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Estimation Theory

Section 0 : Refresher on Estimation Theory |
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Estimation Theory
Introduction

Let x, be a sequence of data depending on parameter 8
Xn = 1,(6,...)

e.g. xp = 6 + wy with unknown 6

Given xy = {Xo, ..., Xn_1}, retrieve 6

An estimate of 6 is a function of the data sequence, we hope, close to
the true value of 6

On = B(xy)

The question is

How finding good estimates according to performance metric
capturing the gap between the estimated value and the true one
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Detection/Estimation

Detection Estimation

0 has a countable/finite number of 6 has a non-countable number of
values values

Performance metric Performance metric

Erreur probability Mean Square Error
Pe = Prob(d # 6) E=E[§ -0
= Optimal detector ? = Optimal estimate ?
@ Maximum Likelihood @ often ML

(ML) if equilikely
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Estimation Theory
Performance metrics

Notice that 6(xy) is a random variable

bN = ]E)([é(XN)] -0

Pr (XN : lim é(XN) = 0> =1 <:>éN 220
N— oo
MSE and variance

MSEy = Ex[[|0(xn) — 0[], vary = Ex[[|8(xn) — Ex[0(xn)][[]

@ We have MSEy = ||by]|? + vary
@ Estimate is bias-free iff by = 0 for all N
@ Estimate is asymptotically bias-free iff limy_,o, by =0

Philippe Ciblat ROSP/DCOM1: Part on “Synchronization”



Estimation Theory
Example

@ Let x, be a real-valued iid Gaussian process with unknown mean
m and unit-variance

@ Let My be the empirical mean estimate

@ The estimate is bias-free
@ lts variance is

vary =

2=

Philippe Ciblat ROSP/DCOM1: Part on “Synchronization”



Lower bounds

Result: Cramer-Rao bound (CRB)

Under mild conditions, we have
Ex[(d — 6)(6 — 8)"] > CRBy (= Fy")
with the so-called Fisher Information Matrix (FIM)

Fv = Ex[(9logpx(xn|8)/90) (0log px(xn|6)/06)']
= —Ex[0?log px(xn|0)/(06)]

@ px(xy|0) is the likelihood

@ MSEy > trace(CRBy)

@ An estimate whose the MSE achieved the CRB is efficient
@ An estimate is asymptotically efficient iff

MSEy

_ VOEN 4 when N
trace(CRBy)  * L em N e
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Estimation Theory
Example

Let x, be a real-valued iid Gaussian process with unknown mean m
and unit-variance. We consider that N samples are available:
X0, 5, XN—1

Fn=N

Consequence: CRB for mis 1/N

Let us consider the empirical mean estimate
@ This estimate offers a MSE equal to 1/N
@ This estimate is thus efficient
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Estimation Theory

Maximum Likelihood (ML) estimator

9N7ML = arg méax p(xn|0)

Performances
Under mild conditions, the ML estimate is
@ consistent

@ asymptotically efficient

\

Example
Xp=1(0)+w, forn=0,...,N—1

with functions f,(.) and w, white zero-mean Gaussian noise

N—1

9N7ML = arg mein ZO [Xn — f,,(0)|2
n=

Here, ML = LS (Least Square)
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Section 1 : Phase estimation J
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Problem statment

y(n) =s,€® +w(n), n

Il
UO
=

|

@ {s,} data sequence
@ w(n) white zero-mean circular Gaussian noise with variance 2Ny
@ ¢ the unknown phase

Why this model and How handling ¢

Blind Equalization (e.g. CMA) ~+ phase ambiguity (and ISI-free)
— Solution 1: noncoherent modulation carried out: ¢ not required
— Differential modulation (D-PSK), Orthogonal signals (PPM/FSK)
— 3dB loss
— Solution 2: coherent modulation carried out: ¢ is required

— Estimation step for ¢
— If not done, 0, 13dB loss if ¢ = 10° or 3dB loss if ¢ = 45° (QPSK)
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Phase

Data-Aided (DA) estimation

@ Training sequence is available
ML estimate

N—1 sl
P(Yn|9) Kexp{_zn—o |y(2rll\)lo Spe | }

with yy = [y(0),---, y(N = 1)

N—1

by = arg md;)axz R {Sny(n) ’¢}

n=0

In(9)

N-1qrg- N-1
dn = arctan (Zz—g {s,,y(n)}) =/ {ZSnY(n)}
Z n=0

n—0 R{Sny(n)}
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Cramer-Rao bound

@ Asymptotically bias-free estimate

N—1 N—1 N—1
> Swy(n) = (Z |Sn|2> e’ +> sw(n)
n n=0 n=0

noise term

@ Also asymptotically efficient

@ Decrease in 1/N
@ Decrease in 1/SNR
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Phase

(Stochastic) gradient algorithm

@ Actually,

@ We now work sample per sample

én

Sn—1 + 1ip(n-1)
b1 + uS{Sny(n)e~"*-1}

where n is a time/iteration index

Remark
@ Phase tracking
@ Application to frequency estimation ¢, = 2nfon+ ¢
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Phase

Phase Locked Loop (PLL)

y(n) ’\ ] 1 e(n)
&) S{e} ‘
Phase comparator
e~ ifn1

Delay Filter

®n

Remark
@ Small u: good precision but slow acquisition
@ Large u: poor precision but fast acquisition
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Phase

Non-Data-Aided (NDA) estimation

@ Without training sequence (blind case)

ML: p(ynlp) = / p(yn|o, sn)p(sn)dsn

SN [y —snei?|?
X Es e 2No

Result
N N—1 P—1 ‘s(m)lz m{my(n)e”“b}
¢N = arg max log pme o e No
o3 g (3

n=0 m=0

with
@ s(M the m-th symbol of the constellation (of size P)
@ pm the occurrence probability of s(™
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A simple case

@ BPSK (£1)
@ Equilikely probability

N—1 —i¢
<$ = arg max E log (cosh (ﬁ{y N }>>
0

n=0

Adaptive version

~

¢n = </3n71 + 'S {d(n)y(n)e—’?’M}
= dp1 1 d(N)S { y(n)e o1 }

d(n) = tanh (%{y (")e_i$n_1}) (€R)

with

No
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Costas loop

@ According to Slide 13, d(n) corresponds to a soft decision on s,
@ We can replace d(n) with another type of decision
1. hard decision (~» DD estimation)

d(n) = sign (§R {y(n)efiqg”*1 })
2. no decision (~ Costas loop [costas1956])

d(n) = R {y(n)e*"z’"*‘ }

tanh(3-) Estimate box

sign(e)
. e(n)
X

Filter ‘
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M-th power estimate

We use the fact that s, is M-th order noncircular < E[sM] # 0

Constellation | P-PAM | P-PSK | P-QAM
M 2 | P | 4

By working on y(n)M, we boil down to a phase estimation (with
constant data) with non-gaussian noise

y(m" = E[s;] €M)+ ¢(n)
u

Result [Viterbil974]
According to Slide 11,
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Section 2 : Frequency estimation |
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Problem statment

Mismatch between VCO at transmitter and receiver
~» Carrier Frequency offset (CFO)

CFO mitigated before any other box (equalization, timing, etc)
~~ too complicate to design ML-like DA estimate (since joint
estimation) [ciblat2008]

Blind case (no training used even if available)

L
y(n) = (Z h(k)sn_k> &I+ w(n)
k=0

a(n)

S, unknown data sequence

{h(k)} unknown filter

w(n) white zero-mean circular Gaussian noise with variance 2N
fo unknown CFO
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Frequency
Refresher: pure harmonic retrieval

y(n) = ae®™™" 1 w(n) with unknown a= |ale'®

2

ML: - min J(lal,0.1) = 5 3 [y(n) ~ Jale ™"+
a’ 9

i ‘ |
i,

SNR=0dB (time domain) SNR=0dB (frequency domain)
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Frequency

As U = E[&2(n)] # 0 (second-order noncircular), we have
z(n) = y?(n) = U™ 1 g(n)

where e(n) is an additive noise neither Gaussian nor stationary

@ Harmonic retrieval in multiplicative and additive noise

Harmonic retrieval in (nonstandard) additive noise
@ Periodogram based on y?(n) instead of y(n)

N—1 2

2 1 2 —2ir(2f)n
fy = arg max | Z y(n)<e

n=0
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PSK or QAM

P-PSK (1983)
2
E[a(n)P] £ 0 & fy = arg max

N—-1
1N Z yP(n)e—ZITr(Pf)n
n=0

P-QAM [yang2003]

2

1 N—1
N Z y4(n)672i7r(4f)n
n=0

Ela(n)*] #£ 0 < fy = arg max

= once again, M-th power estimate
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Simulations

Frequency

@ a(n) belongs to BPSK

e N=100

Hamonic in muligicative noise with 001, N=100 and SNR=-106B

FET norm basad on y

001 02 03 04 05 05 07 08
ey e

Hameric n ulgceveris i 0.1,

FET norm based on y2

001 02 03 04 05 05 07 08
ey dex

SNR=-10dB
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Harmoric in mulipicatv noise wih f0=0.1, N=100 and SNR=0dB

04 05 06 07 08 09 1
ey dex

01 02 03

2 s = o=

Hamoric in mulipicatv noise wih f0=).1, N=100 and SNR=0dB

0405 06 07 08 09 i
feqery e

SNR=0dB
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FET norm based on y?

Hamoricin muticaie nose i

FET norm based on y

00 02 03 0 [
ey ndex
Hamenicinmitpicaie e wih 001, V100 and SR-106B

001 02 03 04 05 05 07 08 09
fueey dex

SNR=10dB




Frequency

Periodogram maximized into two steps
@ coarse step to detect the peak
@ fine step to refine estimation around the detected peak

10
- o~ Coarse (1Pol.) 107 - e~ Coarse (1Pol.)
107 . - =~ Coarse (2 Pol) - @~ Coarse (2 Pol.)
—— Coarse + Fine (Pol.) 10° —+— Coarse + Fine (1Pol.)
- —+— Coarse + Fine (2Pol.) —s— Coarse + Fine (2Pol.)
% B 10°
2 X =
10° -
N L -e-9--0-0--0-e-0-8-0-0-0--0-
) 10
07} .
| 104
16

15 20 25 30
OSNR[dB]

N =256 N = 4096

15 20
OSNR[dB]

For weak SNR or small N, coarse step may fail = outliers effect
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Frequency

@ 16-QAM, 2 polarizations, 100Gbits/s, OSNR=20dB

received signal CMA

coarse CFO and CMA  fine CFO and CMA
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OFDM

Section 3 : OFDM extension ]
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Problem statment

@ (constant) Phase: as done in single carrier

@ Frequency:

y = ACx avec A = diag(1,?™ ... ¥mh(N=1))

If flat fading (C = Id)

Z0FDM = FAF_1S
Zsc = As

No InterCarrier Interference in SC

@ Timing: frame beginning detection = new problem
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OFDM
Timing estimation

L N

Correlation with cyclic prefix:
y(n) and y(n+ N) are identical if n belongs to Cyclic Prefix
L—1
Fo = arg Te{oT??;\I—H 7 nzz:oy(n +7)y(n+ 7+ N)

Structured OFDM symbol [schmidl&cox1997]:
Assume OFDM is split into two identical halves : y(n) and y(n+ N/2)
are identical if n belongs to the first half

N/2-1

. 1
7o = arg Te{or,n-a,);\l—ﬂ N2 ngo y(n+7)y(n+71+4+ N/2)

Drawback: rate divided by two
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Frequency estimation

@ Assume OFDM is split into two identical halves
[schmidl&cox1997]

@ If nbelongs to the first half, y(n+ N/2) = 2™ (N/2)y(p)

Assuming 7, = 0 (for sake of simplicity), we have

y(ny(n+ N/2) = e oN/2)|y(n)2

then

N/2—1

b= ,\,1/24{ ;O y(ny(n+ N/z)}
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