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Abstract

Detection of the best symmetry plane in 3D images can
be treated as a registration problem between the original
and the reflected images. The registration is performed in a
3D space of parameters defining orientation and shift of a
reflection plane. We use the normalized � � metric as the sim-
ilarity measure between original and reflected images and
investigate an algorithm for computation of the best symme-
try plane. The algorithm computes first an initial position
of the plane by analyzing principal inertia axes. We demon-
strate on several MR brain images that the initial position
is in the neighborhood of the global maximum. Therefore
the downhill simplex method is further used for the compu-
tation of the best symmetry plane. The proposed algorithm
was tested on simulated and real MR brain images.
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1. Introduction

The mid-sagittal plane is defined as the plane separat-
ing both brain hemispheres. The automatic detection of this
plane in brain images is a useful task. It can be used to
reorient images, for example for further alignment in the
Talairach reference frame [7]. It can also be a first step in
intra-subject registration [2] or serve as a basis for the study
of dissymetries in the brain [17].

Brain images possess a high degree of plane symmetry
although they are not exactly symmetrical. Medical studies

(see, for example, [1] for some corresponding references)
demonstrate brain anatomical asymmetries in sizes of the
frontal and occipital lobes, in surface of the planum tempo-
rale and planum parietale, in the anterior speech region. The
plane with respect to which the brain is the most symmet-
rical is called the brain symmetry plane. This plane is of-
ten considered as the first approximation of the mid-sagittal
plane [5]. The main goal of this paper is to develop an al-
gorithm for the symmetry plane computation in MR brain
images.

There is a vast literature in mathematics, image pro-
cessing and computer vision domains dealing with different
kinds of symmetry (central, reflection, rotation, skew) of
shapes and images. Let us point out, for example, some
publications [10, 11] devoted to the reflection symmetry.
Most of practical algorithms developed for symmetry mea-
surements are applied in the 2D case and only some of them
can be extended to 3D [18]. Principal axes of inertia were
used in [13] to define the best plane of reflection symmetry.
An algorithm for finding symmetry planes of 3D objects us-
ing extended Gaussian image representation was developed
in [16]. Octree representation of 3D objects is used in [12]
to compute their symmetry degree. Recently several new
algorithms were proposed for symmetry plane computation
in 3D images of the brain [2, 7, 15, 17].

The problem of finding symmetry plane and reflection
symmetry measure can be treated as a rigid registration
problem between the original and the reflected images.
Therefore, one can use different similarity measures known
in the literature [8] (for example, correlation coefficient,
correlation ratio, mutual information). Since the problem
belongs to the class of monomodal registration, then the cor-
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relation coefficient or � � metric seem to be the most suitable
similarity measures.

A method for computation of the brain symmetry plane
using optimization technique is presented in [2]. A number
of plane positions equally distributed in the space of plane
orientations are used there as candidates for finding the ini-
tial plane position for the optimization procedure. We pro-
pose (Section 3) an algorithm that uses a single initial plane
for the further optimization. This plane is computed from
the ellipsoid of inertia and we show in Section 4 for MR
brain images that it belongs to the region of the global max-
imum of the similarity measure under consideration. There-
fore, starting the optimization from this plane gives more
chances to achieve the global maximum and besides reduces
substantially the complexity of the algorithm.

2. Symmetry measure definition

Let � be a unit vector in
���

, � �
is the unit sphere of all

possible directions in
���

, and ���
	 � is a plane in
���

orthog-
onal to the vector � and passing at the distance � from the
coordinate origin. We denote by  ��	 ������� the reflection of
image � with respect to the plane � ��	 � :

 �
	 ������������������� �"!#���  ��	 �$�%���&���'�(���*)
An image � is called reflection symmetrical if there ex-

ists a reflection plane ���
	 � such that +�
	 � �����,!-� . We say
in this case that ���
	 � is a plane of reflection symmetry for
� .

Suppose that one is able to compute the symmetry mea-
sure .��
	 � ����� of the image � with respect to an arbitrary re-
flection plane � �
	 � . Then the problem we are dealing with
in this paper is to find the plane of maximal symmetry de-
gree of image � and the corresponding value of symmetry
measure . ����� :

. �����"! /10$2�
3�4(5*	6�6387:9 .:�
	 � �����;) (1)

When comparing images, it is usually assumed that a dis-
tance or a similarity measure < ��� � �'� � � is defined on the set
of images. In this case the symmetry measure . �
	 ������� can
be defined as the similarity between images � and  ��	 �$����� ,
i.e. . �
	 �������"! < ���=�  �
	 �������&� .

Different similarity measures are known in the litera-
ture for comparing images. In this report we use � � metric
( � � ���=�?>��"!A@B@ �DCE>:@B@ ) and the following symmetry measure:

. �
	 �������"!GFHC @I@ �JC 8�
	 � �����6@I@ �
K @B@ ��@B@ � )

3. Symmetry plane computation

To compute the reflection symmetry plane one needs to
check all possible orientations and translations of the reflec-

tion plane. It is an optimization problem in 3 dimensional
parametric space (here L and M are the angles of the plane
normal vector with the � axis and �N� plane, respectively,
and � is the distance to the plane from the coordinate ori-
gin). This computation is time consuming. Therefore it
seems useful to check first the most appropriate positions
of reflection planes. These positions can be used as initial
points for the further optimization.

The initial positions can be interpreted, for example, in
terms of ellipsoid of inertia [4]. The axes of the ellipsoid of
inertia for a 3D body are defined by the eigenvectors of the
corresponding covariation matrix.

It is known that if a body possesses a plane reflection
symmetry then the symmetry plane passes through its center
of mass and is orthogonal to some ellipsoid axis. Therefore
for computation of a reflection symmetry measure in this
case it is sufficient to check 3 planes only.

Suppose that the center of mass of the ellipsoid of inertia
of image � is O�P !Q��� P ��� P ��� P � and the eigenvectors are
� � � � � � � � . Then one can compute

/10$2 � . �(R'	 � R'S T U8�����*� . � 5 	 � 5 S T(UV�����;� . ��W*	 ��W;S T(U8����� � �
where �YX�O denotes the inner product of vectors � and O .

The best position of the reflection symmetry plane found
from the ellipsoid of inertia can be further improved using
optimization in the 3D space of reflection plane parame-
ters. In our implementation we used the downhill simplex
method [14]. Since the downhill simplex method is a lo-
cal optimization method there is no guaranty in general of
finding the global maximum. However, in Section 4 we
demonstrate experimentally that one can obtain good solu-
tions for MR brain images using this approach.

Algorithm 1

1. Computation of the initial symmetry plane from the el-
lipsoid of inertia.

2. Improving the orientation and translation of the sym-
metry plane and the symmetry measure computation
using the optimization technique.

4. Experiment discussion

We investigated the graphs of .���	 � ����� for different val-
ues of � and � for 5 real MR normal brain images. These
graphs have a similar form (see Fig. 1). Fig. 1(a) shows
the profile of . ��	 ������� for the brain image presented in
Fig. 2 for reflection planes passing through the image cen-
ter of mass. The function values are computed for angles
M � L[Z[\ CH]_^ K ��]_^ K � with an incremental step of ` ) `(a ra-
dian. The function graph has a regular form with a global



maximum in the neighborhood of the initial point. One can
see in Fig. 1(c) that the initial position is in the neighbor-
hood of the global maximum (here � and � indicate the
initial and final orientation of the reflection plane obtained
after the optimization step). Fig. 1(b) shows the profile of
. �
	 ������� for angles M � L Z \ ` � ` )IF�� (in radians) and a neigh-
borhood of the center of mass � Z \ � P C a � � P �Ga � . It
means that for every orientation of the reflection plane in the
neighborhood of the global maximum the symmetry mea-
sure decreases while shifting the plane away from the center
of mass. To simplify the visualization, every pair � M � L � is
shown as one point on the axis. Summarizing we can con-
clude that in the tested MR brain images the initial position
of the plane obtained from the ellipsoid of inertia belongs
to the region of global maximum of the symmetry measure.
It allows to go up to the function global maximum using the
local optimization technique.
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Figure 1. The graphs of function . ��	 ������� com-
puted for different values of � and � .

Algorithm 1 was tested on a public avail-
able 3-D simulated brain database from the Mc-
Connell Brain Imaging Center at McGill University
(http://www.bic.mni.mcgill.ca/brainweb/). The normal
brain database contains simulated brain MR images
for three modalities (T1-, T2-, and PD(proton-density)-
weighted) and a variety of slice thicknesses, noise
levels, and levels of intensity non-uniformity [3, 6]. We
tested the algorithm for 54 images for each modality
(with 3 slice thicknesses 1,3,5 mm, 6 levels of noise
0%,1%,3%,5%,7%,9% and 3 levels of intensity non-
uniformity 0%,20%,40%). An additional advantage of
using this database for symmetry analysis is that the images
are aligned in the stereotactic space and the mid-sagittal

plane coincides with �
� plane. For all these images the
orientation of the best symmetry plane found by Algo-
rithm 1 coincides with the mid-sagittal plane. The maximal
absolute difference � � �'@ M @ � for M is ` ) � K degree, the mean
absolute value ��� ��@ M @ � ! ` )IF	� degree and the standard
deviation 
��?� ��@ M @ � ! ` )IF� degree. The values for L are
� � ��@ L @ �Y! ` ) a�� � ��� �'@ L @ �Y! ` )BF�� and 
��?� ��@ L @ �Y! ` ) `��
degrees, respectively. This confirms that the proposed
algorithm is stable in the presence of noise and image
non-uniformity.

Algorithm 1 was also tested for 24 real MR normal
brain images (in T1 modality) and for all of them we ob-
tained good final results (see an example in Fig. 2). For
19 images we applied the process directly on original im-
ages (without any pre-processing or segmentation) and ob-
tained good final results (see third and fourth rows of
Fig. 2). For 5 others we compared the position of the
symmetry plane found for the original image and for the
corresponding segmented brain. The segmentation of the
brain was obtained by a 3D mathematical morphology al-
gorithm [9]. The final results were similar. The mean value
and the standard deviation of absolute differences for M and
L were ��� ��@ M � C M � @ � ! ` ) a � 
��?� �'@ M � C M � @ � ! ` ) ��
and ��� ��@ L � C L � @ �Y! ` )������ 
��?� ��@ L � C L � @ � ! ` )��� de-
grees respectively. Here indices 1 and 2 correspond to
original and segmented brain images. Therefore, it seems
that the algorithm can be applied successfully for original
MR images. For 4 images we compared the results ob-
tained for a binary mask of the segmented brain and for the
gray-level image itself. The final results were also simi-
lar ( ��� ��@ M � C M � @ �J! ` ) a ��� 
��?� ��@ M � C M � @ �J! ` ) ��� and
��� ��@ L � C L � @ � ! ` ) �NF�� 
��?� ��@ L � C L � @ � ! ` ) a�� degrees as-
suming that index 3 corresponds to a brain mask image). It
means that the brain shape defines the position of the sym-
metry plane with a high precision.

5. Conclusion

We proposed an algorithm for computation of the best
symmetry plane and the plane symmetry measure for 3D
images. The initial position of the plane is computed from
the corresponding ellipsoid of inertia. This position is fur-
ther improved using the downhill simplex method. This al-
gorithm can be applied for MR brain images. We demon-
strated on several simulated and real MR brain images that
the initial position is in the neighborhood of the symmetry
measure global maximum. Therefore a local optimization
method allows to find efficiently the global maximum.

It was shown on synthetic MR brain images that the
algorithm is stable to noise and intensity non-uniformity.
Further work includes comparing the method to other ap-
proaches and studying its behavior in pathological cases.
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Figure 2. Coronal and axial slices of the seg-
mented and non-segmented brain images:
(first row) initial symmetry plane computed
from the ellipsoid of inertia; (second row) the
best symmetry plane found by Algorithm 1;
(third row) initial plane; (fourth row) the best
symmetry plane.
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