Evaluating the Posterior Sampling Ability of
Plug&Play Diffusion Methods in Sparse-View CT

Advances in learning-based image restoration

Liam Moroy

Supervision:

- G.Bourmaud IMS (Univ. Bordeaux — CNRS — BINP),
- F. Champagnat ONERA, Univ. Paris Saclay,

- J.-F. Giovannelli IMS (Univ. Bordeaux — CNRS — BINP)



SUMMARY

=  Context: tomographic imaging
" Goal:the posterior gap
" Plug & Play diffusion models
= Approximations examples
*= Evaluation of the posterior gap
"= |n practice
= Quantitative results



Context: tomographic imaging

Jet density image

&




Context: tomographic imaging

Sinogram Jet density image

il




Context: tomographic imaging

Sinogram Jet density image
Yop X

Observation model:

y, = H,x + oyn




Context: tomographic imaging

Sinogram Jet density image

4 @
Yp X

Likelihood  p(y,|x)

Observation model:

y, = H,x + oyn




Context: tomographic imaging

Sinogram Jet density image

I l ~ .

Likelihood  p(y,|x)

YP‘X

Observation model:

y, = H,x + oyn




Context: tomographic imaging

Sinogram Jet density image
p(x|yp)
‘ p(yplx)
Likelihood  p(y,|x) prior  p(x)

Observation model: ..

y, = H,x + oyn

- ’\‘;




Context: tomographic imaging

Sinogram Jet density image
p(x|yp)
‘ p(yplx)
Likelihood  p(y,|x) prior  p(x)

Observation model: ..

y, = H,x + oyn




Context: tomographic imaging

Sinogram Jet density image
, p(x[yp)
3 > H
< :
p(yplx)
Yop X

Likelihood  p(y,|x) prior p(x)

(
Observation model:

y, = H,x + oyn

- ’\‘;

10



Context: tomographic imaging

Sinogram Jet density image
p(x|yp)
‘ p(yplx)
Likelihood  p(y,|x) prior  p(x)

Observation model: ..

y, = H,x + oyn

- ’\‘;

11



Context: tomographic imaging

Sinogram Jet density image
, p(x[yp)
3 > H
< :
p(yplx)
Yop X

Likelihood  p(y,|x) prior p(x)

(
Observation model:

y, = H,x + oyn

- ’\‘;

12



Context: tomographic imaging

Sinogram Jet density image
, p(X|yp)
: > .
< :
p(yplx)
Yop X
Likelihood  p(y,|x) prior p(x)

(
Observation model:

y, = H,x + oyn

- ’\‘;

13



Context: tomographic imaging

Sinogram

p(x|y,)

Jet density image

| &

]l 8

Likelihood  p(y,|x)

YP‘X

Observation model:

y, = H,x + oyn

X

prior p(x

~

14




Context: tomographic imaging

Sinogram Jet density image
p(x|yp) '
X
Likelihood  p(y,|x) prior  p(x) a5
Observation model: ..

15



Goal : the posterior gap

Components of the problem :

16



Goal : the posterior gap

Components of the problem :

v

p(x‘yp) : true posterior Unknown

17



Goal : the posterior gap

Components of the problem :

v

p(x‘yp) : true posterior Unknown

v

p(X|yp) : approximate posterior | can sample from it

18



Goal : the posterior gap

Components of the problem :

Unknown

v

p(x‘yp) : true posterior

v

p(X|yp) : approximate posterior | can sample from it

Posterior gap :  dist(p(x|y,), p(x|y,)) ( ex: Kullback-Leibler divergence*)

19



Goal : the posterior gap

Components of the problem :

Unknown

v

p(x‘yp) : true posterior

v

p(X|yp) : approximate posterior | can sample from it

Posterior gap :  dist(p(x|y,), p(x|y,)) ( ex: Kullback-Leibler divergence*)

—— true posterior

—— approx. posterior

20



Plug & Play diffusion models

Posterior sampling

21



Plug & Play diffusion models

Posterior sampling

dx = —g*(t) Vi log pi(x|y,)dt + g(t)dw >

dx = —g*(t) (Vxlog pi(x) + Vi log pi(y, |x)) dt + g(t)dw

Y Y

22



Plug & Play diffusion models

Posterior sampling

dx = —g*(t) Vi log pi(x|y,)dt + g(t)dw >

dx = —g*(t) (Vxlog pi(x) + Vi log pi(y, |x)) dt + g(t)dw
Y Y
Prior guidance

~ Sg (X, t)

denoiser

23



Plug & Play diffusion models

Posterior sampling

dx = —g*(t) Vi log pi(x|y,)dt + g(t)dw >

dx = —g*(t) (Vxlog pi(x) + Vi log pi(y, |x)) dt + g(t)dw
Y Y
Prior guidance Measurement

~ Sg (X, 1) consistency guidance

denoiser

24



Plug & Play diffusion models

Posterior sampling

dx = —g*(t) Vi log pi(x|y,)dt + g(t)dw >

dx = —g*(t) (Vxlog pi(x) + Vi log pi(y, |x)) dt + g(t)dw
Y Y
Prior guidance Measurement

~ Sg (X, 1) consistency guidance

denoiser

Analytical approximation of Dy (yp‘X)

v

Intractability of V log p;(y,|x)

25



Plug & Play diffusion models : approximations examples

Tweedie’ estimator :
Xo(xXy) = X + 0%(t) sg(xy, 1) = E [x¢|x¢]

Methods Approx. of p(y\xt) Approx. of  Vx, log pt(yp|xt)

DPS [1] N (y| Hxo(x), 051) apps (Xt y)a}go—yﬂt(y — Hxo(x¢))
MCG [2] N(Y‘ Hx, (Xt)7 HHt) anvea(X¢, y) &kgfjt)HT(y — HxXo(x:))
6 Bl Ny  Hko(x), anclo? HE' +021) P00 g omm 4 o2n) 2y - i)
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Independence in p
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Evaluation of the posterior gap — In practice

* Posterior-Prior Similarity (PPS): Dx

v e
.1k
-1

X\Y

Ep(y,) [P(xlyy)| =p(x) ?

PPS = dist(py, px)

PPSFID = FID(%X,]?X)

PPSCMMD — CMMD(g)@pX)
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Evaluation of the posterior gap —

Normalized Measurement Consistency (NMC):

In practice
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Evaluation of the posterior gap - Quantitative results
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— To sum it up

Evaluation of the posterior gap ...
... through PPS and NMC properties ...
... of 3 SoA P&P diffusion methods (DPS, MCG, nG).

As p decreases, the posterior gap inscreases !

— Perpective
A more restrictive version of the NMC property.
Better implementation tools for the PPS property.

Find a more consistent approximation of p(Y|Xt)
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