENCY OFFSET ESTIMATION

The corresponding cyclic trispectrum at cyclic frequencis

[21]

given by
; ; ; 22
5115,044) (62”71/1 : 62L77112 : 62”71/3) — / CZ(/?Q (7_17 T2, 7_3) [ ]
JR3

> 6—21’7\'(1/1 T1+veT2+vs T3)d7—1 drodTs. [23]

In order to obtain the conjugate cyclic trispectrum, we have to
replace the fourth-order cyclic cumulant with the fourth—order[24]
conjugate cyclic cumulant in the previous equation.
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