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— Viterbi algorithm
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— ZF (with or without CSIT)
— MMSE
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ISI model

Section 1 : Inter-Symbol interference model |
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Model on one polarization

At the Transmitter side

x(t) = skg(t — KkTy)
k

with
@ s, symbols from any QAM/PSK/PAM/OOK constellation
@ T symbol rate
@ g(t) square-root Nyquist shaping filter
— does not lead to Inter-Symbol Interference
— employs in 3G (with small roll-off)
— employs in WDM Nyquist based system (with very small roll-off)

On the channel

y(t) = o(t)  x(t) + w(t) ]

with
@ ¢(t) channel impulse response (multipath wireless, CD, PMD)
@ w(t) white Gaussian noise
@ Nonlinear effect neglected (optical fiber, non-linear amplifier)
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ISI model

Model on one polarization (cont’d)

At the Receiver side

= skh(t — KTs) + w(t)

k

with h(t) = c(t) = g(t)
@ Implement the matched filter (to either h(t) or g(t))
@ Sample at symbol rate T

Final model

z(n) = h(=0)*y(D)j=r,
= ZFI Sn—¢ + W(n)

/4

with by = h(—t)  h(t)=¢7, and W(n) = h(—t) * w(t)ji=nT,
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General model

As hy # do.s,
@ Inter-Symbol Interference
@ Colored noise = whitening filter y(n) = f = z(n)

Goal: decode the data fromn=20,--- ,N
y(n)= ZLO hesn—¢ + w(n) y=Hs+w
with w(n) white Gaussian with y = [y(0),...,y(N)]"
ands=1[s ;.- .5 {,S0,...,5n|"
N— ——
known

Matrix model also valid for wireless MIMO, PolMux, multimode,
multiple access (but with different matrix structures)
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Optimal receiver

Section 2 : Optimal receiver |
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Refresher on detection theory

If data are equilikely, then the optimal receiver (minimizing the error
probability) is the Maximum Likelihood (ML)

SmL = arg msaxp(yls)

Application to linear model
y=Hs+w

with
@ square matrix of size Ny (for sake of simplicity)
@ w white Gaussian noise

ML = Least Square (LS)

SmL = arg msin ly — Hs|f?
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Optimal detector

Sy = arg min |y — Hs||?

Simple optimization without constraint on s
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Optimal detector

§m = arg min |y — Hs|)?
seCMu

Hard optimization due to constraint on s

Optimization problem consists in finding out the minimum
of a (positive) quadratic form under (honconvex) conditions

@ Exhaustive search
— complexity in O(M"#) with M-QAM
— ex.: 4 x 4 MIMO with 64-QAM leads to 16M s
@ Special simple cases: Ny = 1 or unitary matrix
@ Tree approach
— suitable for wireless MIMO with small Ny = Sphere decoding
@ Using the structure of H
— suitable for ISl since H Toeplitz = Viterbi algorithm
@ Suboptimal detectors
— Remove constraint and threshold (§ = threshold(H'y)) = ZF
— MMSE, DFE
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Special case: Ny = 1

We consider scalar signal

y=hs+w
We have
Su = argr;wei2|y—hs\
_ : -1,
= agmin |l |h Ty — s
_ Ty
= argmin |~y — |
= threshold(h~'y)
(] . SML
L e e
@ ZF=ML

@ Easy to implement
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Special case: SIMO

We consider a multivariate signal (typically L antennas)

y(0) = hs+w()witht=1,--- L<=y=hs+w

with h a L x 1 column-vector

We have

8w = argminlly — hs|?
secC

= argmin|ly|[® + |[h[?[s]* — y"hs — sh'ly
seC

hH

Normalization

1/[n]?

SML

=+

@ ML=MRC=ZF (with pseudo-inverse h# = (h"'h)~"ht = h'/| h||?)

@ Easy to implement
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Special case: SIMO

We consider a multivariate signal (typically L antennas)
y(0)=hs+wl)withe=1,.-- L<y=hs+w

with h a L x 1 column-vector

We have
A _ . _ 2
SmML = argrsnelgllv hs||
htly 2 2 2 y'h _hily
= argmin|h|?|| 5| +]h (S —S—S)
L el R A TR T

Yy hH Normalization :': SML
1/[n]*

@ ML=MRC=ZF (with pseudo-inverse h# = (hfh)~"ht = h/| h||?)
@ Easy to implement
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Special case: SIMO

We consider a multivariate signal (typically L antennas)
y(6) = hs+wl)withe=1,-- L=>y=hs+w

with h a L x 1 column-vector

We have

A _ . N h 2
SML arg min 3% s||

hH 2

arg m|n —S
[l
Yy H Normalization <§ML
h
1/|n® :F

@ ML=MRC=ZF (with pseudo-inverse h# = (hfh)~"htl = h!/||h||?)
@ Easy to implement
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Special case: unitary matrices

We consider HH" = I,,, or equivalently, |[Hx| = ||x|| for any x
We have
S = arg min |y — Hs||
seCMH

- in |[H(H%Y —s
arg min [[H (H%y —s) |

= arg min |[H 'y —s||
seCNH

y H-! — 1" jE SML

@ ZF=ML
@ Easy to implement
@ Not true in general since usually ||AB|| # ||A||.||B||
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Go back to ISI problem

@ Due to filtering, H is Toeplitz
@ Such a structure enables a low-complex optimal detector

Dynamic programming =- Viterbi’s algorithm [Viterbil973]

We remind that

N 2

ly - Hs|2 =3

n=0

L
y(n) = husn
=0

dgf JN([SO7 e )SN])
N—_———

s(V)

Fundamental property

N
In(s™M) = In_1 (V) + Ad(sw, En) = ZAJ(Sna En)

n=0

with AJ(sn, En) = |y(n) — Xr_o heSn_el? and En = [8p_1,- - ,Sn_1]"
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Optimal receiver
Definition of Trellis

@ enables to view s(V) through states {E,},
@ corresponds to the possible transitions between states

Example : M =2, L = 1 = two states E(® = [-1] et E(") = [1]

g _ - ’received a1 path (one possible s )

@ Branch:

— only characterized by s, and E, (at time n)
— AJ : Branch metric (cost to go through this branch)

@ Goal: find optimal path (with the lowest sum of branch metrics)
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Algorithm principle

For sake of simplification
@ two states only E(© = [—1] et E(") = [1]
@ inspecting between time n—1and n

time n — 1 time n

Amongst paths arriving at E(O) only one minimizes J,_1(.)

0 s D st dp (s D) < (s 1))

opt.| E(©) opt. \E |E©)

(*] S(n71) s.t. Jn,1(SOn 1 )< Jn_ 1(S

- :
opt |EO) ot |E) ") (similar result for E()

|EM)
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Optimal receiver

Algorithm principle (contd)

@ What's happened at time n in state E(© ?

(m

n)
£ and St |EO)

@ In other words, what do we know about s‘(

-1 -1
JIn—1 (sigt.“:—)m)) < Jn—1 (5|(2(o) ))
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Optimal receiver

Algorithm principle (contd)

@ What's happened at time n in state E(© ?

@ In other words, what do we know about s( ) 0 and s”

E o O

dn1(885 Do) + AI(—1,ED) < Uy (8E)) + AJ(—1,E)
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Optimal receiver

Algorithm principle (contd)

@ What's happened at time n in state E(© ?

@ In other words, what do we know about s'7. ) and s"”

|E t |E©)

(88 B —11) < dn([s(Ee, —1])

Any suboptimal path at time n — 1 remains suboptimal
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Optimal receiver

Algorithm principle (contd)

@ What's happened at time n in state E(©) ?

@ In other words, what do we know about s‘ O) and sopt E©

n([880 Loy —11) < n([8Ze, —1])

opt.| E©)

Any suboptimal path at time n — 1 remains suboptimal

Finally,
s

opt.| E©) =[s" P ), —1]or s P ) —1]

opt.| E(©) opt.| E(1

according to respective values of J,
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Complexity analysis

@ Complexity in O((N + 1).ME+1)
— linearin N
— polynomial in M
— exponential in L
So M and L have to be small enough

@ Refresher: maxy 7 = LTs, D = logy(M)/Tsand B =1/T;

@ Increasing data rate leads to

— either increasing M = bad news for Viterbi’s algorithm
— orincreasing B and thus L = bad news for Viterbi’s algorithm
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Optimal receiver
Numerical example

@ Filter: hh=1and hy =025 (L=1)
@ Noiseless case

@ Opening: '—1’
@ Data:’1,—-1,-71
@ Closing: '—1’

@ Sought vector: [—1, 57, 517,527, —1]
@ Received vector: [y(—1)7,0.75,-0.75,—-1.25, —1.25, y(4)?]

Branch metric (at time n)

AJ = |y(n) — s, — 0.255,_1[?
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Optimal receiver

Time 0

G ’_1’

MICAS904-ROSP.
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Optimal receiver
.
Time 1

4.25
0 4 4025 0 ST
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Optimal receiver
Time 2

0
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Optimal receiver
Time 3

0

0 0 0 0 0 425 »_ g

o
1

0

-1 0 0 0 0 0 1

o

Q

’1
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Suboptimal receivers

Section 3 : Suboptimal receivers |
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Suboptimal receivers
Principle

Goal

@ Viterbi’s algorithm not applicable in optic systems due to high
data rate

@ Design a simple receiver (but suboptimal)
@ |dea: linear compensation for linear interference

= linear receivers

S H y Equalizer P W z S

ISIinpur > ISIUutput

Question: how choosing matrix P ?
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Suboptimal receivers
ZF equalizer

@ Forcing interference to be zero = Zero-Forcing (ZF)
@ Mathematically,

PHZI@PZF:H_1

So

z=s+w with w=H"'w
Drawback : noise enhancement (we so derive the SNR per
component)

E trace (HHY)
2Ny Ny

E; 1

2N, trace(H-TH™H)
N

SN Rinput = SN I:{output =
Thanks to convexity of x — 1/x, one can prove

SN Roulput < SN Rinpul

with equality when HH" = 1, i.e., unitary matrix (cf. slide 10)
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Precompensation: ZF at the transmitter side!

@ If H known at the transmitter side, one can precompensate it!
@ How? by sending x instead of s with

x=Ps

where P corresponds to a linear precoder
@ How choosing P ? e.g. ZF principle
Drawback:
@ No noise enhancement anymore, but
e P = /aH"" with a = Ny/trace (H='H~") (for energy purpose),
then

Es trace (HHY) Es 1
SNRw/o comp = o=, SNReomp = 2N, el HT)

H

Same SNR issue (just not located at the same place!)

Solution suitable if CSIT and unitary transformation = only CD case J
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Suboptimal receivers
MMSE equalizer

Choosing P s.t. Py close to s

Pymse = arg mFin Eswl[|Py — S||2]

After algebraic manipulations,
Pumse = Es (EsHH + 2Nol) ' HY
Remarks :

@ At high SNR: Pyvise =~ Pzg
@ Atlow SNR: Pyivise o< HH
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DFE equalizer

@ Using previous decision on s for removing interference
@ Decision Feedback Equalizer (DFE)
@ Problem: causality principle in MIMO

Solution: the so-called QR decomposition
H=QR
with a unitary matrix Q and a upper triangular matrix R

z=Q" =Rs+w
where W’ is still white Gaussian noise

v DL equadizer ZF-DFE: decode first 8y,,, then
Sn,—1 based on
(ZNy—1 — INy—1,N4 SN, ), @nd so on
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Suboptimal receivers
Implementation issue

When Ny is high, implementation issue for matrix inversion

When H corresponds to IS,
@ equivalence between Toeplitz matrices and filtering
@ Implementation through filtering

PzH=1<— pzr+xh=9

SO
1

pze(e¥™") = h(e2T)
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Suboptimal receivers
Numerical illustrations

We assume
@ L =1 with

ho=¥ and hy = —2

Virg M

@ Matrix implementation of introduced equalizers

2

18

16

1.4

12

A 1
L1

o8
0.6
0.4

0.2

0

0 0.2 0.4 0.6 0.8 1
Normalized frequency

The larger p is, the stronger ISl is J
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Suboptimal receivers

Viterbi’s algorithm performance

ISI can not be totally removed
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Suboptimal receivers

Performance of various equalizers for weak ISI

o Performance with rho=0.2
10 T T T
Viterbi
—©— No equalizer
—5—ZF
MMSE
107'g —#— ZF-DFE
12 14

Close performance between any solution
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Suboptimal receivers

Performance of various equalizers for strong ISl

o Performance with rho=0.8
10 T T T
¥
¥
101 E
ui 102
3
10 Viterbi
—©— No equalizer
—v—ZF v
MMSE
—*— ZF-DFE
104 " " .
0 2 4 6 8 10 12 14

DFE outperforms linear equalizers
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Suboptimal receivers
Real data

BPSK, SNR = 10dB, and channel with medium ISI (p» = 0.5)
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Section 4 : OFDM J
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Refresher: Input/Ouput model

Let
@ x(n) be the transmitted signal (may be different from symbols s;)
@ y(n) be the received signal
@ {hy}i—o,... 1 be the filter associated with propagation channel

L
y(n)=>_hx(n—20) J
=0

Let us consider one block of size N
= y=[(N-1),---,yO)]"

— X= [X(N_ 1)7 7X(O)]T

— i: [X(_1)a"' 7X(_L)]T
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Matrix model for Input/Output

y =Tix+Tox
@ T¢: N x N Toeplitz matrix whose the k-th row is given by
— [Ok—1,ho, b1, L, On— ] (iF kK < N —L)
— [Ok—1,ho, h1, -+, An—k—1] (if K > N — L)
@ T,: N x L Toeplitz matrix whose the k-th row is given by
— 0. (fk<N-—L)
— [hL, he_1,---, hN_k+1 s ON—k] (if k>N — L)

In noisy case, we find again

y=Hx+w
@ when null guard interval between blocks: H=T; and X =0

@ when guard interval X is not empty and linearly depends on
current bloc, i.e., X =Tsx: H=T; + T,>T;

Question: how obtaining an interference-free system at the
receiver side (by modifying the transmitter) ?
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Lemma 1

Assumption:
@ Perfect CSIT (H known at the transmitter side)
@ Actually, extension of ZF principle described in slide 23

Let H = UMAV be the singular value decomposition (svd) of H with U,
V two unitary matrices, and A = diag(\g, -+, An—1)

@ Instead of sending x = s, we send x = Vs (no energy purpose)
@ Instead of detecting on y, we detect on z = Uy
=z=Ns+WwW

with w/ = Uw still white Gaussian noise

Remarks
@ Information located in eigenvectors (not interfer in-between!)
@ Eigenvectors usually depend on H
@ Issue: CSIT assumption unrealistic in wireless and even in optic
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Lemma 2

Let C be a N x N circulant matrix associated with {h;}¢=o.... 1

hh h -~ h 0 - 0
c— |0 Mo o 000
hy -~ h 0O -~ 0 hy

Properties of C
@ Eigenvectors: Fourier vectors (independent of the channel!)

@ Eigenvalues: filter responses at Fourier frequencies

C =F"AF
with
o F FFT matrix (so, F = F~")
® A= H(#™/NY = Yy hee 2
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OFDM principle

If% = [x(N—1),-- ,x(N — L)], then I

y=Tix+TXx < y=Cx

Thus we have
z=Ns

withz=Fyandx =F~'s
Finally, for the k-th block and the n-th subcarrier, we get

29 = H(?™/N)s) n, k J

Remarks

@ cyclic prefix transforms Toeplitz into Circulant (who diagonalizes
within a basis independent of the channel, so no required CSIT !)

@ OFDM: Orthogonal Frequency Division Multiplexing

Philippe Ciblat MICAS904-ROSP/DCOM1: Part on “ISI mitigation”



A first other way for introducing OFDM

Due to channel, we receive

YIN=1) = hox(N—1)+mx(N=2)+ -+ hx(N—L—1)
yO) = hox(0)+ hix(—1)+ -+ hix(—L)
L o L
y(n) =" hex(n— €) PEE y(n) = 37 hex(n — ¢ mod N)
£=0 £=0

@ Transformation from a convolution into a circular convolution
@ If convolution (Ty, T2), Y(&2™"/N) £ H(e?™/N) X (e2™"/N)
@ If circular convolution (C), Y(e?™"/N) = H(e*™/N)X(&?*/N)
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A first other way for introducing OFDM

Thanks to cyclic prefix, we finally receive

YIN=1) = hox(N—1)+hmx(N—2)+ -+ hx(N—L—1)

y(0) : hox(0) + hyx(—17 + -+ hpx(—£)

L . . L
y(n) =3 hex(n— ¢) Y= y(n) = 37 hex(n — ¢ mod N) J
=0 =0

@ Transformation from a convolution into a circular convolution
@ If convolution (T, To), Y(&2™/Ny £ H(e?™/N) X (&2/=/N)
@ If circular convolution (C), Y(e?™"/N) = H(g?™n/N)X(e?™n/N)
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A first other way for introducing OFDM

Thanks to cyclic prefix, we thus receive

YIN=1) = hox(N—1)+hmx(N—2)+ -+ hx(N—L—1)

}/(0) = hoX(0)+h1 44+ h

L . . L
y(n) =3 hex(n— ¢) Y= y(n) = 37 hex(n — ¢ mod N) J
=0 =0

@ Transformation from a convolution into a circular convolution
@ If convolution (T, To), Y(&2™/Ny £ H(e?™/N) X (&2/=/N)
@ If circular convolution (C), Y(e?™"/N) = H(g?™n/N)X(e?™n/N)
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OFDM

A second other way for introducing OFDM

The historical way

<01

y(t) = c(t) = x(1)

with ¢(t) propagation channel

3 f
i

Bg: coherence bandwidth B: signal bandwidth

If B < B, almost no ISI If B> B, ISI

()l el

Y(f) = C(fo)X(f) = y(t) = C(fo)=(t) Y(f) = CNHX) = y(t) = c(t) * =(t)

How being always in the configuration B < B;? J
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OFDM

A second other way... naive idea

Idea: as B = 1/T; (symbol period),

splitting symbols sequence into N

subsequence (with period T = NT;) s.t.
1

7<BC ‘

Then each subsequence n transmitted to On each subcarrier. no ISI
different subcarriers f, ’

Let sf,k) = Sn+n be a subsequence, the transmitted signal is

N-1

x(1) =" s\9g(t - kT)e?mht

n=0 KEZ

@ N: subcarriers number
o YN se2infit: OFDM symbol with period T = NT
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OFDM

A second other way... orthogonality principle

Z Z Sp cbn k t with ¢n,k(t) = g( kT) 217rf,7

k€Z n=0

Orthogonal subcarriers < / Sp k()P i (1)t = 05, O ke
R

We force {®, k(t)}n .« to be orthonormal basis J

(IVAYAVY; /YU

Without o

Case (ii) : OFDM (Orthogonal Frequency Division Multiplexing)
@ f, equally spaced = f, = nAf
@ g(t) rectangular function of support [0, T]
@ orthogonality iff Af=1/T =1/NT;
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OFDM

A second other way... transmitter description

Bandwidth: almost same spectral efficiency than single carrier

1 1 1
Biot = NBsc T NT. ~ T.

xB(m) = (kT+ mT) o
- \FZs(k) G2 w -
inverse FFT | )
Remarks

@ x in time domain. kK OFDM block number and m time index
(within block)

@ sin frequency domain. n frequency index
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OFDM

A second other way... receiver description

20(n) = /R y(t)n (Dt

N—-1 7,
_ \/\/? Z y(k)(m)e—Ziﬂ-% 0 = | FFT
N
m=0

YN - 1) (N -1)

y*(0) 2M(0)

with y((m) = y(kT + mTy)

When channel present,

N—1
y(0) = oty x(t) = 3" 3" st k(1) with  Woi(t) = o(t) x Pnk(t)

keZ n=0

Problem: W, «(t) is not orthonormal anymore (actually, almost)
Solution: go back to the previously-developed approach

= Cyclic prefix

Philippe Ciblat
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TX/RX Scheme

TX

RX

Freq EQ. | X S
(typ. ZF)

lw

Add CP

Channel h ‘ Remove C] FFT

Convolution

Toeplitz matrix

Circular convolution / Circulant matrix

Cyclic prefix is crucial!
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@ end-50: multicarriers concept (Case (i)

@ end-60: orthogonal multicarriers (Case (ii)) = OFDM

@ beginning-70: FFT

@ mid-80: European project “Euréka” for DAB
— cyclic prefix
— coding and OFDM relationship in wireless context

@ beginning-90: First standard based on OFDM (DAB)

@ end-90: Very popular standards (ADSL, DVBT, Wifi, LTE, .. .)
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OFDM design: two rules

@ N should be large enough

L« N= LTs < NTs = Ty < NTg

N> B/B, < Af < B, J

@ N should be small enough

(L+ N)Ts < Ty = NTs < T,

N < B/By < Af>> By J

but also

— Mis-synchronization of VCO (a few ppm)
— FFT complexity (O(N log(N)))
— Latency
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OFDM design: four examples

Wifi ADSL DVBT Optic 100G
Carrier freq. 5.2GHz 0.6MHz 700MHz 1550nm
Bandwidth 20MHz 1.1MHz 9.15MHz 5GHz
Sampling period 50ns 0.9us 0.11pus 0.2ns
Filter length 800ns 135us 224us 0.69ns
Filter degree 16 150 2036 4
Cyclic prefix 16 32 2048 8
Spect. eff. loss 20% 12.5 % 20% 3.125%
# Subcarrier 64 256 8192 256
OFDM duration 4us 256us 896us 52.8ns
Subcarrier spac. 312.5kHz | 4.31kHz 1.11kHz 19.53 MHz
Coherence band. 1.25MHz 7.4kHz 4.47kHz 1.44GHz
Doppler band. 52Hz (3m/s) 0 52Hz (3m/s) 0

Remark: in ADSL, Time Equalizer added for channel shortening
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OFDM

Detection: OFDM-SISO

Formally, we have
Zz=—Hs+w
with H = diag(H(1), - -- , H(e?™/N), ...  H(g?™(N=1)/Ny)
N———
H(n)

As H is diagonal (no interference occurs), one can work subcarrier
per subcarrier, i.e.,

z(n) = H(n)s, + w(n)
with
— z(n) received signal after FFT
— 8y transmitted symbol (before IFFT)
— H(n) filter response at the n-th subcarrier

Optimal detector (application of Section 2)
Threshold detector on H(n)~'z(n)
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Detection: OFDM-MIMO

Once again, we have
z(n) = H(n)s, + w(n)

with
— z(n) received signal on two polarizations after FFT
— s, transmitted symbols on two polarizations (before IFFT)
— H(n) Ny x Ny filter response at the n-th subcarrier

Detectors

@ If Ny small enough, then many trees-based decoders
@ If CD and PMD, then H(n)H(n)" = I (unitary matrix)

— Optimal detector easy (application of Section 2)
— Threshold detector on H(n)"z(n)
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Conclusion

@ Review on digital receivers

@ We omit to discuss about
— channel estimation
— synchronization
— nonlinear impairments
— MIMO optimization
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