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Autoencoders: The Gist
[Goodfellow et al., 2016]

® An autoencoder is a latent variable model
® The encoder will map images into a lower-dimensional latent space (feature space)
® The decoder will map latent codes back to images

ﬁﬁ@ﬁ "y

¢ Interpolation Encoder Decoder

An autoencoder can be useful for
e Data compression
e Classification

e Quitlier Detection
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Autoencoder Definition

® An autoencoder is a couple of neural networks (E, D).

e E:R? — R is the encoder and decreases dimension (with k < d)

e D:R¥ — RYis the decoder

Variational Autoencoders
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Autoencoder Learning

® The autoencoder is trained to have X look like x.
* In other words, we would like that D(E(x)) ~ x (at least on the data points).

AUTOENCODING LOSS: Given N data points xi, ..., xy € R?, minimize

Lae(D, E) ZH )) — Xall3.

® We thus expect to have D(E(x»)) ~ x, for any data point x,.
® However, for other test points, D(E(x)) may drift away from x.
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Example

Here is an example with an autoencoder trained with 1000 MNIST datapoints.

The dimension of feature space is set to k = 2.
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Example

Here is an example with an autoencoder trained with 1000 MNIST datapoints.

The dimension of feature space is set to k = 2.
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Classification based on Features
® Once trained, the autoencoder can be used for classification.

® For that, we can throw away the decoder, and train a classifier on feature representation.
* We may even fine-tune the decoder if needed.

Loss function (Softmax, etc)

Predicted Label -

= IaSS|f|er Fine-tune
Features encader

jointly with
é Encoder classifier
D

Input data
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Variants of Autoencoders

v Autoencoders are quite easy to train.

*

Autoencoders may overfit, but not generalize properly.

X Autoencoders may have a non-structured latent space, that is,

— the directions of the latent space do not correspond to relevant features,

— variations in the latent space may not correspond to fluid variations in the image space

® |n order to cope with that, many variants exist.
Most of them consists in choosing another training loss function.
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Sparse Autoencoders

* Many signal/image decomposition (e.g. wavelets) are based on sparse decompositions.
e Minimizing the £' norm of the features E(x) helps to sparsify the latent representation.
¢ We thus obtain “Sparse Autoencoders”, associated with the following training loss:

LAE D E ZH _Xn||2+)‘”E(X’7)H1>

where A > 0 is a parameter.
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Denoising Autoencoders

* Denoising Autoencoders are AE trained to be less sensitive to noise in the data.
® For that, we change the training loss

N
Loae(D,E) =Y | D(E(xa+en)) — Xall3,
n=1
where ¢, is a noise added to the data point x;.
® This helps to learn a good low-dimensional model, and also better features.

o A / .
¢ B Encoder Decoder
o °
Low-dimension L4
space of true data @ Ti
Code .

Output . . ® uitnm
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Variational Autoencoders
[Kingma and Welling, 2019]

® One drawback of autoencoder is that they don'’t allow for sampling.
* We will cope with that by forcing an explicit distribution in the latent space.

VARIATIONAL AUTOENCODERS (VAE) are latent variable models.

When training a VAE, we will learn a distribution ps(x) that decomposes as
po(x) = [ po(xl2)po(z)c.

e The prior po(z) may also depend on parameters, but is usually fixed (e.g. A'(0, Id)).
® py(z|x) is called the posterior distribution of z knowing x
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Deep latent variable

® A VAE is an example of deep latent variable model,
that is, pe(x|z) is encoded by a neural network, for example:

po(x|2) is N(u(2),0°(2)ld)

where 1(z) and o2(z) are output of a neural network.
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Deep latent variable

® A VAE is an example of deep latent variable model,
that is, pe(x|z) is encoded by a neural network, for example:

po(x|2) is N(u(2),0°(2)ld)

where 1(z) and o2(z) are output of a neural network.
® In such setting, ps(Xx) = [ po(x|2)po(2)dz is intractable.
® Therefore, we cannot perform directly maximum likelihood.
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Deep latent variable

A VAE is an example of deep latent variable model,
that is, pe(x|z) is encoded by a neural network, for example:

ps(x|2) i N(u(2),0%(2)ld)
where 1(z) and o2(z) are output of a neural network.
In such setting, ps(x) = [ po(x|z)pe(z)dz is intractable.
Therefore, we cannot perform directly maximum likelihood.
Main idea of VAE: train jointly

- a stochastic decoder py(x|z)
- a stochastic encoder g, (z|x)

so that g4(z|x) approximates the (intractable) posterior py(z|x).

Variational Autoencoders
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Prior distribution: pe(z)

z-space

k1

| Encoder: qy(z/x) | | Decoder: pa(x|2)
I -

X-space

~

Dataset: D

(source: Kingma and Welling, 2019)
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input x

encoder q,(z|-)

VAE diagram

latent
variable

2~ q.(z|x)
prob.
dist.
9.(2|x)

decoder py(x|)

Variational Autoencoders
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dist.
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Evidence lower bound (ELBO)

* We would like to train VAE by maximizing the log-likelihood 3N . log ps(xn).
® However, pg(x) is not accessible and thus we will only maximize a lower bound obtained by:

Vx € R%, logpo(X) = Ezvq,(zix) [log Po(X)]

=Ez g, (210
=Ez g, (210

=Ezegp(zin

2 Ezngy(zin

log
log

log

_pG(X7 Z)

L Po(z|x) ] ]

[ po(x,2) %(Z\X)”

L Po(2]X) q.(2|x)

[pe(x,2)]] e (2]X)

| qu(zx) || Feaeten ['°g [m(z\x)”
KL(gy (2]x)1lpg (2]X)) >0

[po(x,2)]] ._

_qi(z‘x)" .= L(0,¢,%x) (ELBO)
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Kullback—Leibler divergence

If p, g are two probability density functions on R?, we define

kLo ) = [ 1og (20 ) p(x)a = Bv o2 (220
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Kullback—Leibler divergence

If p, g are two probability density functions on R?, we define
p(X)) [ (p(X) )]
KL = log [ === xX)dx = Eypx) |log | =% )| .
(e 110) = [ 108 (B89 pxyce = o 08 (25
Main properties:
* KL(pllg)>0andKL(p| q) =0<«=p=gq

* KL(p | 9) #KL(q | p)
o “T KL(pn || g) = 0 implies convergence in distribution (and even in total variation).
n——+oo
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Evidence lower bound (ELBO)

The Evidence lower bound (ELBO) is defined by

L(0,%,%) = Ezrg(zin [uog pult jﬂ = log po(x) — KL(Gx(2]) || Po(2])) < log po(x).

® The KL-divergence KL(qg,(z|x) || ps(z|x)) gives the tightness of the lower bound:
the better is the approximation of the true posterior, the tighter is the lower bound.

® Main contribution of VAE [Kingma and Welling, 2014]:
Use the ELBO L(6, ¢, x) as a training loss for improving the log-likelihood.

® To use L(6, ¢, x) as a training loss using SGD we need to compute unbiased estimators of both

Vol(0,9,x) and V,L(0,p,x).
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Evidence lower bound (ELBO)

= Ezvq, (210 [log Po(X, Z)] — Eznq, (2% [log 9, (2]X)]
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Evidence lower bound (ELBO)

5 o 5]

= Ez~q¢(z\x) [|°g pl)(X7 Z)] - ]Ez~q§,(z\x) [|0g qP(Z|X)]

Unbiased estimator for V,L(0, o, x):
VoL(0, 0, X) = Ezng,(z1x) [Vo log po(x, 2)] ~ Vs log po(x,2")  where 2\ ~ q,.(z|x).

Recall that ps(x, z) = pe(z)pe(x|Zz) is @ known parametric function (involving the stochastic decoder)
that can be (automatically) differentiated wrt 6.
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Evidence lower bound (ELBO)

5 o 5]

= Ezuq, (2% [log Po(X, 2)] — Eznq,(z)x) [log . (2]X)]

Unbiased estimator for V,L(0, o, x):
VoL(0, 0, X) = Ezng,(z1x) [Vo log po(x, 2)] ~ Vs log po(x,2")  where 2\ ~ q,.(z|x).

Recall that ps(x, z) = pe(z)pe(x|Zz) is @ known parametric function (involving the stochastic decoder)
that can be (automatically) differentiated wrt 6.

Unbiased estimator for V. L(0, ¢, x):

* Not as straightforward since the ELBO expectation is taken with respect to g,.(z|x) that
depends on ¢!
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Evidence lower bound (ELBO)

Reparameterization trick:
® Hypothesis: There exist a random variable ¢ and a deterministic function g such that

VX0, Z=g(e,,x) ~ qu(2]X).
® The function g decouples the randomness source and the parameters for simulating the
approximate posterior g, (z|x).

Example of Gaussian stochastic encoder:
® Gy (2]x) is N (p,(x), diag(o (x))) with (1, (x), log 05 (X)) = NNy ().
e With e ~ A/(0, Id) the standard Gaussian distribution:

Z=p () +0.()Oc ~ N(ug(x), diag(o2(x))).
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Evidence lower bound (ELBO)

Reparameterization trick:
® Hypothesis: There exist a random variable ¢ and a deterministic function g such that

VX,’% Z:g(67¢’X)Nq¢(Z|X)~
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Evidence lower bound (ELBO)

Reparameterization trick:
® Hypothesis: There exist a random variable ¢ and a deterministic function g such that

VX0, Z=g(e,,X) ~ qu(2]X).
Change of variable in the ELBO:

L(O: ®, X) = IEz~q¢(z\x) [Iog Po (X7 Z)] - ]Ez~q¢(z\x) [IOg q@(Z|X)]
= Eervp(e) [|0gp0(X7 9(67 @, X))] - Eervp(e) [lOg q’»ﬁ(g(€> ©, X)‘X)]
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Evidence lower bound (ELBO)

Reparameterization trick:
® Hypothesis: There exist a random variable ¢ and a deterministic function g such that

VX, 0, 2= gle i X) ~ G (2IX).
Change of variable in the ELBO:
L(0,¢,x) = Ezvq,(z10) [log pa(x, 2)] — E; g, (z1x) [log 9., (z|x)]
= Eervp(e) [|0g PO(X7 9(67 @, X))] - Eewp(e) [lOg q’»ﬁ(g(ev ©, X)‘X)]

Unbiased estimator for V. L(0, ¢, x):
e Draw ¢! ~ p(e) and (automatically) differentiate wrt , the expression

log ps (x, g(eV, 0, X)) — log g, (g(e”, ¢, x)|x)

e Same for differentiating wrt 6.
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VAE Training Algorithm

For K iterations, repeat the following steps

1.

Draw a minibatch M = {x;, ..., X, } of M samples from D = {x,, n=1,...,N}

2. Draw M random e, ~ p(e), m=1,... M.
3.
4. Apply the decoder network to each latent variable z™ and return

Compute z, = g(em, ¢, Xi,) ~ Gx(2|Xi,) using the encoder network parameters.

M
- 1
L(97 2 M) = M Z lnge(Xim7g(€m7 997Xl'm)) - |0g q#?(g(efm 2 X"m)‘xim)

m=1

Compute V,L(0, o, M) and V.. L(6, ¢, M) by automatic differentiation
Update the parameters 6 and ¢ with one SGD step.
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input x encoder g,(z]-)  g.(z]x)

Gaussian VAE

latent
variable
7~ q,(z|x)

prob.
dist.

decoder py(x|-)

Example of Gaussian stochastic encoder and decoder:

po(z) is N'(0, Id) (fixed Gaussian, no parameter to learn).
9 (2]X) is N (11 (x), diag (o (x))) with (11,(x), log 7 (x)) = NN (x).
Po(x|2) is N (110(2), $21d) with 119(2) = NNg(2).
The architectures for NN, and NNy are generally chosen symmetric.

Variational Autoencoders
0000000000080000000

prob.
dist.
po(x|2) sample x ~ py(x|2)
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VAE: ELBO and Kullback—Leibler divergence

The “latent code regularization” is better seen by refactorizing the ELBO:

L(0,0,X) = Bzrg,(zln) {'°g {Zi(();’l)z(;”

po(Z)Po(XIZ)”
q.(z|x)
=Kz q,(z1% [log po(X|2)] — KL(q,(z|x) || Pe(z))

reconstruction error latent code regularization

— Ez~q¢ z|x) |:|°g |:

® The latent code regularization enforces all the approximate posterior to be close to the prior.
® And the supports of all distributions g..(z|x) should be well adjusted.
® This results in an encoder-decoder with well-spread latent code distribution.
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ELBO with Gaussian VAE

Density of a Gaussian distribution: Recall that the log-density of N'(u, X) is

108 G.x(x) = — 3 log(12x%) — 2 (x — )" (x — )

KL divergence between two Gaussian distributions on R*: is

p=1

KL (N, 520 |G 7)) = 5 fog (FE21) = e T )+ e = )5 e = )]

Expression of the ELBO loss: When g, (z|x) is N'(x, diag(c?)) and ps(2) is N(0, Id), we get

KL (qx(2|x) || po(2)) = % { Z('OE(U/Z) +1) +ZG,-2 +Zuf2} .
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ELBO with Gaussian VAE

On the other hand, when ps(x|2) is NV(ue(2), $21d),
log po(x12) = —+ log(12r%Id]) — ~ 1 [1x — 1o(2)]
gpo(x|2) = — 5 log(|2m 5z lIX = re(2)I1%

Therefore,
—L(0, ¢, X) = Eznq,(z1x) [~ log po(x|2)] + KL(qx(2]X) || Po(2))

can be estimated by

~(6,6,%,2) = C+ 5ogllX — ol + 3 PICCOERIEDRACES O}

1
257

where z is a sample of g, (z|x).
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ELBO with Gaussian VAE

On the other hand, when ps(x|2) is NV(ue(2), $21d),

1 1
log po (x|2) = — 5 log(12r°ld]) — 55 1x — 1o (2)].

Therefore,
—L(0, ¢, X) = Eznq,(z1x) [~ log po(x|2)] + KL(qx(2]X) || Po(2))

can be estimated by

= 1
~L(0,0,%,2) = C+ gisllX — po(2)I* + Z('Og(aw x)*) +1) +ZU¢I(X +ZMW x)?
where z is a sample of g, (z|x).

v You can use this expression for automatic differentiation with Pytorch!
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Variational Autoencoders

AE v.s. VAE

Here is an example with AE and VAE trained with 1000 MNIST datapoints.

The dimension of feature space is set to k = 2.
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AE v.s. VAE

Here is an example with AE and VAE trained with 1000 MNIST datapoints.

The dimension of feature space is setto k = 2.
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VAE: Example of Results

From the original paper: [Kingma and Welling, 2014]: “Auto-Encoding Variational Bayes”

NNNRAAAQQ I3 3328088006
NNQUURRALL L DL LD 0D DPPFRE
NNYURARRRLL DD DD 00DPPEPE
NNNY2RARR LD DD 000PPPEEE
NNN2QARARALQLD SIS LDPPRRLE
NNSNY2AARARARQLLIP PPN H
NNNNYCRNNNNVODDPPNNNR O
B L R IS S ST
e L L R I T AN S TS o N o)
eSO OONRWRNWRRROO0
e Er P POOWWWWRROOO0
e rrrOOLWWWWNOROOOO
————rctrORWWWLLOOOOO
———e— et OO WLLLOOOOO
—_——e et AN NN LLLOOOOO
NN TR RN SN NN
—~e=Sh A AN NN ddQO
SNNNAAN NNy hhaaddd
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SNNNNNSNNNYNNYNNNSNSOSLLLY

(a) Learned Frey Face manifold (b) Learned MNIST manifold

Figure 4: Visualisations of learned data manifold for generative models with two-dimensional latent
space, learned with AEVB. Since the prior of the latent space is Gaussian, linearly spaced coor-
dinates on the unit square were transformed through the inverse CDF of the Gaussian to produce
values of the latent variables z. For each of these values z, we plotted the corresponding generative
pe(x|z) with the learned parameters 6.
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Comments on VAE

The training of VAEs is more stable than the one of WGANS.

However, there are still issues regarding VAE [Kingma and Welling, 2019, Tomczak, 2022]:
® Posterior collapse: All approximate posteriors g,.(z|x) are stucked to the prior.
® Hole problem: Some subset of the latent space is not populated by encoded data.
® Blurriness of generative model: produced images tend to be blurry.
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Comments on VAE

The training of VAEs is more stable than the one of WGANS.

However, there are still issues regarding VAE [Kingma and Welling, 2019, Tomczak, 2022]:
® Posterior collapse: All approximate posteriors g,.(z|x) are stucked to the prior.
® Hole problem: Some subset of the latent space is not populated by encoded data.
® Blurriness of generative model: produced images tend to be blurry.

As for GANs, VAEs can also be conditioned on labels ¢ (e.g. digits, image sketch, attributes, etc).
For that

® Replace py(x|z) by ps(x|z,£)
* Replace g, (z|x) by g,(z|x,¢)
® Train by adapting the loss function...
About Conditional VAEs, see for example [Sohn et al., 2015].
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Hierarchical VAE

® VAE can be made competitive using well-designed architectures (e.g. hierarchical).
F’

|

Example from [Vahdat and Kautz, 2020]: “NVAE: A Deep Hierarchical Variational Autoencoder”

® See also the architecture called Very Deep VAE (VDVAE) [Child, 2021].
e Hierarchical VAEs can also be used for diverse image restoration [Prost et al., 2023].
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Summary and comments

VAE is a stochatic variant of AE that allows for image sampling.
VAEs are simple to train

But simple VAEs tend to produce blurry images (compared to GANSs)
Hierarchical VAEs help to produce images to very high resolution.

State-of-the-art image generation is based on (latent) diffusion models, that is, diffusion is the
latent space of a VAE. Example: the Stable Diffusion model [Rombach et al., 2022].

THANK YOU FOR YOUR ATTENTION!
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Generative Modeling with Diffusion

* Let gy be the empirical distribution associated to N data points in R°.

® Goal: design a generative model py that fits qo.

e Starting remark: if xo ~ go and z ~ A/(0, Id) are independent,
then x; = xo + V/tz looks noisier and noisier as t — +oo.
Also, the distribution of x; “resembles more and more” to A/ (0, tId).
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Generative Modeling with Diffusion

* Let gy be the empirical distribution associated to N data points in R°.

® Goal: design a generative model py that fits qo.

e Starting remark: if xo ~ go and z ~ A/(0, Id) are independent,
then x; = xo + V/tz looks noisier and noisier as t — +oo.
Also, the distribution of x; “resembles more and more” to A/ (0, tId).

e

® Thus we can try to sample Xr ~ N(0, TId) for a large T > 0, and inverse the noising process to
get back X with law ~ qp.
* How to reverse in practice? Which denoiser to use?...
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Denoising Diffusion Probabilistic Models (DDPM)
[Ho et al., 2020]

e DDPM is a discrete-time model defined on [0 : T] := {0,1,..., T} with T € N (large).

® |t starts from a forward Markov chain (xi):cjo.r] With distribution

q(xo; - - -, x7) = q(%)q(x1]|%)q(x2|x1) . .. q(XT|XT1)

where the g(x:|x;—1) corresponds to normalized noising.
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Denoising Diffusion Probabilistic Models (DDPM)
[Ho et al., 2020]

e DDPM is a discrete-time model definedon [0 : T] :={0,1,..., T} with T € N (large).
® |t starts from a forward Markov chain (xi):cjo.r] With distribution
q(Xo, - - -, X7) = q(X0)q(x1|%0)q(x2[x1) . .. q(XT|XT—1)
where the g(x:|x;—1) corresponds to normalized noising.
* The final generative model will be a process (Xt)co.r] with distribution
po(Xo, - - -, X1) = Po(Xr)po(X7—1]X7) . .. Po(X0| X1)
where pg(X7) is a Gaussian, and where py(X;—1|X;) corresponds to normalized denoising.

This backward transition relies on a learned neural network with parameters 6.
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DDPM: forward process

Let a; > 0 and 3; > 0 be two sequences (expectation/variance schedules).
® Xxo ~ Qo (data distribution)
® (x;) is defined recursively:
X = Vaxi—1 +/ Bz, (1)
where (z;):>1 is a sequence of i.i.d. random variables of law N(0, Id).
® Therefore, q(x:|Xi—1) is N'(\/arXi—1, ild).
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Let a; > 0 and 3; > 0 be two sequences (expectation/variance schedules).

® Xxo ~ Qo (data distribution)
® (x;) is defined recursively:

Xt = y/ouXi—1 + /B,

where (z;):>1 is a sequence of i.i.d. random variables of law N(0, Id).

® Therefore, q(x:|Xi—1) is N'(\/arXi—1, ild).

We can obtain the distribution g(x¢|xo):
® For each t, there exists e; ~ A/(0, Id) such that

Xt = varXo + \/Btﬂ,

where (@), (3,) are defined recursively: @ = @7y,
® Therefore, g(x|x0) = N(Vaixo, B,d).

and Bt = a1 + Br.

Diffusion Models
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The Variance Schedule

Since
Xt = VaiXo + \/Etﬂ

the covariance matrix of x; is B
Var(x;) = @:Var(xo) + 5,1d.
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The Variance Schedule

Since
Xt = vV arXo + \/Btﬂ

the covariance matrix of x; is B
Var(x;) = @:Var(xo) + 5,1d.

* Variance exploding (VE) choice: a; =1 and 3 = /o2 — 02 ,.

Therefore, if Var(xo) = o2ld, then Vvt >0, Var(x) = o?ld.
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The Variance Schedule

Since
Xt = vV arXo + \/Btﬂ

the covariance matrix of x; is B
Var(x;) = a:Var(xo) + g,ld.
* Variance exploding (VE) choice: a; =1 and 3 = /o2 — 02 ,.
Therefore, if Var(xo) = o2ld, then Vvt >0, Var(x) = o?ld.

® Variance preserving (VP) choice: a; + 5 = 1.
By induction, we can show that this implies a; + 3, = 1.
Therefore, if Var(xp) = Id, then V¢t >0, Var(x;) = Id.
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Practical Choice of (3;)

In the implementation of DDPM, () is chosen small, with linear increase

B = ( ,%)xm—u%xo.oz.

1.01 1.0
0.8 0.8
0.6 0.6
— Qt — @
0.4 Bt 0.4 ﬁt
0.2 0.2
0.0 0.0
0 200 400 600 800 1000 0 200 400 600 800 1000
t t
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Learning DDPM with an ELBO

The training of the DDPM process (Xt)c(o:7] is inspired by maximum likelihood estimation:
Proposition
We have the following evidence lower bound (ELBO):

;
E[log ps(%0)] > —E[KL(q(x7|X0), o (x7))] + Ellog ps(Xo|x1)] — E | > KL(q(Xi—1|Xo0, Xt), Pa(Xe—1]%)) |,
t=2

where the expectation is taken w.r.t. q(xo, ..., xt) (true forward process).
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Learning DDPM with an ELBO

The training of the DDPM process (Xt)c(o:7] is inspired by maximum likelihood estimation:

Proposition
We have the following evidence lower bound (ELBO):

;
E[log ps(%0)] > —E[KL(q(x7|X0), o (x7))] + Ellog ps(Xo|x1)] — E | > KL(q(Xi—1|Xo0, Xt), Pa(Xe—1]%)) |,
t=2

where the expectation is taken w.r.t. q(xo, ..., xt) (true forward process).

Since g(x:—1|Xo, Xt), Po(X:—1|X:) are Gaussian distributions, the last term can be computed with

1 .
Li(xo, xt) = KL(q(Xt—1]X0, Xt), Po(Xt—1|Xt)) = Ellue(xn t) — fie(xt, Xo)||* + cst,

where

Vai—1BtXo + A/t Br—1 Xt
By '

fit(Xt, X0) =
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Parameterization with Noise Prediction
Consider the following parameterization of the backward transition:

/Lg(X[, t) = L (Xt — ﬂ&@(X{, t)) .

vat /B,
Then the L; part of the ELBO can be written as E[Li(x0, xt)] = %E[HE@(X{, t) — et|?] + cst.

In other words, ¢¢(xt, t) is trained to predict the noise added from x, to x;.

With this parameterization, backward sampling rewrites as Xr ~ A/(0, Id)

- ¢177 (x - %ae(z,n) Bz 3)

where Zi,. .., zr are independent NV (0, Id) (actually Z; = 0 in practice).
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Example of DDPM Sampling

Xt Prediction of xg
t =999
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Example of DDPM Sampling
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Example of DDPM Sampling

Xt Prediction of xg
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Example of DDPM Sampling

Xt Prediction of xg
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Example of DDPM Sampling

Xt Prediction of xg
t =400
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Example of DDPM Sampling
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Example of DDPM Sampling

Xt Prediction of xg
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Example of DDPM Sampling

Xt Prediction of xg
t=100
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