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Color distributions and optimal
transport
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Color grading

Images from the documentary Painting With Pizels: (O’ Brother, Where Art Thou,).



Affine color transfer

Reinhard et al. Color Transfer between Images, 2001.



Affine color transfer

Reinhard et al. Color Transfer between Images, 2001.



A short introduction to Optimal
transport
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Monge optimal transport

How to transfer the mass

from pu, to y; at minimal cost?

Total cost of the mass transfer = sum of costs of displacements

of elementary masses.

inf Jc(x, T(x))duy(x)

T pg=p,
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Monge optimal transport

How to transfer the mass

from pu, to y; at minimal cost?

T-1A) = {x, T(x) € A}

Ho

Total cost of the mass transfer = sum of costs of displacements

of elementary masses.

inf Jc(x, T(x))duy(x)

T pg=p,




Monge optimal transport

How to transfer the mass

Push forward p; = T#uy,

from pu, to y; at minimal cost? »
VA, uy(A) = p(T~'(A)

T-1A) = {x, T(x) € A}

Total cost of the mass transfer = sum of costs of displacements

of elementary masses.

inf Jc(x, T(x))duy(x)

T pg=p,




Optimal transport

[Kantorovich, On the transfer of masses, 1942]

W.(up, ) =  1nf cx,y)dy(x,y)= 1mf  [E[c(X,Y)]
y€M(uo-p1) J e x X ~ ;X)(,YI} ~ Wy

Couplings

I1(ug, 1) = probability distributions
on X X X with marginals yy and
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Optimal transport

[Kantorovich, On the transfer of masses, 1942]

W.(up, ) =  1nf cx,y)dy(x,y)= 1mf  [E[c(X,Y)]
y€M(uo-p1) J e x X ~ ;X)(,YI} ~ Wy

Couplings

Discrete case
I1(ug, 1) = probability distributions l.

. . /’t() — Z 71-0 5 -9 Mo N
on X X X with marginals yy and /
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(g, ) ={matrices y s.t. y;; > 0,
2 Vij = ”{ Z Vij = ”(l)}
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W (1o, ;) = min Zc(xi9 )’j)?’ij
yEll(pg,py) oy




Optimal transport

|[Kantorovich, On the transfer of masses, 1942]

W.(ug, i) =  inf c(x,V)dy(x,y) = inf  E[e(X, Y)]|
yEl(pg.pt1) J XXX X ~ /Z)(,Yl} ~

Couplings

Discrete case
I1(ug, 1) = probability distributions l.

. . //t() — 2 n-() 5x-7 o /
on X X X with marginals yy and l.

o
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Wasserstein distances Z Vij = ﬂ{ , Z ij = o
If c(x, y) = d(x,y)’, p > 1 i /
1 W (g, = min c(x;, y.)7::
W, (ko 1) := W, p1)7 distance tor 1) }/eH(MoM)lZJ’ R

metrizing the weak convergence on &,



Monge-Kantorovich

Monge, 1781 Kantorovich, 1939

inf / c(z, T(z))duo(z) inf / c(z,y)dy(z,y)

TH puo=w1 ’YEH(MQ,Ml)



Monge-Kantorovich

Monge, 1781 Kantorovich, 1939
- inf d
it / c(z, T(z))duo(z) o / c(z,y)dy(z,y)

Brenier, 1991 If c(x,y) = ||x — y||*, if 4, has a density, Monge

problem has a solution 7 = Vy where y unique convex

function s.t. Vy#u, = u,.The plan y = (Id, T)#u, is solution of




Monge-Kantorovich

Monge, 1781 Kantorovich, 1939
- inf d
it / c(z, T(z))duo(z) o / c(z,y)dy(z,y)

Brenier, 1991 If c(x,y) = ||x — y||*, if 4, has a density, Monge

problem has a solution 7 = Vy where y unique convex

function s.t. Vy#u, = u,.The plan y = (Id, T)#u, is solution of

S\

40 60 80

Displacement interpolation:
p, = ((1 = ld + 1T )#uy, t € [0,1]




Euclidean barycenters

Barycenter of (x;),c(y, .., for positive weights s.t.

Y i=1

/ P P
B(xy, ..., x,) 1= argminz Allx—x||* = Z A.x;
r =] i=1



Wasserstein barycenters

Barycenter of (u;)icqo,... 1—13, weights > . A\; =1

Hbary € argmin Z Ai W22 (:u@? /0)

P i
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P i

Prop. [Agueh, Carlier 2011|: existence and unicity of the barycenter for

c(z,y) = ||z - y||? if the u; vanish on small sets.
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Prop. |Agueh, Carlier 2011|: existence and unicity of the barycenter for

c(z,y) = ||z - y||? if the u; vanish on small sets.
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Wasserstein barycenters

Barycenter of (u;)icqo,... 1—13, weights > . A\; =1

thary € arganin 3 A TVE s )

P i

Prop. [Agueh, Carlier 2011|: existence and unicity of the barycenter for

c(z,y) = ||z - y||? if the u; vanish on small sets.

[Levy, 2015] |Solomon et
al. 2015]




Wasserstein barycenters

Barycenter of (u;)icqo,... 1—13, weights > . A\; =1

Hbary € argmin Z Ai W22 (:u@? /0)

P i

Prop. [Agueh, Carlier 2011|: existence and unicity of the barycenter for

c(z,y) = ||z - y||? if the u; vanish on small sets.

[Levy, 2015] |Solomon et
al. 2015]



Optimal Transport in data science
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Optimal transport in one
dimension



Optimal Transport in 1D




Optimal Transport in 1D

If c(x,y) = f(x —y) with f convex,
then for x; < x, and y; < yj,

C(X1a)’1) + C(x29 )’2) < C(Xp)’z) + C(xza )71)



Optimal Transport in 1D

NN N\
\J

If c(x,y) = f(x —y) with f convex,

then for x; < x, and y; < yj,
c(xy,y1) + c(xy, y5) < c(xy, y5) + (x5, ¥1)

> solution given by the monotone

rearrangement of y, onto y,



Optimal Transport in 1D

On R, if ¢(x,y) = f(|x — y|) with f convex,
1

W (ks 1)) = [ f(|Fo_1(f) - Fl_l(t) | )dt,
0

with F, and /| the distribution functions of y, and ;. Moreover, if y, has

no atoms, T = F,' o I/, is solution of the Monge problem.
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Numerical approaches



Linear programming

KO Kl
Input u, = ZSZ- Oy M1 = th&yj with Zsi = thz 1
i=1 =1 i j
(LP) argmin Z ¢; i¥;; with

y€l(popy)

(g, py) = {matrices y s.t. Vi > 0, Z Vi =t Z Vi = Sl-}
l J
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Linear programming

KO Kl
Input u, = ZSZ- Oy M1 = théyj with Zsi = thz 1
i=1 j=1 i Jj
(LP) argmin Z ¢; i¥;; with

yEU(uo-p1)
H(pg 1) = {matrices y sty 20, Z Vij = s Z Vij = Si}
i J

One solution has less than Ky+ K; — 1 values # 0

Assignment: Hungarian algo. [Kuhn 1955] O(N3), Auction [Bertsekas 1992]
LP: Network Simplex [Cunningham 1976]O(N3)

Dynamic formulation [Brenier, Benamou 2000]

Semi-discrete OT |Meérigot 11, Levy 15

Sliced OT |Rabin et al. 11, Rabin et al.15]

Entropic OT [Cuturi 13,...]



Sliced optimal transport

Replace classical OT by

SWZ(po, ) = J W3 (pottug, Potti,)do o
Sd-1

|[Rabin et al. 11, Rabin et al. 2015]



Sliced optimal transport

Replace classical OT by

SWZ(po, ) = J W3 (pottug, Potti,)do o
Sd-1

Discrete measures

n
ﬂo=%z x, 0 M1 = 2 ape#ﬂo— 25<x9>9 *

=1

|[Rabin et al. 11, Rabin et al. 2015]



Sliced optimal transport

0
Replace classical OT by
SW3(po» 1) = J W3 (pa#i, Pottu;)do :
§d-1

Discrete measures

n
ﬂo=%z x, 0 M1 = 2 ape#ﬂo— 25<x9>9 ¢

=1

|[Rabin et al. 11, Rabin et al. 2015]



Sliced optimal transport

Replace classical OT by

SWZ(po, ) = J W3 (pottug, Potti,)do
Sd-1

Discrete measures

n

Ho = %Z x, 0 M1 = 2 9 Pgftiy = Z Oy, 00

=1 l

|[Rabin et al. 11, Rabin et al. 2015]



Sliced optimal transport

Replace classical OT by

SWZ(po, ) = J W3 (pottug, Potti,)do
Sd-1

Discrete measures

n
Ho = %Z x, 0 M1 = 2 9 Pgftiy = Z Oy, 00
i

=1

W = PP
Sd-1 T

with o, monotone rearrangement

between < yy, 0> and < pu;,0>.

|[Rabin et al. 11, Rabin et al. 2015]



Sliced optimal transport

Stochastic gradient descent on

X = SWQZ(anﬂl) = 2 Z | <xi o yop(i)? H) |2
0c® i
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Sliced optimal transport

Stochastic gradient descent on

X = SWQZ(anﬂl) = Z Z | <xi o yop(i)? H) |2
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Sliced optimal transport

Stochastic gradient descent on

X = SWQZ(anﬂl) = Z Z | <xi o yop(i)? H) |2
0c® i

Convergence of u. toward p,



Sliced optimal transport

practical session on Color transfer



Entropic OT

Entropy of the matrix y H(y) = Z%,j(log(%,j) — 1)
2,]
Entropic OT [Cuturi “13]

argmin Zc(xi, Yi)vii —H(Y)
vE(po,p1) i,

With K; ; = e~ =c(*i:Y5) the pb becomes

argmin Y i, 10g<%,j) — argmin KL(y||K)
— K yEM (po,p1)




Entropic OT

Entropy of the matrix y H(y) = Z%,j(log(%,j) — 1)
2,]
Entropic OT [Cuturi “13]

argmin Zc(xi, Yi)vii —H(Y)
vE(po,p1) i,

With K; ; = e~ =c(*i:Y5) the pb becomes

argmin Y i, 10g<%,j) — argmin KL(y||K)
el (po,p1) ;5 K4 YE (o, p1)

Sinkhorn algorithm = alternate projections of K on IT(x, 4;)

A\ A R A\ B AN

= S ~ .

e=3x%x10"% e=103 e=1072 e=10"1



Entropic OT - Sinkhorn algorithm

Prop: solution y of argmin KL(v||K) satisfies ~ = diag(a)/ diag(b)
YEIl(po,p1)



Entropic OT - Sinkhorn algorithm

Prop: solution y of argmin KL(v||K) satisfies ~ = diag(a)/ diag(b)
yEI(po, 1)
a® Kb= pug

Since y € I1(u,, 1), it implies that
y € H(pp, ) p bo KTa =



Entropic OT - Sinkhorn algorithm

Prop: solution y of argmin KL(v||K) satisfies ~ = diag(a)/ diag(bh)

yEII (po,p1)
g (. ) lies that 0T
Ince y € , 1), 1t implies that
Y Hos Hq p b Ko — 0
Iterations: a < HO b < il

Kb Kla



Entropic OT - Sinkhorn algorithm

Prop: solution y of argmin KL(v||K) satisfies

YEI(po,p1)
g (. ) lies that 0T
ince y € , 1), 1t implies that
y € Uuo, 1y p bo K a = 1y
: 274 H1
Iterat : $ b <
erations: a o T,

e [terative projections on the constraints.

e Simple extension to compute barycenters of more than 2 measures
e Matrix-vector multiplications

e For regular grids, products Kz can be written as convolutions.

e Numerical pb when £ — 0.



Application to color transfer
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|Frigo et al. 2013]




|Frigo et al. 2013]




Reducing artefacts introduced by
color transfer



e Noise increases
e Detail loss

. . 9(u)
e Compression becomes visible
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Post-processing

Principle: filter the difference map g(u) — u thanks to an linear operator Y,

and reconstruct

T(g(w) = u+7Y,(g(u) —u) = Y, (g(u)) + u—-Y,@ .

regulaﬁzatioﬁ of g(u) details of

[Pitie et al., 2007]|, [Papadakis et al., 2011|, [Rabin et al, 2011]



Post-processing

Principle: filter the difference map g(u) — u thanks to an linear operator Y,

and reconstruct

T(g(w) = u+7Y,(g(u) —u) = Y, (g(u)) + u—-Y,@ .

regulaﬁzatioﬁ of g(u) details of

e Y = simple average or more involved filter (guided filter for instance)

e Guided filter regularizes conditionally to a source image

[Pitie et al., 2007]|, [Papadakis et al., 2011|, [Rabin et al, 2011]












Color transfer
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Color transfer
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Bonus - Optimal transport
between GMMs



Optimal transport between Gaussians

i = N(m;,%;),4 € {0,1} two Gaussian distributions on R¢

WQQ(:UO),ul) — ||m0 — m1||2 —+ tr (EO —+ 21 — 2 (Zgzlzg) 2)

N e————  —
BQ(E())El)

If >Jp non-singular, affine optimal map

T(x) = my + % ° (232123) 502 (2 — mo)
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Barycenters between (Gaussians

i = N(m;, 2;),4 € {0,...,I —1} Gaussian distributions on R
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i = N(m;, 2;),4 € {0,...,I —1} Gaussian distributions on R

Barycenter [Agueh, Carlier 2011]:
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1=0
m* =" Am, N* = ménz AiB(2, %)



Barycenters between (Gaussians

i =N(m;,%;),i € {0,...,I —1} Gaussian distributions on R?

Barycenter [Agueh, Carlier 2011]:
-1

argmin,, Y AW (i, ) = N(m*, 5%)

1=0
m* =" Am, N* = ménz AiB(2, %)
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Barycenters between (Gaussians

i =N(m;,%;),i € {0,...,I —1} Gaussian distributions on R?

Barycenter [Agueh, Carlier 2011]:
-1
argmin,, Y AW (i, ) = N(m*, 5%)

1=0
*

— . . = — 1 : : 2
m* = ;N > ménZAZB(E,ZZ)

\\\\\‘.‘
NN YT I
"\ SNS Y YT T
\\\\.mo
Yaateooooe

. " . - . . o TR — .
3 % 25 X ALY » A [ or
b & SR T Tt o L
/ % el S LA AT
g7 v o
5 i -f‘
’ w7 gt AT 2
1l » s 1
A 7 v g »

S Texture mixing [Xia et al, 2014|
illustration: Cuturi, Peyré, OT book




What about GMMs ?




Optimal transport between GMM

OT plans between GMM: usually not GMM themselves.
Same remark for barycenters.

'/LO:N(Oal)

1
o L] = 5(5—1 + 41)

e density of Ly :

1 T+t T —1
fi(x) = ¢ (9(1_t> 1x<—t‘|‘9(1_t> 1x>t>




Optimal transport between GMM

OT plans between GMM: usually not GMM themselves.
Same remark for barycenters.

1 1
Hy = E/V(—S,O.l) + 5%(5,0.1)

e o =N(0,1) Ho = H(0.1)

1
o 1 = 5(5—1 + 01) L L

e density of L :

1 T+t T —1
fi(x) = ¢ (9(1_t> 1x<—t‘|‘9(1_t> 1x>t>




Restricting the set of
couplings to GMMIs



Definition of MW2

K K . .
o = > o mops and py =Y, 1, muy two Gaussian mixtures

@ug |
)
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o = > o mops and py =Y, 1, muy two Gaussian mixtures

Definition:

MW2 (1o, = f — d 0
z(Mo Ml) ’yEH(,UJo,ul)IFIWlGMMQd(OO) . Hyo y1|\ ”Y(yo yl) ()

Proposition [D.D.,2019|: ,
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Definition of MW2

K K . .
o = > o mops and py =Y, 1, muy two Gaussian mixtures

Definition:

MW2(ug, 1) := f — d 0
5 (Mo, 1) yen(uo,m)lrrleMMQd(oo) o lyo — y1ll*dy (o, y1). (0)

Proposition [D.D.,2019|: \
MW3 (po, 1) =

min ZwleQ Mo p).
—

’wEH(T&'O,ﬂ'l)
1

Ho




Definition of MW2

K K . .
o = > o mops and py =Y, 1, muy two Gaussian mixtures

Definition:

MW2(ug, 1) := f — d 0
5 (Mo, 1) yen(uo,m)lrrleMMQd(oo) o lyo — y1ll*dy (o, y1). (0)

Proposition [D.D.,2019|: \
MW3 (po, 1) =

min ZwleQ Mo p).

’wEH(T&'O,ﬂ'l)

Ky %X K; OT problem :

7




Definition of MW2

K K . .
o = > o mops and py =Y, 1, muy two Gaussian mixtures

Definition:

MWZ2(uo, u1) = inf / — vy |IPdy(yo,y1). (O
5 (Mo, 1) R 1 S o lyo — y1l|"dy(yo,y1). (0)

Ho Hy
Proposition [D.D.,2019|: @ T ©
MW3 (po, 1) =

min ZwleQ Mo p).

’wEH(T&'O 7T1)

Ky %X K; OT problem . :

See also |[Chen, Georgiu, Tannenbaum, 2017|, [Chen, GYe Li, 2016]




Optimal plan

Proposition: an optimal plan y* for MW, can be

written

}/*(.X, )’) — Z W]jjl gm(l)c,zl(c)(x) O =Tk,l(x)7 Where
k,l

w* = solution of the discrete OT problem of size K, X K|

T, = optimal W, - map between the Gaussians ,u(’)‘ and ,u{

OT matrix GO GMMTO




Optimal plan

Proposition: an optimal plan y* for MW, can be

written

}/*(.X, )’) — Z W]jjl gm(l)c,zl(c)(x) O =Tk,l(x)7 Where
k,l

w* = solution of the discrete OT problem of size K, X K|

T, = optimal W, - map between the Gaussians ,ué‘ and //tf

OT matrix GO

GMMTO

J\\

. At least one

solution has less
than KO T Kl - 1

components!




Metric properties of MW,

Proposition: MW, defines a metric on GMM (oc0) . This
space equipped with the distance MW, is a geodesic space.



Metric properties of MW,

Proposition: MW, defines a metric on GMM (oc0) . This
space equipped with the distance MW, is a geodesic space.

Corollary: Barycenters between pog = >, mous and p; = >, mip} belong to
GM M (oco0) and can be written explicitly as

Vi e [0,1], p= wipt

k.l

where ,uf ' is the displacement interpolation between pg and pf .



Metric properties of MW,

Proposition: MW, defines a metric on GMM ,c0) . This
space equipped with the distance MW, is a geodesic space.

Corollary: Barycenters between pog = >, mous and p; = >, mip} belong to
GM M (oco0) and can be written explicitly as

Vi e [0,1], p= wipt

k.l

where ,uf ' is the displacement interpolation between pg and pf .

Barycenters can be chosen with less than K+ K; — 1

components.



Displacement interpolation

Ws MWy




Displacement interpolation
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Displacement interpolation




Displacement interpolation




Using MW, on real data



From a transport plan to a map

GMMTO




From a transport plan to a map

GMMTO

v(x,y) = Zw}';lgmg,zg (f)dszk,l(fB)' ﬂ\
ki — '

0

20 -
40 1

Dk W, 19ms sk (@) Ta(x) *
Tmean(w) — I y 807
Dk T0 Ik 52k (T)




From a transport plan to a map

GMMTO
fy(a’;’y) — sz,lgm’g,z’g (aj)dy:Tk’l(a:)' /\4\
Kl 0 20 4 & 8 100

0
20 4
o
B Dk W, 19ms sk (@) Ta(x) *

Wmeom B )) = ) 80
@) Dk T Ik sk ()

. . W 19k sk (2)
Trand(x) = T (z)  with probability pg (z) = > .
Zj T09mi xi (z)



Discrete data :
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Discrete data : EM + MW,




Discrete data : EM +MW,

Tfra,nd
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Two applications in image
processing



Color transfer
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Color transfer, T,
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|Ongoing work with A. Leclaire]
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