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Abstract. In this paper we propose a method to obtain a tetrahedral model
of the human head by labeling elements of a tetrahedral mesh. To work with
meshes as regular as possible, we use the notion of Almost Regular Tesselation
(ART) providing tetrahedral meshes with good quality elements. The proposed
labeling method uses segmented M.R.I. containing main tissues of the head as
input. The labeling is done under topological constraints to preserve topological
arrangement of the head. This process uses a notion of simple tetrahedra.
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Résumé. Dans cet article, nous proposons une méthode permettant d’obtenir
un modéle tétraédrique de la téte humaine en étiquetant les éléments d’un mail-
lage tétraédrique. Afin d’utiliser des maillages aussi réguliers que possibles, nous
utilisons la notion de Tétraédisation Presque Réguliére (TPR) qui fournit des
maillages tétraédriques de bonne qualité. La méthode que nous proposons pour
étiqueter les tétraédres du maillage utilise en entrée des IRM segmentées con-
tenant les principaux tissus d’intérét. I’étiquetage se fait sous des contraintes
topologiques afin de préserver 'arrangement topologique de la téte. Il utilise la
notion de tétraédre simple.

Mots clés : maillage tétraédrique, imagerie du cerveau, maillage de R?, étique-
tage 3D topologique.
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1 Introduction

In applications based on Electroencephalography (E.E.G.) and Magnetoencepha-
lography (M.E.G.) data, electromagnetic field propagation is numerically calcu-
lated, for example using finite element methods. This computation is based on
a meshed model of the head tissues generally obtained thanks to Magnetic Res-
onance Imaging (M.R.1.), in order to get realistic models.

The purpose of this paper is to propose a method allowing us to build such
head models, we focus particularly on the mesh generation description and the
labeling of the tetrahedra according to the anatomical tissues. One main con-
straint of our method is the preservation of the topological arrangement of the
head structures. Indeed, the literature mainly concerns the mesh construction,
refinement or adaptation, but very few references deal with topological aspects,
which is however an important criterion.

The input image is a segmented M.R.I. containing the repartition of the main
tissues of the head (for instance the brain, skull or scalp). Then we can assign the
corresponding property (for example electrical conductivity) to each segmented
tissue. The segmentation step is outside the scope of this paper but more details
can be found in [2,10].

Next we build the tetrahedral mesh. The quality of the tetrahedra influences
the accuracy of the numerical computations. So bad shaped tetrahedra (silver,
cap or needle for instance) must be avoided. Ideally a Finite Element (F.E.) mesh
should be entirely composed of regular tetrahedra, but unfortunately we cannot



tessellate R® only with equilateral tetrahedra. The common approaches to con-
struct the meshes use a polyhedral representation of the boundary of the object
to tessellate. The principle is the introduction of points in the interior of the ob-
ject, and then a Delaunay tesselation is applied to generate the finite elements
[3,4,9,1]. One drawback of these methods is the necessity of post-treatment to
remove bad quality tetrahedra. The complexity of the head structures (see the
brain for instance) and the use of M.R.I. (and so discrete surfaces instead of
polyhedral ones) as input make the application of these methods very difficult.
These are the reasons why we use for our purpose the Almost Regular Tesse-
lation (ART) introduced by J. Pescatore which produces a tesselation made of
good quality tetrahedra [10, 11].

Finally, after the tetrahedral mesh generation, we must label the tetrahedra
according to their membership to the different segmented head tissues. It is a well
known fact that a topology of interwoven spheres [7,12] is a good approximation
of the topology of head tissues. Therefore it is important to use a homotopic
labeling method, in order to prevent a bad configuration like a contact between
the scalp and the brain. J. Pescatore proposed one based on the use of simple
tetrahedra [10]. Using his algorithm, the topology of full sphere was guaranteed
for the brain and the whole head. However a topology of empty sphere was not
guaranteed for the skull or the scalp for instance. So we propose a new labeling
procedure that respects a spherical topology for all structures, that is the main
contribution of our work.

The paper is organized as follows: Section 2 introduces the ART, presents
the images we use as input and presents some initializations. Then Section 3
exposes the different topological tools we need for our method, like the tetrahedra
simplicity or the notions of thinning/thickening. The labeling process is described
in Section 4 and some results are proposed. Finally we discuss the obtained
results and propose some perspectives to this work in Section 5.

2 Tetrahedral mesh and initializations from segmented
M.R.I.

Here we present the construction of a tetrahedral mesh called Almost Regular
Tesselation (ART) (see [10, 11] for more details). A tetrahedral tesselation of R3
is Almost Regular if it is possible to tessellate R® with tetrahedra such that each
tetrahedron has a fixed connectivity. The principle of the ART construction is
based on the following notion: a tetrahedron T is said to be subdivision invariant
(SI) if we can divide T into 8 tetrahedra which are congruent to T (scaled by a
factor 1/2) by halving the edges of T'. Note that the regular tetrahedron is not
subdivision invariant.

Figure 1 shows an example of SI tetrahedron. Using such a tetrahedron we
can generate an ART having the following properties:

— it is structured: a tetrahedron has 4 neighbors per face, 18 neighbors per
edge, 70 neighbors per vertex; a vertex is shared by 24 tetrahedra;



Fig.1. Example of SI tetrahedron Fig.2. ART construction with from left to
and its subdivision into 8 tetrahedra. right: n =0,n =1 and n =2.

— it is conform: the intersection of two tetrahedra is either @), a face, an edge
or a vertex.

To obtain a tesselation as regular as possible, we must use a SI tetrahedron
having a good quality. There are several ways to evaluate this quality [8, 6], such
as: Qr, = ah’;% where hp,qq is the largest edge of T', pr the in-radius of T and «
a regulation coefficient (o = v/6/12 for Qr, = 1if T is the regular tetrahedron).
Since @, varies from 1 to oo, we consider Q;al that varies from 0 to 1.

As shown in [11], we choose the following SI tetrahedron since it has an
optimal quality (i.e. the closest to 1):

0 1 1 2
3 3
T =< (0], (0], ({22],| L]}, Q. =0.866.
0 0 0 3 *

3
Note that the lengths of the edges of T* can take only two values : 1 or

V10/3.

For our purpose, we build the ART initialization as the polyhedron P com-
posed of 24 tetrahedra 7™ sharing a common vertex. This vertex is chosen as
the center of the segmented head S(I), and we use a scale factor S to enlarge P
until it contains entirely S(I). Next, each tetrahedron is recursively subdivided
n times until the desired precision is reached (see Figure 2). The final number of
tetrahedra of the ART is N,, = 24%8™ (N, = 98304 and N5 = 786432). Moreover
each tetrahedron of the ART has the same quality as 7.

Our input images are segmented from M.R.I of human heads. Let I be a
M.R.I. We suppose that the segmentation S(I) of I contains n; tissues of in-
terest. In this paper we use a segmentation program developed in [2] producing
segmented images under constraints to preserve the topology (see Figure 3). We
associate an index j to each tissue, 1 < j < ny, such that the tissue j is bounded
by the tissue j + 1, and j = 1 corresponds to the brain. The index j = 0 corre-
sponds to the background of the image. Figure 4 presents the general scheme of
the head and an example for n; = 3.

Before the labeling, we associate to each tetrahedron ¢ a vector T'ab(t) of size
n¢ + 1 containing the percentages of each component j (background or tissue)
in ¢. The vectors are computed thanks to S(I). The value T'ab(t)[0] corresponds
to the percentage of background in ¢, T'ab(t)[1] to the percentage of brain and
so on. For instance, if n, = 3 and Tab(t) = [0.11,0.62,0.27,0.0], then ¢ contains



Background (0)

__ Brain (1)
Skull (2)

Scalp (3)

Fig. 3. M-R-I I (left) and segmentation Fig. 4. General scheme of the head for n;
S(I) of I into Brain, Skull and Scalp. tissues (left) and for n; = 3 (right).

11% of background, 62% of brain, 27% of skull and 0% of Scalp. We define
Phead(t) = 3272 Tab(t)[i] = 1 — Tab(t)[0].

3 Topological tools

3.1 Definitions

Our labeling method uses topological tools defined in [10, 11]. First let us intro-
duce some basic concepts. We suppose that vertices, edges, faces and tetrahedra
contain their boundaries and they are also called 0—, 1—, 2— and 3—simplezes,
respectively. Let O be a set of tetrahedra and k an integer such that k < 3.

A k-simplex s is said to be shared if there exist two tetrahedra ti,t3 € O
such that s € t; Nty. Otherwise, s is called bare. Let t be a tetrahedron. The
neighborhood V (t) of t is the union of all tetrahedra t; such that t; Nt # 0. We
denote by Bd(t) the boundary of t defined as the union of the whole faces of t.
The attachment set of t Bds(t) is the union of all the shared k-simplexes of ¢,
and the bare set of t is Bdy(t) = Bd(t)\Bds(t).

Two simplexes s1 and sz are said to be adjacent if and only if s; N sy # 0.
A set of simplexes s1, s2,...,s; in which each s; is adjacent to s;41, 1 <1i < k,
is called a path of simplexes from s; to sg. Then the set of tetrahedra O is said
to be connected if for any pair of tetrahedra ¢,t' € O, there exists a path of
simplexes s1, 82,...,8 such that s;1 =¢, s, =t' and, fori=1,...,k, s; € 0. A
maximal connected subset of O is called connected component of O.

We suppose that O is connected. Following Kong [5] we define the simplicity
of a tetrahedron as follows:

Definition 1. Lett be a tetrahedron and O a connected set of tetrahedra. Then
t is said to be simple if there exits a homotopy equivalence from O to O Ut or

from O to O\{t}.
There exists a local characterization of the simplicity of a tetrahedron:

Theorem 1 (from [10]). The tetrahedron t is simple in O if and only if Bd,(t)
and Bdy(t) are not empty and are connected.

In Figure 5, let us consider the tetrahedra ¢; and ¢, and their attachment
sets. In (a), the tetrahedron t; is simple in Oy since Bds(t1) and Bdy(t1) are not
empty and are connected. In (b), t2 is not simple in Oy because Bds(t2) is not
connected.
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Fig. 6. Result of the head construction for n = 4 (middle) and n = 5 (right).

3.2 Homotopic thinning / thickening
Based on the use of simple tetrahedra, we define the following notions:

Definition 2. We call homotopic thinning (resp. homotopic thickening) of a
connected set of tetrahedra O the sequential deletion (resp. addition) of simple
tetrahedra in O. A set of tetrahedra S' obtained by a homotopic thinning or
homotopic thickening of a set S is said to be homotopic to S.

One first application of these notions is the constitution of the set containing
the tetrahedra of the head among all the tetrahedra of the ART. First we choose
a tetrahedron ¢ which belongs to the head. For example, if n;=3, we choose a t
such that Tab(t) = [0.0,1.0,0.0,0.0]. Then we perform a homotopic thickening
of the set H = {t}: we add to H simple tetrahedra = such that Pyeqq(z) >
IHead Where fipeqq > 0 is a parameter of the method. For instance, if Tab(z) =
[0.71,0.18,0.11,0.00] and pgeqq = 0.10, then Preqq(z) = 0.29 > preqd, SO
can be added to H during the thickening if x is also simple. The resulting set
corresponds to the head and is homotopic to a single tetrahedron, i.e. to a full
sphere. We can see in Figure 6 the result of this labeling for n = 4 and n = 5,
with S = 160 and pgeqq = 0.

One new tool we propose to label the different tissues of the head is the
original notion of interior thinning. First, a tetrahedron ¢ is said to be interior
to a set of tetrahedra O if t € O and if V' (¢) C O. Then we say that a tetrahedron
is removable if it is simple and if it also satisfies another condition (for instance
{Tab(t)[2](x) < 0.5}). An interior thinning of a set H begins with the choice
of an interior tetrahedron ¢ in H. Then, we apply a homotopic thinning to the



Fig. 7. Result of an interior thinning of the head by deleting simple tetrahedra (light
gray set).

set H\t (which is homotopic to an empty sphere) starting from ¢ and deleting
removable tetrahedra until stability. The corresponding pseudo-algorithm is:

e list of tetrahedral; < neighbors by face of ¢; //border of the thinning
e list of tetrahedral; + NULL; //next border of the thinning
o tetrahedron ¢ « interior tetrahedron;
Iterate until stability
for each tetrahedron z in [;
if x is removable then delete x from H and update Is;
else put z into Ily;
l1 — l2;
lo + NULL;

Since we delete only simple tetrahedra during this thinning, the set of deleted
tetrahedra is homotopic to a full sphere whereas the set of remaining tetrahedra
R is homotopic to an empty sphere. An example of the result of an interior
thinning applied to the head H is shown in Figure 7 (a tetrahedron was removable
if it was only simple, without additional condition).

4 Homotopic tissues labeling

We now propose a new complete labeling scheme. We label the tissues from the
most exterior to the most interior one, thus from j =n; to j = 1. Let O C H
be the set of tetrahedra which are not yet labeled (initially O = H and j = ny).

First we choose a tetrahedron ¢ interior to O such that Tab(t)[1]=1 (¢ contains
only brain). Then we iterate the following process while j > 1:

1. We apply an interior thinning to the set O, a tetrahedron z being removable
if it satisfies the two following properties:
— x is simple,
— there exists a tissue ¢ such that 0 < i < ny, i # 7, Tab(t)[i] > Tab(t)[j].
The tetrahedra of the remaining set R are labeled as j.
2. The set O becomes O\R, j becomes j — 1, and we eventually update ¢.

Let us consider Figure 8. In (a) the set O and the interior tetrahedron ¢
are shown. We see in (b) the result of the labeling for the tissue j. Next, in
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Fig. 8. Labeling of tissues such that j > 2.
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Fig. 9. Result of the head labeling for the scalp, skull and brain (from left to right),
for n =4 (top) and n =5 (bottom), with S = 160.

Figure 8 (c) and (d) we can see the labeling of tissue j — 1 obtained with the
updated set O.

After the labeling for all j > 1, we label the final set O\R (i.e. the removed
tetrahedra during the labeling of tissue 2) with j =1 (i.e. the brain).

In Figure 9, the results (exterior surfaces) of the topological labeling are
shown for the scalp, skull and brain respectively (the number of tetrahedra for
each tissue is also given).

5 Conclusion and perspectives

We proposed in this paper a way to build a tetrahedral model of the head. First
we constructed an ART mesh to tessellate a volume containing the head. Then,
using a segmented M.R.I. of the head, we defined a homotopic process to label



tetrahedra of the ART in order to get a tetrahedral head. Our method guarantees
that the resulting head has a topology of interwoven spheres. Examples shown in
the paper are obtained for ny;=3 tissues, but our method is adapted to any value
of ny, as soon as these tissues have a spherical topology (we can moreover consider
the Cerebro-Spinal Fluid for example). But the use of a segmentation having a
non-adequate topology (for example segmentation with isolated components or
including the jaw in the skull) can produce results with bad a geometrical quality.
One perspective of this work is to increase the robustness of our method for any
type of segmented head, by releasing topological constraints during the labeling.

In several applications like the study of the impact of the exposure to elec-
tromagnetic waves from mobile phones on human health, we may want to focus
our attention on precise places, like the ear. A multi-scale approach could be of
high interest to model important localizations with a higher degree of accuracy.
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