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Inverse problems

image x     additive noise 
         A = In

            blur 

 A =
a0 a1 … an−1

an−1 a0 … an−2
a1 a2 … a0

    missing pixels 

  A = (
? 0 … 0
0 ? … 0
0 0 … ? )

Goal : estimate  from the observation x y

ℝn ℝdℝd ℝd×n

observation noiseunknowndegradation operator

y = Ax + n



Classical approaches

•Least squares

not always one-to-one 
and its eigenvalues 
may be small.

̂x = (A*A)−1A*y

 poorly conditioned or rank deficient!A
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Classical approaches

•Least squares

not always one-to-one 
and its eigenvalues 
may be small.

•Tikhonov regularization

̂x = (A*A)−1A*y

̂x = argminx∥y − Ax∥2
2 + λ∥x∥2

2

= (A*A + λI)−1A*y

 poorly conditioned or rank deficient!A



Bayesian formalism in image processing
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Bayesian framework

Forward degradation model                                   
Y = AX + N

•  priorX ∼ pX ∝ e−U

•   
likekihood
Y |X ∼ pY|X=x(y) = pN(y − Ax) ∝ e−F(x,y)

• Inferences on  based on the posterior 

       

x

pX|Y(x, y) =
pY|X=x(y)pX(x)

pY(y)
∝ pY|X=x(y)pX(x) ∝ e−F(x,y)−U(x)

    models our belief about  after observing . → X Y = y

MAP (optimization) 
         ̂xMAP = argmaxx pX|Y(x |y)

= arg min
x∈ℝd

F(x, y) + U(x)

Numerous schemes  
with known 
convergence 
properties in the 
convex case. 
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Bayesian sampling

Forward degradation model                                   
Y = AX + N

•  prior 
• Posterior       

X ∼ pX ∝ e−U

X |Y ∼ pX|Y ∝ pY|X pX

MMSE

̂xMMSE = 𝔼X[X |Y = y] = ∫ x̃ pX|Y(x̃ |y)dx̃

- Quantify uncertainties 
- Estimating ,  
- Hypothesis testing, etc…

p(X ∈ A |y)

zoomMRI for brain lesion
[Repetti et al. 2019]

sampling!

Illustrative example: magnetic resonance imaging

We use very similar techniques to produce magnetic resonance images...

x̂ x̂ (zoom)

Figure : Magnetic resonance imaging of brain lession.

How can we quantify our uncertainty about the brain lesion in the image?

M. Pereyra (MI — HWU) Bayesian mathematical imaging 9 / 42
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[Repetti et al. 2019]

sampling!

Illustrative example: magnetic resonance imaging

We use very similar techniques to produce magnetic resonance images...

x̂ x̂ (zoom)

Figure : Magnetic resonance imaging of brain lession.

How can we quantify our uncertainty about the brain lesion in the image?

M. Pereyra (MI — HWU) Bayesian mathematical imaging 9 / 42

Illustrative example: magnetic resonance imaging

What about this other solution to the problem, with no lesion?

x̂
′ x̂

′ (zoom)

Figure : Magnetic resonance imaging of brain lession.

Do we have any arguments to reject this solution?

M. Pereyra (MI — HWU) Bayesian mathematical imaging 10 / 42
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Which prior ? pX

Global models / regularity, 
functional analysis

Ex : U(x) = αTV(x) = α∑
i

∥∇xi∥
[Rudin-Osher-Fatemi 1992] 

Sparsity in a 
transformed 
domain

Ex : U(x) = ∥Wx∥1
[Donoho-Johnstone 1994] Patch-based models
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Implicit models

64 64 64

. . .

64 64 3
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functional analysis
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Short reminder on convex optimization 
for inverse problems
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From inverse problems to optimization

arg min
x

1
2σ2

∥y − Ax∥2
2

F(x,y)

+ U(x)

What if  is not 
smooth?

U

Gradient Descent  xk+1 = xk − γ∇F(xk, y) − γ∇U(xk)
F + U

xxk xk+1xk−1
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Non smooth optim. / Proximal operator
arg min

x
f(x) with f convex

  (implicit GD)xk+1 = xk − γ∇f(xk+1)

 ⇔ xk+1 = arg min
t

1
2

∥t − xk∥2
2 + γf(t)

Property                                 x̄ ∈ arg min f ⇔ x̄ = proxγf(x̄)

Algorithm      
                                    

x0 initialization
xk+1 = proxγf(xk)

for f smooth

proxγf(xk) Defined even for f not smooth!

−σ σ

x
2σ + 1

sign(x) max( |x | − σ , 0)

F proxσF
∥x∥2

2

∥x∥

u

proxσF = πC

F = ιC with C convex

Soft thresholding
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Proximal optimization for inverse pb. 
 
argmin

x
F(x, y) + U(x)

 Numerous sophistications of gradient descent to minimize : 
proximal gradient descent, primal-dual methods etc…  
→ F + U

Proximal gradient (Forward-Backward splitting) 
xk+1 = proxγU(xk − γ∇F(xk, y))

Gradient Descent:   xk+1 = xk − γ∇F(xk, y) − γ∇U(xk)

Known convergence properties in the convex case.  
[Moreau 1965], [Combettes-Pesquet 2011], [Chambolle-Pock, 2011]…
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Tikhonov
 [Tikhonov, Arsenin (1977)]     R(x) = ∑

i

∥∇xi∥2

arg min
x

1
2

∥Ax − y∥2
2 + λ∑

i

∥∇xi ∥2
2

E(x)

convex, differentiable, gradient descent with 
∂E
∂x

= A*(Ax − y) − 2λΔx

Ex: A = Id
N ∼ 𝒩(0,σ2)
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1
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∥Ax − y∥2
2 + λTV(x)

E(x)

,  with TV(x) = ∑
i

∥∇xi ∥

convex, not differentiable (approx  by ) TV(x) ∑ ∥∇xi∥2 + ϵ2

∂E
∂x

= A*(Ax − y) − λdiv
∇x

∥∇x∥
.

Ex: A = Id
N ∼ 𝒩(0,σ2)
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with ι∥.∥∞,i
(p) = {0 if ∥p∥∞,2 := supk ∥p(k)∥2 ≤ 1

+∞ otherwise. 
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Back to TV-L2

arg min
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∥Ax − y∥2
2 + < λ∇x, p > − ι∥.∥∞,2

(p)

H(x,p)Chambolle-Pock (2010) 
                            

 

 
                  

x0, p0 initialization
pk+1 = prox−τHxk

(pk) = π∥.∥∞,2
(pk + τλ∇x̄k)

xk+1 = proxσHpk+1
(xk)

= (Id + σA*A)−1(xk + σA*y + λσdiv(pk))
x̄k+1 = xk+1 + θ(xk+1 − xk)
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x0, p0 initialization
pk+1 = prox−τHxk

(pk) = π∥.∥∞,2
(pk + τλ∇x̄k)

xk+1 = proxσHpk+1
(xk)

= (Id + σA*A)−1(xk + σA*y + λσdiv(pk))
x̄k+1 = xk+1 + θ(xk+1 − xk)

convergence if 8στλ2 < 1

Makes sense because  and  are easy to compute !!! proxHp
proxHu

See practical session on 
Image restoration !



Gaussian 
noise 
σ = 0.2



TV-L2 
 smallλ



TV-L2 
 largeλ



Wavelet denoising

argminx∥x − y∥2
2 + λ∥Wx∥1 (𝒫′￼)

If W is an orthonormal basis, pb equivalent to 

argminx∥Wx − Wy∥2
2 + λ∥Wx∥1 (𝒫′￼)



Wavelet denoising

argminx∥x − y∥2
2 + λ∥Wx∥1 (𝒫′￼)

If W is an orthonormal basis, pb equivalent to 

argminx∥Wx − Wy∥2
2 + λ∥Wx∥1 (𝒫′￼)

Soft thresholding in the Wavelet domain…

sign(x) max( |x | − σ , 0)
Soft thresholding



Gaussian 
noise 
σ = 0.2



Wavelet 
denoising



Progress in image denoising

Noisy image with σ = 50



Progress in image denoising

TV-L2 denoising with optimal λ



Progress in image denoising

Wavelet denoising



What about impulse noise ?



TV-L1 for impulse noise

argminx ∥x − y∥1 + λTV(x) (𝒫′￼)
 can be rewritten as (𝒫′￼)

arg min
x

max
p

∥x − y∥1 + < λ∇x, p > − ι∥.∥∞,i
(p)

H(x,p)



TV-L1 for impulse noise

argminx ∥x − y∥1 + λTV(x) (𝒫′￼)
 can be rewritten as (𝒫′￼)

arg min
x

max
p

∥x − y∥1 + < λ∇x, p > − ι∥.∥∞,i
(p)

H(x,p)

Algorithm  
    
  

 

x0, p0 initialization
xk+1 = prox−σHpk

(xk) = π∥.∥∞,2
(pk + τλ∇xk)

pk+1 = proxτHxk+1
(pk) = soft threshσ (xk + λσdiv(pk) − y) + y



Impulse 
noise 
p = 0.3



TV-L1



TV interpolation

min
x|mask=y|mask

TV(x) (𝒫′￼)

= min
x

TV(x) + ιC(x) with C = {x, x|mask = y|mask}



Patch-based  
models



Multi-image denoising: centered noise 
Input: burst of registered images   

s.t.  with  i.i.d. centered 

Output: average 

X1, …, Xn

Xi = X + Bi Bi

X̄ =
1
n

n

∑
i=1

Xi ⟶
n→+∞

X

+ +…+



Multi-image denoising: centered noise 
Input: burst of registered images   

s.t.  with  i.i.d. centered 

Output: average 

X1, …, Xn

Xi = X + Bi Bi

X̄ =
1
n

n

∑
i=1

Xi ⟶
n→+∞

X

+ +…+

Noise reduction by a factor 
1

n



Simpsons, σ = 0.1



Simpsons, , mean of 5 imagesσ = 0.1



Simpsons, , mean of 10 imagesσ = 0.1



Simpsons, , mean of 40 imagesσ = 0.1



Simpsons, original image



Non local Means (Buadès, Coll, Morel 2005)
image x pixel i
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Non local Means (Buadès, Coll, Morel 2005)
image x pixel i



Non local Means (Buadès, Coll, Morel 2005)
image x

 denoised =     with    positive weights, 

functions of the similarity between patches centered at i and k.

x(i)
1

∑l wi,l ∑
k

wi,kx(k) wi,k

pixel i



Non local Means (Buadès, Coll, Morel 2005)



Non local Means (Buadès, Coll, Morel 2005)



Original image

http://www.ipol.im/pub/art/2011/bcm_nlm/
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• Patch transform (ACP, DCT, dictionnaries) and adaptive thresholding



Patch-based models and bayesian framework
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• Patch transform (ACP, DCT, dictionnaries) and adaptive thresholding

• Explicit probability models on patches: 𝒩(μ, Σ)  or 
K

∑
k=1

πk𝒩(μk, Σk)



Gaussian models and GMM on patches

Proposition: Assume  and , then 

                 

      with .

X ∼ 𝒩 (μ, Σ) Y |X = x ∼ 𝒩(Ax, σ2I)

𝔼[X |Y = y] = arg max
x

log p[X = x |Y = y] = ψk(y)

ψk(y) := μ + ΣAt(AΣAt + σ2I)−1(y − Aμ)

MAP = MMSE for Gaussian measures

Proposition: Assume  and , then 

                              .  

X ∼
K

∑
k=1

πk𝒩(μk; Σk) Y |X = x ∼ 𝒩(Ax, σ2I)

𝔼[X |Y = y] =
K

∑
k=1

πkψk(y)



covariance matrices

Gaussian priors on patches



covariance matrices

Gaussian priors on patches



covariance matrices

Gaussian priors on patches



Gaussian models for denoising
Covariance matrices Original patch Noisy patch Denoised patch



How to estimate these 
Gaussian or GMM 

models?



Inference of the models?

• Estimation of Sample Covariance Matrices Σ from n samples in 
high dimension is difficult : estimates tend to be ill-conditionned 
or even singular...  

• but Σ has to be inverted to compute estimators...  

Curse of dimensionality

• Gaussian models: NL-Bayes, Lebrun et al. [13] 

• GMM 

✤ large external database, EPLL, Zoran-Weiss [11]  
✤ directly on the degraded image, PLE, Yu et al. [12] ; Teodoro et al. [15], SURE-PLE, 

Wang et Morel [13], Houdard et al. [18] 
• GGMM (generalized Gaussian mixture models) Deledalle et al. [18] 

KX

k=1

⇡kN (µk,⌃k)

• use small patches NL-Bayes, Lebrun et al. [13],     
• Gaussian of lower dimensions, SURE-PLE, Wang et al. [13] HDMI, Houdard et al[18]  
• regularization (+|ε|Ip) or hyperpriors HBE, Aguerrebere et al. [17]  



Progress in image denoising

Original image



Progress in image denoising

Noisy image with σ = 50



Progress in image denoising

Wavelet denoising



Progress in image denoising

NL-Bayes denoising



Progress in image denoising

HDMI denoising



NL-Bayes in Dxo Photolab

Try by yourself ! demo.ipol.im/demo/16/



Patch-based Video inpainting

[Newson et al 2014]
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Patch-based Video inpainting

[Newson et al 2014]



Patch-based Video inpainting

[Newson et al 2014]



Multi-image restoration 



Multi-image restoration
• Denoising 
• Low light imaging 
• HDR 
• Superresolution 
• Best image selection…

[technorms.com]

Apple
Google, Night Sight

Olympus



Multi-image restoration

2017

2019

2019

2016

2009



HDR+, Google

[Hasinoff et al., 2016]



HDR+, Google

[Hasinoff et al., 2016]

• Raw burst alignment and merging, only classical image processing  
• Embedded in smartphones (inc. 1st Google Pixel) 
• Refined later in Night Sight [Liba et al., 2019] 



Photographing paintings by image fusion

[Haro, Buadès, Morel, 2012]
See www.ipol.im for an online demo.



Photographing paintings by image fusion

[Haro, Buadès, Morel, 2012]
See www.ipol.im for an online demo.



Neural networks and implicit image models 
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θ∈Θ

1
N

N

∑
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ℒ( fθ(yi), xi)

≃ 𝔼[ℒ( fθ(Y ) − X)]

y → fθ(y)

Set of independent realizations of the degradation model(xi, yi)N
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If  ℒ(v, w) = ∥v − w∥2

f ̂θ(y) ≃ 𝔼[X |Y = y]

Limitations of the approximation of :  
• Finite number of samples N  
• Limited expressive power   
• Optimization not perfect 

𝔼[X |Y = y]

fθ
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End-to-end neural networks

Training:   ̂θ = arg min
θ∈Θ

1
N

N

∑
i=1

ℒ( fθ(yi), xi)

≃ 𝔼[ℒ( fθ(Y ) − X)]

y → fθ(y)

Set of independent realizations of the degradation model(xi, yi)N
i=1

If  ℒ(v, w) = ∥v − w∥2

f ̂θ(y) ≃ 𝔼[X |Y = y]

Limitations of the approximation of :  
• Finite number of samples N  
• Limited expressive power   
• Optimization not perfect 

𝔼[X |Y = y]

fθ
Probably not so bad for 
simple inverse problems 

like denoising



64 64 64

. . .

64 64 3

End-to-end neural networks

Training:   ̂θ = arg min
θ∈Θ

1
N

N

∑
i=1

ℒ( fθ(yi), xi)

≃ 𝔼[ℒ( fθ(Y ) − X)]

y → fθ(y)

Set of independent realizations of the degradation model(xi, yi)N
i=1

Practical limitations:  
1. Problem specific, must be trained again for a new problem (even if 

recent progresses have been made in this direction). 
2. Compute pointwise estimators. Uncertainty quantification? 

If  ℒ(v, w) = ∥v − w∥2

f ̂θ(y) ≃ 𝔼[X |Y = y]



Noisy image with  σ = 50

Progress in image denoising



Wavelet denoising

Progress in image denoising



Denoising with FFDnet [Zhang et al. 2018]

Progress in image denoising



Video denoising

[DVDnet, Tassano, 
D., Veit, 2019]



Video denoising

[DVDnet, Tassano, 
D., Veit, 2019]
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1
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∥y − Ax∥2
2 + U(x)

y = Ax + n



Plug-and-Play

arg min
x

1
2σ2

∥y − Ax∥2
2 + U(x)

proxγU(y) = arg min
x

1
2γ

∥y − x∥2
2 + U(x)

y = Ax + n



Plug-and-Play

 solves a denoising problem for the regularizer ! 
               with     . 
proxγU U

y = x + n n ∼ 𝒩(0, γ)

arg min
x

1
2σ2

∥y − Ax∥2
2 + U(x)

proxγU(y) = arg min
x

1
2γ

∥y − x∥2
2 + U(x)

y = Ax + n



Plug-and-Play

Plug and Play: replace  in proximal optimization 
schemes by a well chosen denoiser . 

proxγU

Dγ

 solves a denoising problem for the regularizer ! 
               with     . 
proxγU U

y = x + n n ∼ 𝒩(0, γ)

arg min
x

1
2σ2

∥y − Ax∥2
2 + U(x)

proxγU(y) = arg min
x

1
2γ

∥y − x∥2
2 + U(x)

y = Ax + n



Plug-and-Play optimization methodsPlug-and-Play 
argmin

x
F(x, y) + U(x)



Plug-and-Play optimization methodsPlug-and-Play

Proximal gradient (Forward-Backward splitting) 
xk+1 = proxγU(xk − γ∇F(xk, y))

 
argmin
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• Versatility/flexibility: one network to rule them all!
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Plug-and-Play optimization methodsPlug-and-Play

Proximal gradient (Forward-Backward splitting) 
xk+1 = Dγ (xk − γ∇F(xk, y))

 
argmin

x
F(x, y) + U(x)

• Versatility/flexibility: one network to rule them all!
• Used with  optimization schemes and  denoisers [Meinhardt et al. 2017, Ryu 

et al. 2019, Xu et al. 2020, Sun et al. 2021,…]
≠ ≠

• State-of the-art results when the denoiser is powerful enough [DPIR, Zhang 
et al. 2021]

Deblurring Demoisaicing Superresolution



Plug-and-Play optimization methodsPlug-and-Play

Proximal gradient (Forward-Backward splitting) 
xk+1 = Dγ (xk − γ∇F(xk, y))

 
argmin

x
F(x, y) + U(x)

• Versatility/flexibility: one network to rule them all!
• Used with  optimization schemes and  denoisers [Meinhardt et al. 2017, Ryu 

et al. 2019, Xu et al. 2020, Sun et al. 2021,…]
≠ ≠

• State-of the-art results when the denoiser is powerful enough [DPIR, Zhang 
et al. 2021]

Deblurring Demoisaicing Superresolution

Convergence analysis under appropriate conditions on F and U



[Monod et al. 2022]
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PnP video - interpolation

• Solution for embeddable systems with limited memory



What about bayesian sampling?



Plug-and-Play sampling methods
Goal : sample the posterior p(x |y) = e−U(x)−F(x,y)

 Idea appears in [Alain and Bengio 2014]. Similar ideas in [Guo et al. 
2019], [Kadkhodaie et al. 2020], [Kawar et al. 2020], first proof of 
convergence for PnP-Langevin in [Laumont et al. 2021]

→

Cours generative models for 
imaging au 2nd semestre

• Use MCMC / Langevin algorithms with 
a denoiser to approximate the score 

 
• Strong link with score matching and 

diffusion models for image generation 

∇log p
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Sampling  with convergence guarantees pX|Y

Idea: build a Markov Chain  whose stationary measure is . (Xn) pX|Y

 Ergodic theorem: if  has a unique stationary prob. measure , then  

 ,   

 Central limit theorem with  rate under appropriate hypotheses 
Bayesian uncertainty quantification,  (hypothesis tests) etc… 

→ (Xn) pX|Y

∀f ∈ L1(pX|Y)
1
n

n

∑
k=1

f(Xk) ⟶
n→∞ ∫ f(x)dpX|Y(x) a.s.

→ O( n)
p(X ∈ A |y)

TV-LSE: Metropolis for [Louchet et al. 2008]   

     

pX|Y(x) ∝ e−λTV(x)−∥x−y∥2/2σ2

Observation  ( )y σ = 0.05 TVL2 MMSE (psnr = 31.56) TVL2 std

Ok for 
 working 
locally.   

 

A
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δ = .01

σ2
δ = 2/(2 − δ)
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Target density  
        

Hyp:  and  convex, smooth 
 and grad-Lipschitz.

π(x) ∝ e−F(x,y)−U(x)

F U

MYULA [Durmus et al. 2018] 
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F(x, y) =
1

2σ2
∥Ax − y∥2

2 and U(x) = λTVϵ(x)

Xk+1 = Xk − δA*(AXk − y) − δλ∇TVϵ(Xk) + 2δZk+1

regularised version of TV 
(Moreau-Yosida, or TV-Huber)

50% missing pixels reconstructed posterior mean posterior std
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[Alain and Bengio 2014], [Guo et al. 2019], [Kadkhodaie et al. 2020], [Kawar et al. 2020], 
[Bigdeli et al. 2020]… First convergence analysis in [Laumont et al. 2021].

• Versatility/flexibility: same advantages as proximal PnP 
• Implicit representation: the true MMSE  is not known. PnP-ULA rely 

on denoisers  assumed to be a good approximation of it. Makes sense 
for CNN denoisers (trained to minimize the quadratic risk).

D⋆
ε

Dε
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