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Abstract. We propose in this paper new tools for dealing with bipolar
fuzzy spatial information: particular geometrical objects are defined, as
well as measures such as cardinality and perimeter, represented as bipolar
fuzzy numbers. A definition of distance from a point to a bipolar fuzzy
set is introduced as well. These definitions are based on mathematical
morphology operators, recently proposed in the framework of bipolar
fuzzy sets.

1 Introduction

Bipolarity has not been much exploited in the spatial domain yet, although it
has many features to manage imprecise and incomplete information that could
be interesting in this domain. As highlighted e.g. in [1,2], positive information
represents what is guaranteed to be possible, for instance because it has al-
ready been observed or experienced, while negative information represents what
is impossible or forbidden, or surely false. This paper aims at introducing new
geometrical tools for dealing with bipolar fuzzy spatial information. After re-
calling some definitions in Section 2, we propose to extend the notion of bipolar
fuzzy number to define particular geometrical objects such as points, disks and
rectangles in Section 3. Geometrical measures such as cardinality (Section 4) and
perimeter based on gradient (Section 5) are then proposed. They are defined as
bipolar fuzzy numbers, in order to reflect the bipolar and fuzzy nature of the
objects. Finally, we introduce a definition of distance from a point to a bipolar
fuzzy set in Section 6. These definitions are based on mathematical morphology
operators, recently proposed in the framework of bipolar fuzzy sets [3,4].

2 Background: Bipolar Fuzzy Numbers and Spatial
Bipolar Fuzzy Sets

Interval-valued fuzzy numbers and intervals have been defined in [5,6]. Similarly,
we define a bipolar fuzzy number as a pair of fuzzy sets μ and ν such that μ and
1− ν are fuzzy numbers and ∀α ∈ R (or N), μ(α) + ν(α) ≤ 1. This definition can
be relaxed by allowing 1 − ν to be a fuzzy interval (i.e. its core is an interval).
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If both μ and 1 − ν are fuzzy intervals, then (μ, ν) will be called bipolar fuzzy
interval.

Let us now move to spatial information and let S denote the spatial domain.
It could typically be R

n or Z
n. Here we consider a finite bounded domain S. A

bipolar fuzzy set on S is defined by a pair of functions (μ, ν) such that ∀x ∈
S, μ(x) + ν(x) ≤ 1. Note that a bipolar fuzzy set is formally equivalent to an
intuitionistic fuzzy set [7] or an interval-valued fuzzy set [8], where the interval
at each point x is [μ(x), 1 − ν(x)]. For each point x, μ(x) defines the degree to
which x belongs to the bipolar fuzzy set (positive information) and ν(x) the non-
membership degree (negative information). This formalism allows representing
both bipolarity and fuzziness. Semantically, a bipolar fuzzy set is not one physical
object, but may represent information coming from different sources: for instance
the positive part may represent observed or preferred positions for a spatial
object, while the negative part may represent constraints on this position, and
1 − μ − ν indifferent or neutral positions.

Let B denote the set of bipolar fuzzy sets on S, (B,�) is a complete lat-
tice for the partial order defined as: (μ1, ν1) � (μ2, ν2) iff ∀x ∈ S, μ1(x) ≤
μ2(x) and ν1(x) ≥ ν2(x). The supremum and the infimum are denoted by ∧ and
∨, respectively.

An equivalent of the extension principle writes [5,6] ((μ1, ν1) � (μ2, ν2))(γ) =
∨γ=α�β(μ1, ν1)(α) ∧ (μ2, ν2)(β), where � denotes any operation. This principle
can in particular be applied to define operations on fuzzy numbers or intervals.

On the lattice (B,�), a dilation is defined as an operation that commutes with
the supremum and an erosion as an operation that commutes with the infimum,
as shown in our previous work [3,4]. Particular forms, invariant under translation
and involving a bipolar fuzzy structuring element, have also been detailed in this
work, along with their properties.

3 Bipolar Fuzzy Points, Spheres and Parallelepipeds

We propose to use the notion of bipolar fuzzy number to derive particular geo-
metrical bipolar fuzzy sets on S.

Bipolar fuzzy points, disks (in 2D) or spheres (in 3D) can be defined by
applying a rotation invariance principle, while rectangles or parallelepipeds can
be defined based on a Cartesian product.

Definition 1. Let (μ1, ν1) be a bipolar fuzzy number, and let d(x0, x) denote
the distance between two points x0 and x in S (Euclidean distance, or a dis-
crete version of it for instance). A bipolar fuzzy point is defined as: ∀x ∈
S, (μx0 , νx0)(x) = (μ1(d(x0, x)), ν1(d(x0, x))).

Definition 2. Let (μ1, ν1) be a bipolar fuzzy interval, and let d(x0, x) denote
the distance between two points x0 and x in S. A bipolar fuzzy disk (in 2D) or
sphere (in 3D) is defined as: ∀x ∈ S, (μD, νD)(x) = (μ1(d(x0, x)), ν1(d(x0, x))).

Definition 3. Let (μi, νi) be bipolar fuzzy intervals defined on each axis of the
coordinate frame. A bipolar fuzzy rectangle (in 2D) or parallelepiped
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(in 3D) is defined as the Cartesian product of these bipolar fuzzy intervals: ∀x ∈
S, (μR, νR)(x)=∧i((μi, νi)(xi))= (mini(μi(xi)), maxi(νi(xi))) where x1, x2(, x3)
denote the coordinates of x (x = (x1, x2(, x3))t) and ∧ denotes the conjunction
of bipolar fuzzy sets.

These definitions extend the notion of fuzzy point [9], fuzzy disk [10] and fuzzy
rectangle [10] to the bipolar case. Note that μD is a convex fuzzy disk, and
νD the complement of a convex fuzzy disk. Relaxing the convexity assumption
would lead to more general bipolar fuzzy disks and spheres. As for rectangles, the
conjunction is expressed as a minimum of the positive parts and the maximum
of the negative parts. The positive part is exactly a fuzzy rectangle.

Proposition 1. Definitions 1, 2 and 3 actually provide bipolar fuzzy sets in S.

Proposition 2. If the bipolar fuzzy numbers or intervals involved in Defini-
tions 1–3 are not bipolar (i.e. νi = 1 − μi), then these definitions provide non-
bipolar fuzzy sets and are consistent with the existing definitions in the fuzzy
case. If moreover μi is crisp, then the defined sets are crisp and are points, disks
and rectangles in the classical sense.

An example of bipolar fuzzy disk is shown in Figure 1.

Fig. 1. A bipolar fuzzy disk with its positive part μ (left) and its negative part ν
(middle). The indetermination (or neutral area) π = 1 − μ − ν is shown on the right.

4 Cardinality, Surface and Volume

Let (μ, ν) ∈ B be a bipolar fuzzy set defined in the spatial domain S. The car-
dinality of intuitionistic or interval-valued fuzzy sets has been introduced e.g.
in [11] as an interval: [

∑
x∈S μ(x),

∑
x∈S(1 − ν(x))], with the lower bound rep-

resenting the classical cardinality of the fuzzy set defining the positive part (the
least certain cardinality), and the upper bound the cardinality of the complement
of the negative part (i.e. the whole not impossible region is considered, leading
to the largest possible cardinality). The length of the interval reflects the inde-
termination encoded by the bipolar representation. Several authors have used a
similar approach, based on interval representations of the cardinality.

When dealing with fuzzy sets, it may be more interesting to consider the
cardinality as a fuzzy number, instead as a crisp number, for instance using the
extension principle: |μ|(n) = sup{α ∈ [0, 1] : |μα| = n}, where μα denotes α-cuts,
defining the degree to which the cardinality of μ is equal to n.
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Fig. 2. Cardinality of the bipolar fuzzy set of Figure 3 represented as a bipolar fuzzy
number (the negative part, represented by the upper curve is inverted)

Here we propose a similar approach for defining the cardinality of a bipolar
fuzzy set as a bipolar fuzzy number, which contrasts with the previously interval-
based approaches [4].

Definition 4. Let (μ, ν) ∈ B. Its cardinality is defined as: ∀n, |(μ, ν)|(n) =
(|μ|(n), 1 − |1 − ν|(n)).

Proposition 3. The cardinality introduced in Definition 4 is a bipolar fuzzy
number on N (with ∀n, |μ|(n) + (1 − |1 − ν|(n)) ≤ 1).

In the spatial domain, the cardinality can be interpreted as the surface (in 2D)
or the volume (in 3D) of the considered bipolar fuzzy set.

An example is shown in Figure 2, for the bipolar fuzzy object displayed in
Figure 3. For this example, the cardinality computed as an interval would provide
[11000, 40000], which approximately corresponds to the 0.5-level of the bipolar
fuzzy number.

5 Gradient and Perimeter

A direct application of erosion and dilation is the morphological gradient, which
extracts boundaries of objects by computing the difference between dilation and
erosion, as introduced in [4] for bipolar fuzzy sets.

Definition 5. Let (μ, ν) be a bipolar fuzzy set. We denote its dilation by a bipo-
lar fuzzy structuring element by (δ+, δ−) and its erosion by (ε+, ε−). We define
the bipolar fuzzy gradient as: ∇(μ, ν) = (min(δ+, ε−), max(δ−, ε+)) which is the
set difference, expressed as the conjunction between (δ+, δ−) and the negation
(ε−, ε+) of (ε+, ε−).

Proposition 4. The bipolar fuzzy gradient has the following properties: (i) Def-
inition 5 defines a bipolar fuzzy set; (ii) If the dilation and erosion are defined us-
ing t-representable bipolar t-norms and t-conorms (see [3,4] for details), we have:
∇(μ, ν) = (min(δμB (μ), δμB (ν)), max(ε1−νB (ν), ε1−νB (μ))). Moreover, if (μ, ν)
is not bipolar (i.e. ν = 1 − μ), then the positive part of the gradient is equal to
min(δμB (μ), 1 − εμB (μ)), which is exactly the morphological gradient in the fuzzy
case.
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Fig. 3. Gradient of a bipolar fuzzy object

An illustration is displayed in Figure 3. It illustrates both the imprecision
(through the fuzziness of the gradient) and the indetermination (through the
indetermination between the positive and the negative parts). The object is here
somewhat complex, and exhibits two different parts, that can be considered as
two connected components to some degree. The positive part of the gradient
provides a good account of the boundaries of the union of the two components,
which amounts to consider that the region between the two components, which
has lower membership degrees, actually belongs to the object. The positive part
has the expected interpretation as a guaranteed position and extension of the
contours. The negative part shows the level of indetermination in the gradient:
the gradient could be larger as well, and it could also include the region between
the two components.

Now the perimeter (in 2D) or surface (in 3D) of a bipolar fuzzy set can
be derived from the notions of cardinality and gradient. It is then a bipolar
fuzzy number. As for the cardinality, this representation is suitable to account
for both fuzziness and indetermination. This is a richer representation than a
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Fig. 4. Perimeter of the bipolar fuzzy set shown in Figure 3 represented as a bipolar
fuzzy number (the negative part is inverted), and computed as the cardinality of the
gradient
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simple number, that could be obtained for instance as a weighted sum of the
cardinalities of the cuts, as done in the fuzzy case in [10].

Definition 6. Let (μ, ν) be a bipolar fuzzy set. Its perimeter (or surface) is
defined as the bipolar fuzzy number |∇(μ, ν)|, where the gradient ∇(μ, ν) is given
in Definition 5 and the cardinality |.| in Definition 4.

An example is shown in Figure 4.

6 Distance from a Point to a Bipolar Fuzzy Set

While there is a lot of work on distances and similarity between interval-valued
fuzzy sets or between intuitionistic fuzzy sets (see e.g. [12,13]), none of the exist-
ing definitions addresses the question of the distance from a point to a bipolar
fuzzy set, nor includes the spatial distance in the proposed definitions. As in the
fuzzy case [14], we propose to define the distance from a point to a bipolar fuzzy
set using a morphological approach. In the crisp case, the distance from a point
x to a set X is equal to n iff x belongs to the dilation of size n of X (the dilation
of size 0 being the identity), but not to dilations of smaller size (it is sufficient
to test this condition for n − 1 in the discrete case). The transposition of this
property to the bipolar fuzzy case leads to the following novel definition, using
bipolar fuzzy dilations introduced in [3].

Definition 7. The distance from a point x of S to a bipolar fuzzy set (μ, ν)
(∈ B) is defined as: d(x, (μ, ν))(0) = (μ(x), ν(x)) and ∀n ∈ N

∗, d(x, (μ, ν))(n) =
δn
(μB ,νB)(x)∧c(δn−1

(μB ,νB)(x)), where c is a complementation (typically the standard
negation c(a, b) = (b, a) is used) and δn

(μB ,νB) denotes n iterations of the dilation,
using the bipolar fuzzy set (μB , νB) as structuring element.

In order to clarify the meaning of this definition, let us consider the case where
the structuring element is not bipolar, i.e. νB = 1 − μB. Then the dilation
writes (see [3,4] for details): δ(μB ,1−μB)(μ, ν) = (δμB (μ), εμB (ν)), where δμB (μ)
is the fuzzy dilation of μ by μB and εμB (ν) is the fuzzy erosion of ν by μB

(see [15] for fuzzy mathematical morphology). The bipolar degree to which the
distance from x to (μ, ν) is equal to n then writes: d(x, (μ, ν))(n) = (δn

μB
(μ) ∧

εn−1
μB

(ν), εn
μB

(ν)∨δn−1
μB

(μ)), i.e. the positive part is the conjunction of the positive
part of the dilation of size n (i.e. a dilation of the positive part of the bipolar
fuzzy object) and the negative part of the dilation of size n − 1 (i.e. an erosion
of the negative part of the bipolar fuzzy object), and the negative part is the
disjunction of the negative part of the dilation of size n (erosion of ν) and the
positive part of the dilation of size n − 1 (dilation of μ).

Proposition 5. The distance introduced in Definition 7 has the following prop-
erties: (i) it is a bipolar fuzzy set on N; (ii) it reduces to the distance from
a point to a fuzzy set, as defined in [14], if (μ, ν) and (μB, νB) are not bipo-
lar (hence the consistency with the classical definition of the distance from a
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point to a set is achieved as well); (iii) the distance is strictly equal to 0 (i.e.
d(x, (μ, ν))(0) = (1, 0) and ∀n 
= 0, d(x, (μ, ν))(n) = (0, 1)) iff μ(x) = 1 and
ν(x) = 0, i.e. x completely belongs to the bipolar fuzzy set.

An example is shown in Figure 5. The results are in agreement with what would
be intuitively expected. The positive part of the bipolar fuzzy number is put
towards higher values of distances when the point is moved to the right of the
object. After a number n of dilations, the point completely belongs to the dilated
object, and the value to which the distance is equal to n′, with n′ > n, becomes
(0, 1). Note that the indetermination in the membership or non-membership
to the object (which is truly bipolar in this example) is also reflected in the
distances.

These distances can be easily compared using the extension principle given in
Section 2, providing a bipolar degree d≤ to which a distance is less than another
one. For the examples in Figure 5, we obtain for instance : d≤[d(x1, (μ, ν)) ≤
d(x2, (μ, ν))] = [0.69, 0.20] where xi denotes the ith point from left to right
in the figure. In this case, since x1 completely belongs to (μ, ν), the degree

Bipolar fuzzy object:
positive part negative part

Test points in red (numbered 1..5 from left to right)
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Fig. 5. A bipolar fuzzy set and the distances from 5 different points to it, represented
as bipolar fuzzy numbers (positive part: lower curve, negative part: upper curve)
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to which its distance is less than the distance from x2 to (μ, ν) is equal to
[supa d+(a), infa d−(a)], where d+ and d− denote the positive and negative parts
of d(x2, (μ, ν)). As another example, we have d≤[d(x5, (μ, ν)) ≤ d(x2, (μ, ν))] =
[0.03, 0.85], reflecting that x5 is clearly not closer to the bipolar fuzzy set (μ, ν)
than x2.

7 Conclusion

We have shown in this paper how the set of operations on bipolar fuzzy ob-
jects (or equivalently interval-valued or intuitionistic fuzzy sets) can be en-
hanced with new geometrical features, having nice properties. This enriches
existing tools developed for image thresholding or edge detection based on in-
tuitionistic or interval-valued fuzzy sets [16,17,13] or for mathematical mor-
phology [3,4,18]. Extensions to other types of operations will be the aim of
future work.
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15. Bloch, I., Mâıtre, H.: Fuzzy Mathematical Morphologies: A Comparative Study.
Pattern Recognition 28, 1341–1387 (1995)

16. Chaira, T., Ray, A.: A New Measure using Intuitionistic Fuzzy Set Theory and its
Application to Edge Detection. Applied Soft Computing Journal 8, 919–927 (2008)

17. Couto, P., Bustince, H., Melo-Pinto, P., Pagola, M., Barrenechea, E.: Image Seg-
mentation using A-IFSs. In: IPMU 2008, Malaga, Spain, pp. 1620–1627 (2008)

18. Nachtegael, M., Sussner, P., Mélange, T., Kerre, E.: Some Aspects of Interval-
Valued and Intuitionistic Fuzzy Mathematical Morphology. In: IPCV 2008 (2008)


	Geometry of Spatial Bipolar Fuzzy Sets Based on Bipolar Fuzzy Numbers and Mathematical Morphology
	Introduction
	Background: Bipolar Fuzzy Numbers and Spatial Bipolar Fuzzy Sets
	Bipolar Fuzzy Points, Spheres and Parallelepipeds
	Cardinality, Surface and Volume
	Gradient and Perimeter
	Distance from a Point to a Bipolar Fuzzy Set
	Conclusion



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Photoshop 4 Default CMYK)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




