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Image Reconstruction by Convolution
with Symmetrical Piecewise
nth-Order Polynomial Kernels

Erik H. W. Meijering, Karel J. Zuiderveld, and Max A. Viergever

Abstract—The reconstruction of images is an important op-
eration in many applications. From sampling theory, it is well
known that the sinc-function is the ideal interpolation kernel
which, however, cannot be used in practice. In order to be
able to obtain an acceptable reconstruction, both in terms of
computational speed and mathematical precision, it is required
to design a kernel that is of finite extent and resembles the sinc-
function as much as possible. In this paper, the applicability of the
sinc-approximating symmetrical piecewiserth-order polynomial
kernels is investigated in satisfying these requirements. After
the presentation of the general concept, kernels of first, third,
fifth and seventh order are derived. An objective, quantitative
evaluation of the reconstruction capabilities of these kernels
is obtained by analyzing the spatial and spectral behavior us-
ing different measures, and by using them to translate, ro-
tate, and magnify a number of real-life test images. From the
experiments, it is concluded that while the improvement of
cubic convolution over linear interpolation is significant, the
use of higher order polynomials only yields marginal improve-
ment.

Index Terms—Cubic convolution, image reconstruction, image
resampling, interpolation, piecewise polynomial kernels, quintic
convolution, septic convolution.

I. INTRODUCTION

HE reconstructioh of images, which are in generai-
dimensional signals, is an important operation in mal

and linear interpolators as well as the more computational
expensive cubic convolution [1] and windowed sinc [2], [3]
interpolation schemes.

In a particular application, the accuracy with which the
original signal needs to be reconstructed from the samples
determines which alternative to use. Linear interpolation is
computationally very cheap and is satisfactory in many situa-
tions. Nowadays, linear interpolation is available as a standard
operation in special graphics hardware, making it an attractive
option. It has to be expected that as the hardware becomes
faster, higher order interpolation schemes will become feasible
as well. It has been demonstrated by several authors [2], [4],
[5] that when further mathematical processing of the data is
required, cubic convolution, although more computationally
demanding, is a relatively very accurate scheme. The im-
provement with respect to linear interpolation stimulated us
to investigate interpolation kernels consisting of higher order
polynomials than just first- or third-order.

The purpose of this paper is twofold. First, we will prove
that the concept of the two most popular interpolation schemes,
linear interpolation and cubic convolution, can be generalized
to a class of what we caymmetrical piecewiseth-order
polynomial interpolation kernelsBy utilizing this concept,
higher order interpolation kernels will be derived. Second, it
will be shown that while the improvement of cubic convolution

"Yer linear interpolation is substantial, the improvements of

applications. Operations such as magnification, subpixel trans-

lation, rotation, deformation, or warping of images cannot

carried out without reconstructing the image under consi

eration. Many interpolation schemes have been devised

that purpose. These include the very simple nearest neigh

be

higher order schemes with respect to cubic convolution are

8ply marginal.

f rThe paper is organized as follows. First the concepivef
imensional image reconstruction is presented (Section II). It

Wil be shown that the interpolation can always be carried

out by N successiveonedimensional (1-D) interpolations
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In this paper, the term “reconstruction” is used to indicate the process of

retrieving the original continuous imag&x) from its samples/s(p). The
term “interpolation” is used to indicate the more general process of “filling
in” between the samples. That is, any type of interpolation can be used to Il
calculate values at intermediate points. However, in ordee¢onstructthe . . ~
values at the intermediate points, specific constraints need to be imposed oﬁ real-valued continuous |magé(:c) can be constructed

the interpolation scheme. from a real-valuedN-dimensional discrete imagé (p) by
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means of interpolation according to vyhereﬁIB: R — IR is now aonedimensional box-filter. Thus,
o 1 becomes:
i(a) = I,(p) » h(z) ( ) becomest ~
where « denotes (discrete) convolutiod; R — IR is I(f) = LUNHB(J)HB(f2) - Hp([n). (6)
the interpolantz = [x1,---,zx]" € RY are points INN- " The inverse Fourier transform yields
dimensional continuous space,= [pi,...,pn]’ € ZV are

points in V-dimensional discrete space (i.e., they are assumed(z) = [- - - [[I,(p) * hp(x1)] * hp(z2)] % -- -] * hp(zn) (7)
to lie on a regular grid with unit distance between grid-points),

I.(p) are the image values at those points (the samples) dfeim which it is concluded tha¥-dimensional reconstruction
h: RY — IR is the convolution kernel, interpolating thecan always be carried out by successive 1-D interpolations.
samples, i.e., Therefore, in the sequel only the merits of 1-D kern(s)

. are investigated.
_r(xl’...vg;N):Z Z L(py, - ,pN)

PN p1

IIl. SYMMETRICAL PIECEWISE
'h(xl_pla"'a-TN_pN) (2)

nTH-ORDER POLYNOMIAL KERNELS

In the Fourier domain this becomes: As shown in the previous section, exact reconstruction of

I(f)y = L(HH(S) (3) an N-dimensional image is accomplished by multiplying the
Fourier spectrumi,(f) of the sampled signal,(p) with an
N-dimensional box-filter or, equivalently, witly successive

N ) > k 1-D box-filters. By defining the inverse Fourier transform of a
I;: R™ — C the Fourier transform of the discrete imaféx) spectrumd (f) as[>_ H(f)e27/= df, it can easily be shown

ertran _
(the sample data) andl: IR — C the Fourier transform of yh; the kernel of the box-filter is the sinc-function defined by
the convolution kernel.

The question arises whether it is possible to let the in- hos() = sine(x) A sin(nx)
terpolated image (x) become exactly equal to the original v

continuous versiod (x) of the sampled imagé, (p), prior t0 This kernel has infinite extent and cannot be used in practice,
sampling. In other words: caf(x) be reconstructedrom the yharepy ruling out the possibility of exact reconstruction. In or-
sampl_es[s (p)? For 1-D signals, the answer is provided by thger tg be able to obtain an acceptable reconstruction (in terms
following well-known theorem: _ of both computational cost and mathematical precision), it is

Theorem 1:Let I: R — IR be a real-valued function that eqyired to design a kernel of finite extent that resembles the
does not contain any frequencies higher than > 0, i.€.,  ginc_function as much as possible. The purpose of this paper is
the Fourier spectrun?: IR — C of that function satisfies (4 jhyestigate to what extent piecewiséh-order polynomial
I(f) = 0,|f| > Fn. Then I(z),z € R, is completely emels are capable of satisfying these requirements. First, the
determined by the sample(p),p € Z and L,(p) = I(p). precise definition of these kemnels is given below.

if and only if the sampling frequency’, satisfiest, > 21, Definition 1: Given a regular sampling grid with unit dis-

The essence of this theorem has been known by mathgsce petween the sample points, the symmetrical piecewise

maticians in the field of interpolatory function theory since i _order polynomial interpolation kerné(z) is defined as
at least 1915 [6] and has later been applied to the fields of

telecommunication and information theory by Nyquist [7] and h(z) = { g |2|” + -+ ay|z| +agi, 1< |z <i+1

whereI: RY — C is the Fourier transform of (z), f =
[fi, -, fv]F € RYN denotes N-dimensional frequency,

(8)

Shannon [8]. An excellent tutorial review on sampling theory 0, m < ||

has been presented by Jerri [9]. 9)
The theorem can easily be extendedNedimensions, in

which casel(z),z € R" can be completely reconstructedvherei = 0,1,---,m — 1, the parametern € N\ (o} is the

from the sampled,(p),p € 7V and I.(p) = I(p), if and extent of the kernel, and andm are related b n = 2m— 1.

only if the sampling frequencies,, satisfyF,, > 2F,, Vi = The (n + 1)m coefficientsa,; are to be determined by

1,2,---, N, where F,,, is the highest frequency in thgh imposing constraints omk(z). Since the sampleg,(p) are
dimension, i.e.,f(f) =0,|fi| > Fm,,¥i = 1,2,---,N. To the exact values of the original imadéz) at the positiong
this end, the fiIterﬁI(f) in (3) must be anV-dimensional on the sampling grid, the value of the interpolant at those
box-filter I:IB(f)7 defined by: positions must also be equal to the sample valigyp).

. <l F vie19 N Additional constraints are derived by requirihgz), which

Hp(f) = {(1)’ |fzrl =3 Fsp V= L&ty (4) consists ofpiecewisepolynomials, to be continuous and, if

, otherwise. possible, have continuous derivatives at the transition points

For a regular grid with unit distance between grid-points, the These requirements can be translated into the following
sampling frequencies;, are equal to 1. Equation (4) can als@onstraints.

be written as 1) h(0) =1 andh(z) =0 for |z| =1, --,m — L.
) N 2) A(x) must be continuous at| = 0,1, ---,m.
Hp(f) =[] Hs(F)
=1

2This choice forn will be motivated at the end of this section.
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where the superscripfl/) denotes thelth derivative. The  Now that it has been proven that far> 1 the coefficients
second constraint holds fér= 0,1, -- -, k, wherek must be of the polynomials are always a function of a free parameter
sufficiently large so as to yield a sufficient number of equations i.e. there is afamily of possible kernels for every value
in order to be able to solve for the unknown coefficients of » > 1, it remains to derive a reasonable value for, or at
For the determination of an upper limit fér the following least bounds on, this parameter. An obvious choice would be
lemma is necessary. to requireh®*+1(z) to be continuous at exactlgne of the
Lemma 1: In generating a set of equations according to tHeansition pointsp, which results in exactly one additional
aforementioned constraints, in order to solve for the unknovequation, thereby allowing the system of equations to be
coefficients of the polynomials constituting an interpolatiorolved uniquely. However, this is not guaranteed to be the
kernel h(z) as given in Definition 1, the requirement thabest choice when it comes to accurate (mathematical precise)
R (z) must be continuous at = 0 does not yield a nontrivial reconstruction. It will be shown that there always exists exactly
equation in the caséis even. oneoptimal value for the parameter. In order to prove this,
Proof: From the general description of symmetrieagh the following lemma is necessary.
order polynomial kernels, given in Definition 1, it can easily Lemma 2: The Taylor series expansion of the Fourier trans-
be derived that:)(0) = (I!)a;. The continuity constraint form H(f) of a symmetrical piecewisgth-order polynomial
of KO (z) at z = 0, which is expressed as the requiremerinterpolation kerneh(x) as given in Definition 1, in which the
limg o AW () = lim, o AV (z), leads to(!!)ap = (I!)ay, coefficientsa;; are functions of exactly one free parameter
which does not contain any information. Note that in the cad@s the form

[ is odd, the constraint leads t@!)a;g = —(I!)a;o, which -
o e o g {00 = —([aios WO gy — () 4 a0 4 )+ () O+, (10)

By taking into account the result of this lemma, the maxj-e | the series only consists of even terms, in which the factors

mum value fork is given by the following theorem. 3 () are linear functions of the parameter i.e., they have
Theorem 2:In generating a set of equations according tghe form

the aforementioned constraints, in order to solve for the

unknown coefficientsz;; of the polynomials constituting an Be(@) = oy + Ly (11)
interpolation kerneh(z) as given in Definition 1, the maxi-
mum allowable value of: is zero forn = 1 andn — 2 for
n > 1.

Proof: Becausei(z) is a real-valued function, the
Fourier transforn¥ (f) is conjugate symmetric. Furthermore,
i . —_ becausei(z) is an even function, the Fourier transform is
Proof: According to Definition 1, there argn + 1)m Iso even [10]. These two properties lead to the conclusion

unknown coefficients.;;, which requires the same amount ol ' 7 (f) is a real-valued symmetrical function, from which
independent equations in order to be able to obtain a unique '

. X . . . . is known that the Taylor series only contains even terms
solution. The first constraint will result im equations. The
second constraint will yieldk + 1)(m + 1) equations and  H(f) = H(0) + & H®(0)f? + - HBO) f +---. (12)
according to Lemma 1|(k + 1)/2] of them will not contain
information. Hence, the constraints lead to a totahof- (k+ By defining the Fourier transform ok(z) as [ h(x) -
1)(m+1)— [(k+1)/2] equations. Substituting =n—1and ¢ 27/* dz, it can easily be derived tha (f) can be written
using the fact that, becauseis odd,n — [n/2] = [n/2] —1, as the sum

we haven(m + 1) = (n + 1)m + (m — 1) equations. For n om—1
n = 1, m andn are both equal to one and therefore the number H(f)= Z Z a;i Hji(f) (13)
of equations equals the number of unknowns. kEas 1 we j=0 i=0

havern > m, which results in an over-constrained problem that.

cannot be solved uniquely, but only, e.g., in a Ieast-squa?ggh "

sense. The next smaller integer valug:is- n — 2 which can - ' p

be derived to yieldm +1)n —m = (n+1)m— 1 equations Hii(f) =2 /Z @/ cos(2m fz) dz (14)
Corollary 1: If, in generating a set of equations accordin

to the aforementioned constraints in order to solve for t

unknown coefficients:;; of the polynomials constituting an

here use is made of the symmetry property.0f). Accord-
ing to (13), the derivatives in (12) are calculated as

interpolation kernel:(z) as given in Definition 1, the max- ~ n m—1 .
imum value fork (according to Theorem 2) is applied, the HD(0) = Z Z ajng('i)(O) (15)
coefficientsa,; can be solved uniquely for = 1 and are a J=0 i=

function of egactlyonefree parameter, say, for_ n>1. ._from which it is concluded that the factofs(«) in the series
Corollary 2: 1f, in generating a set of equations according o jjnear combinations of the coefficients;, which are in

to the aforementioned constraints in order to solve for ﬂ?ﬁrn linear combinations of the parameter -
unknown coefficientss;; of the polynomials constituting an Theorem 3: The value of the free parameterthat yields

interpolation kermekh(z) as given in Definition 1, the max- the most mathematical precise interpolaqt) can be deter-
imum value ofk (according to Theorem 2) is applied, themineol by stating

resulting interpolant will be an element 61 for n = 1 and
of C"=2 for n > 1. Bala) = 0. (16)
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Proof: In order to prevent high frequency emphasis in TABLE |
the Fourier spectrunH(f) of the interpolation kerneh(a:), THE EIGHT COEFFICIENTS OF THEPOLYNOMIALS OF THE CUBIC
CONVOLUTION KERNEL AS A FUNCTION OF THE FREE PARAMETER
the value of the parameter should be chosen so as to force
H(f) to be concave downward gt = 0. This is expressed i e az | avi | ag
in the requirement O +2] —(a+3)] 0 1
dQI'NI 1 Io% —ba | 8a | —d«
I an
df F=0

In order to prevent low frequency suppression in the Fourier These constraints yield two equations in the two unknown
spectrumH (f) of the interpolation kernek(z), the value of coefficientsa;;. This system can be solved uniquely, yielding

the parameter should be chosen so as to foré f) to be a9 = —1 andagg = 1. The resulting interpolant will be an
concave upward af = 0. This is expressed in the requirementlement ofC? (i.e. is continuous).
H(f)
2 2 0. (18) B. Cubic Convolution
TP

The cubic convolution kernel is built up of third-order
olynomials and approximates the ideal sinc-function in the
interval [—2, 2]. The kernel is given by

This leads to the conclusion that the optimal value for the free
parametera is the one that satisfies both requirements (1
and (18) and since

d*H(f) asolz]® + agolz* + arolz] + aco, 0< |zl <1
TP, A9 hew) = agafol® + ansof? + anso| + aor, 15 Ja] <2
0, 2 < |zl
this implies that the optimal value can be found by stating (21)
/32(06) =0. u

In Definition 1, the ordern of the polynom|als was rela}ted The eight coefficients,;; can be derived by imposing the
to the extentmn by n = 2m — 1. Sincem € Ny (), this ollowing. constraints:
implies thatn. will always be odd. It has to be pointed out tha{ 9 :
n = 2m —1is not the only possible value for. In fact, itcan 1) h(C;)(O) = landhc(x) = 0 for x| =1
be shown that = 2m or n = 2m+1 will also lead to a unique  2) % (z) must be continuous dk| = 0,1,2 for I = 0, 1.
kernel for allm € IN\ (3. In many cases, even higher valueghese constraints yield seven equations in eight unknown
for n are possible. However, given the extent the value coefficients aj;. By allowing az; = « to be a tunable
n = 2m — 1 is the lowest possiblerder of the polynomials parameter, the system can be solved, yielding the values for
for which a unique solution exists. In order to solve for th#he eight coefficients as shown in Table I.
unknown coefficients in the case that> 2m — 1, higher The Taylor series expansion of the Fourier spectrum of this
order derivatives are required to be continuous (kenust be kernel aroundf = 0 is given by
larger). However, a larger value farimplies that the resulting

kernel will be smoother than its lower order version on the He(f)=1- = (204 1)(x )?
Eimvsozient, causing both its spatial and spectral behavior to ?% (160 + 1)(n f)* + O(fF). (22)

By imposing the constraint that the lower frequencies are not
IV. KERNEL EXAMPLES allowed to be suppressed and also that the higher frequencies
The theory developed in the previous section will now bare not allowed to be amplified, we find that the best cubic
used to derive the four lowest order piecewise polynomigpnvolution kernel is the one with the value ferthat forces
interpolation kernels, which provide for linear, cubic, quintidZc(f) to be neither convex nor concave at= 0, in other

and septic interpolation. words, that causes the second-order term in the Taylor series
to vanish:
A. Linear Interpolation .
. . . . . d>He(f) 8
The kernel of the linear interpolator is built up of linear — =-——(2a+1)=0 (23)
. : , , o df - 15
polynomials and approximates the ideal sinc-function in the f=
interval [—1,1]. The kernel is given by o o _
which yieldsa = —= [11] [12]. The resulting interpolant will
ho(z) = {a10|$| +aoo, 0<|z| <1 (20) be an element ot (i.e., is continuous and has a continuous
0, 1< 2l first derivative).
The two coefficientsz;; can be derived by imposing the
following constraints: C. Quintic Convolution
1) hr(0) = 1; The quintic convolution kernel is built up of fifth-order

2) hp(xz) must be continuous at:| = 0, 1. polynomials and approximates the ideal sinc-function in the
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TABLE 1l TABLE 11l
THE 18 COEFFICIENTS OF THEPOLYNOMIALS OF THE QUINTIC THE 32 COEFFICIENTS OF THEPOLYNOMIALS OF THE SEPTIC
CoNvoLUTION KERNEL As A FUNCTION OF THE FREE PARAMETER CoNvoLUTION KERNEL As A FUNCTION OF THE FREE PARAMETER «
i_“ asi | ag; I a3i | a2i | aii | . agi i H ar; [ . asi I asi ‘ agi
0| 100 — % | 180+ 12 0 8o — 3 ) 0 1 0 2150+ T4 —62L0 — 2 0 7600+ Lot
L) 1la— & | —88a+ 23 2700 — 10 | —3920 + 2 | 2650 — 15 | 66 + 5 1 301+ 257 | 33090 — 292 | 149520 | 2883 | 35640 — 12869
2 o —14a T80 —2160r 2970 | —162c 2 STa+ goos | —1083c— 20 | 87360+ 5 —387200 — {8
3 o —27« 312 —2000cx
Al am | an]| an ag;
interval [-3,3]. The kernel is given by 0 0] sgae 0 i} ]
« 127575 | . 3006 | 4 4 16R0 1 120407 Garo,. 2233
a50|$|i N a10|$| + ago, 0< |.T| <1 1 || 478800 + 2?5‘— 36000 3290 14168 + ii?i, “2;552(1 ;1;3
L S oasi|z)P 4+ Fanx] Fao, 1< |z <2 2| 1016400+ 57 | 1576320 — 5 | 1333360 + F | —472800 — HE
Q(x) = ase|z|® + -+ azlx| +agy, 2<|x| <3 3 76800 176640 22528 —122880
0, 3 < |zl
(24) o .
2) hg'(x) must be continuous afr| = 0,1,2,3,4 for
The eighteen coefficients;; can be derived by imposing 1=0,1,2,3,4,5.
the following constraints: These constraints yield 31 equations in the 32 unknown
1) ho(0) =1 andhg(z) =0 for |z| = 1,2; coefficients a,;. By allowing ar3 = « to be a tunable
¢ . -
2) h(Q)(a:) must be continuous dt:| = 0,1,2,3 for [ = Parameter, t_h_e system can be_ solved, yielding the values for
0,1,2,3. the 32 coefficients, as shown in Table III.

These constraints yield 17 equations in the 18 unknownThe Taylor series expansion of the Fourier spectrum of this

coefficients a;;. By allowing asa = « to be a tunable kernel aroundf = 0 is given by
parameter, the system can be solved, yielding the values for g (f)y=1— 8% (83232a + 71)(r f)?
the 18 coefficients, as shown in Table I 8 . 4 6
The Taylor series expansion of the Fourier spectrum of this + s (979200 = 53)(n f)" + O(f7). (28)
kernel aroundf = 0 is given by Again, by imposing the constraint that the magnitude of the
~ Fourier spectrumHg(f) is neither convex nor concave at
_ 1 _ 2
Ho(f) =1+ 114 (640 = 3)(rf) . . f = 0, we find that the best septic convolution kernel is the one
— 105 352a+ 1)(7f)" + O(f%).  (25) for which the second-order term in the Taylor series vanishes:

By imposing the constraint that the Fourier spectrii( f) d*Hs(f) _ 4 (832320 +71) =0 (29)
is neither convex nor concave at= 0, we find that the best df? £=0 867

quintic convolution kernel is the one for which the second- = L .
order term in the Taylor series vanishes: which yieldsa = —(71/83232). The resulting interpolant will

3 be an element o€ (i.e., is continuous and has continuous
"H 2 irst- ~ third. ) g >
d djg(f) -2 (64— 3) = 0 (26) first-, second-, third-, fourth-, and fifth-order derivatives).
f=0

which yields o = &. The resulting interpolant will be an n thi tion. th fructi biliti f the K |
element ofC? (i.e., is continuous and has continuous first- n this section, the reconstruction capabilities ot the kemels

second-, and third-order derivatives) derived in the previous section will be quantitatively evaluated
' ' and compared. First, both the spatial and spectral behavior
of the kernels will be analyzed. Second, the kernels will

be applied in a number of experiments on real-life images.
The septic convolution kernel is built up of seventh-ordeFinally, the results will be briefly discussed.

polynomials and approximates the ideal sinc-function in the

V. EXPERIMENTAL RESULTS

D. Septic Convolution

interval [—4, 4]. The kernel is given by A. Spatial and Spectral Analyses
azolz|” 4+ - + atolx| + aco, 0< |2l <1 Plots of the four interpolation kernels, (z), hc(x), hg(z),
anlz|” 4+ +anlz| +an, 1< |z <2 and hs(xz), as presented in the previous section, are
hs(z) =< azalz|” + -+ apa|z| +ag2, 2<|2) <3 shown in Fig. 1, together with the plots of their spectra
arslz|” 4+ + arslx| + ags, 3 < |2l <4 Hi(f),Hc(f),Ho(f), and Hs(f). From these plots it can
0, 4 < ). be observed that the cubic convolution kernel resembles the

(27) ideal box-filter Hp(f) substantially better than the linear
interpolation kernel. The spectra of the quintic and septic

The 32 coefficientsa;; can be derived by imposing theconvolution kernels appear identical to that of the cubic
following constraints: convolution scheme. However, their corresponding log-plots in
1) hs(0) =1 andhg(z) =0 for |z| = 1,2,3; Fig. 1 reveal that the high frequency suppression capabilities
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Fig. 1. Kernels of the four lowest order interpolators, compared to the ideal interpolation kernel, the sinc-function (printed as a dashest lbo&)nfir
The linear interpolation kernél;, (x), the cubic convolution kerndi(x), the quintic convolution kernetq (x) and the septic convolution kerngk ().
Second column: The corresponding Fourier speéiia f), Heo(f), Ho(f), and Hs(f), compared to the spectruig(f) of the sinc-function (printed
as a dashed line). Third column: The corresponding log-plots of the spectra.

of the quintic and septic convolution kernels are, respectively, TABLE IV

one and two orders of magnitude better than that of the cubic THE FIRST DERIVATIVE OF THE FOURIER TRANSFORM H (f) OF THE
uti K | FOUR INTERPOLATION KERNELS I, (2:), h: (%), b (), AND hg(x)
COI’\YO ution kernel. PRESENTED IN SECTION IV, AT THE TRANSITION FROM STOPBAND TO
Since the spectra of the kernels are all flat fat= 0 PassBAND (f = —1), COMPARED TO THAT OF THE SINC-FUNCTION h ()
(because of the constraint proposed in Theorem 3), they can Kernel H HM(—1)

be compared by evaluating the transition rate from stopband

(If] > 1/2) to passhand—1/2 < f < 1/2). This rate ;"”(:L:) Loz

. L - o (x) 2.321
corresponds to the first derivative of the spectHify) at f = ho(2) 5419
—1/2, and should be as large as possible. The values of this h:(m) 2538
derivative for the presented kernels are shown in Table IV. The h};(x) o

ideal kernel, the sinc-function, has an infinite transition rate,
causing high frequencies to be completely suppressed and low
frequencies to be completely conserved. The improvementwifiere H(f), f € IR denotes the spectrum of the kernel to be
cubic convolution over linear interpolation is 43.2% accordingnalyzed and”, € IR is the sampling frequency. This measure
to this feature. Quintic and septic convolution are, respectivelyas originally proposed by Park and Schowengerdt [13] in
49.2% and 56.6% better than linear interpolation, but ontyder to study the blur caused by sampling and reconstruction
4.2% and 9.3% better than cubic convolution. (SR-blur) and has since been applied by several others [14],
In the literature on sampling and reconstruction, an impajt5] to compare their methods to cubic convolution. Note
tant error measure to study the spectral behavior of a kertight for the sinc-function®(f) = 0 for |f] < (1/2)F, and
as a function of frequency is given by E(f)=2for|f| > (1/2)F,. The error function€( f) for the
. ) . ) spectra of the four interpolation kernels are shown in Fig. 2,
E(fy=1—HHP+ > [H(f —nF)l (30)  together with that of the sinc-function. From this figure it is
1€L\ {03 clear that the cubic convolution kernel is substantially better
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' < To carry out a subpixel translation, the following operations
1 have to be performed: i) reconstruction of the image; ii)
sampling of the reconstructed image at a new, translated grid.
The first operation requires interpolation for which, in this
{1 experiment, the four schemes presented in Section IV were
used.

The translated images should be compared to the corre-
{ sponding ideally translated one (in which the sinc-function
is used as interpolation kernel). Since such an image cannot
be obtained, the images were translated back to their initial
{1 position (using the same interpolation kernel as for the forward
translation) and the mean square error with respect to the
original (nontranslated) version was computed. The results of
this subpixel translation experiment for the 16 test images
Fig. 2. Error_funct_ionE(f_) [see (29)] for the spectra of the four interpolationand for a displacement vector @_470_7]T are presented
kernels described in Section 1V, compared to that of the sinc-function. in Table VI. According to these figures, the improvement of
cubic convolution over linear interpolation is (on average)
65.1%. Quintic and septic convolution are, respectively, 67.6%

te-1

1e-2

1e-3

1e-4

1e-5

1e-6

te-7

0 0.5 1

TABLE V
ToTAaL SQUARE ERROR Ep [SEE (31)] OF THE SPECTRA OF THE

FOUR INTERPOLATION KERNELS h 1, (), he: (), by (), and 69.9% better than linear interpolation, but only 7.6% and

AND g () PRESENTED IN SECTION IV, COMPARED TO 14.3% better than cubic convolution.

THAT OF THE SPECTRUM OF THE SINC-FUNCTION /() As a second experiment, the test images were rotated. In
Kernel Er order to rotate an image, the following operations need to be
hp(z) | 0.110277 carried out: i) reconstruction of the image; ii) sampling of the
he(x) || 0.078804 reconstructed image at a new, rotated grid. The first operation
ho(x) || 0.075913 requires interpolation, for which the four schemes presented
hs{x) || 0.072559 in Section IV were used.
hp(x) 0 The rotated images should be compared to the correspond-

ing ideally rotated one. Since such an image cannot be

obtained, the images were rotated back to their initial orien-

than the linear interpolation kernel, but the improvements Rtion (using the same interpolation kernel as for the forward

the higher order kernels are only marginal. rotation) and the mean square error with respect to the original

We also computed the total square error_ (distance) of thgrsion was computed. The results of this experiment for the
spectraH(f) with respect to the spectrum{p(f) of the 16 test images and for a rotation angle of ke presented

sinc-function in Table VI. According to these figures, the improvement of
oo ~ cubic convolution over linear interpolation is (on average)
Er = / |He(f)—H()I” df 68.8%. Quintic and septic convolution are, respectively, 71.2%
_10/02 and 73.1% better than linear interpolation, but only 7.8% and
= / E(f) df. (31) 14.3% better than cubic convolution.
—(1/2) Finally, the test images were magnified. In order to magnify

The results for the four interpolation kernels are listed il iMmage, the following operations have to be carried out: i)
Table V. From these figures, it can be concluded that, a_rg_constructlon of the image; ii) _sanj__plmg (_)f the reconstructed
cording to theEr error measure, the improvement of cubignage ata new, more de_znse, grlc_j; ii) _scallng Of the resam_pled
convolution over linear interpolation is 33.9%. Quintic andM29€- The first operation requires interpolation for which,
septic convolution are, respectively, 36.4% and 39.2% betf@in, the four schemes presented in Section IV were used.

than linear interpolation, but only 3.8% and 8.0% better than | "€ magnified images should be compared to the corre-
cubic convolution. sponding ideally magnified one. Since such an image cannot

be obtained and since the inverse operation (i.e., subsampling)
would exactly yield the original image (by definition of the
kernels; recall the constraints in Section Ill), we had to resort
In order to obtain a quantitative comparison of the pefp 3 different evaluation strategy: the magnification operation
formance of the four interpolation kernels when applied t@as applied to subsampled versions of the original images
real-life images, the kernels were used in three different typgfich, in order to reduce the influence of aliasing, were
of operations, each of which requires accurate reconstructiq)(ﬂ;vpass filtered prior to subsampling. That is, the lowpass
i) subpixel translation; ii) rotation; iii) magnification. For thessijtered versions of the 16 test images (Fig. 3) were taken as the
experiments, the 16 two-dimensional (2-D) test-imdg&®wWn new originals and were then successively subsampled with a
in Fig. 3 were used. factor four and magnified with the same factor. The magnified

3In all the experiments described in this paper, the original images wdfflages (nOW ha\”ng the same _S'Ze as th? orlglnal 'mag.es)
mirrored around the borders in order to reduce border artifacts. were compared to the lowpass filtered versions by computing

B. Evaluation Using Real-Life Images
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Fig. 3. The 16 test images used in the experiments for comparison of the four interpolation schemes described in Section IV. From top-left ghbottom-ri
Airfield, airplane, baboon, boat, brain, bridge, camera, clown, couple, flower, girl, Lena, moon, orca, peppers, and tank.

TABLE VI
MEAN SQUARE ERRORS (MSE'’S) MADE BY THE FOUR INTERPOLATION KERNELS WHEN USING THEM IN SUBPIXEL TRANSLATION, ROTATION, AND
MAGNIFICATION OPERATIONS APPLIED TO THE 16 REAL-LIFE IMAGES SHOWN IN FIG. 3. THE TRANSLATION WAS CARRIED OUT
OVER THE VECTOR [0.4,0.7]7. THE ROTATION WAS OVER 15° AND THE MAGNIFICATION WAS DONE WITH A FACTOR OF FOUR

Tmage Experiment
Subpixel Translation Rotation Magnification

R (@) The (@) [ho () [hs () || i () The (@) [ho(@) [hs (@) [[hr{x) [he (@) [ho (@) [hs (@)
AIRFIELD 78.85| 29.88| 27.78| 25.97|| 52.21| 18.13| 16.83| 15.79{ 90.79| 54.74| 52.74| 50.53
AIRPLANE || 16.07} 4.09| 3.73| 3.39( 10.29| 2.34| 2.12| 1.93] 43.09| 22.81| 21.69]| 20.45
BABOON 154.12| 63.85| 58.98| 55.29|(107.05] 42.32| 39.42| 37.12|| 16.22| 28.69] 27.62| 26.43
Boar 28.10 9.95| 9.21| 8.42| 17.03] 4.77| 4.35| 3.97|| 42.71| 25.56| 24.56| 23.45
BRAIN 32.26| 6.20] 5.54| 4.90( 20.09| 3.47| 3.09| 2.75|| 95.57| 55.10| 52.84| 50.36
BRIDGE 98.23| 42.84] 39.98| 37.69|| 65.59| 25.40| 23.67| 22.32|| 73.48| 44.61| 42.91| 41.01
CAMERA {1119.99| 51.27| 47.98| 45.01( 76.01| 27.30| 25.33| 23.74|| 87.97| 51.36| 49.35| 47.11

CLOWN 34.22| 854 T7.79) T.03| 21.45| 4.75| 4.31} 3.91|| 91.22| 57.82| 55.95] 53.88
CourLi 41.67| 14.83| 13.72| 12.74| 26.62| 8.29| 7.63| 7.09(| 56.59| 36.51| 35.31| 33.97
FLOWER 7.100 2.20| 2.04] 191 4.69 1.38| 1.29| 1.22] 25.91| 13.89| 13.29| 12.63
GIRL 18.09| 6.33| 5.87| 5.48| 12.14| 3.92| 3.63| 3.41| 44.14| 31.57| 30.89| 30.13
LENA 14.98| 5.02| 4.67| 4.36 9.49| 2.78| 2.57| 2.39|| 31.75] 18.78| 18.10| 17.36
MOON 13.52 5.92| 5.53] 5.19 8.46| 3.06| 2.83| 2.64( 11.14, 6.78| 6.53| 6.27
ORCA 5.83| 1.14| 1.03} 0.93 390 0.71| 0.64| 0.58]| 29.59] 14.84| 14.11]| 13.32

PrppriRrs 17.43| 8.19| 7.74] 7.38| 12.00| 5.25| 4.99| 4.80|| 30.23| 18.17| 17.59| 16.94
TANK 20.76| 8.81| 8.19] 7.72|| 14.33| 5.62| 5.25| 4.96|| 16.50| 10.35| 10.02| 9.65
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the mean square error. The results of this experiment are listeads, the linear, cubic, quintic, and septic convolution kernels

in Table VI. According to these figures, the improvement ofiere derived.

cubic convolution over linear interpolation is (on average) An objective, quantitative comparison of the performance

40.1%. Quintic and septic convolution are, respectively, 42.366 the four interpolation kernels was obtained by analyzing

and 44.8% better than linear interpolation, but only 3.7% arde spatial and spectral behavior of the kernels according

7.8% better than cubic convolution. to several measures, as well as by using them in subpixel

translation, rotation, and magnification experiments, applied

to a number of real-life test images. The results of these

experiments show, very consistently, that the errors made by
In the subpixel translation, rotation, and magnification eXhe cubic convolution scheme are substantially smaller than

periments, the actual magnitude of the mean square error fighse made by linear interpolation. However, higher order

a specific image depends on the information contained in thahemes only yield marginal improvement, at an increased

image. If large parts of the image are highly structured, thmputational cost.

mean square error will be large, since the largest errors are

made at sharp transitions (edges). This is the case in e.g. the REFERENCES

baboon and airfield images. In, e.g., the flower and peppers

; CAr ; S. S. Rifman, “Digital rectification of ETRS multispectral imagery,”
Images, there are Iarge more-or-less homOgeneous reg|o[l]l15 in Proc. Symp. Significant Results Obtained from the Earth Resources
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of the interpolant will be equal to that of the original signal
in as many terms as possible. In a general description of these

polynomial kernels, this is the most appropriate choice.

C. Discussion of the Results

VI. CONCLUSIONS

In this paper, the sinc-approximating symmetrical piecewise
nth-order polynomial kernels which can be used for the
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