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Autoencoders: The Gist
[Goodfellow et al., 2016]

• An autoencoder is a latent variable model
• The encoder will map images into a lower-dimensional latent space (feature space)
• The decoder will map latent codes back to images

An autoencoder can be useful for
• Data compression
• Classification
• Outlier Detection
• Interpolation
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Autoencoder Definition

• An autoencoder is a couple of neural networks (E ,D).
• E : Rd → Rk is the encoder and decreases dimension (with k < d)
• D : Rk → Rd is the decoder

E Dx z = E(x) x̂
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Autoencoder Learning

• The autoencoder is trained to have x̂ look like x .
• In other words, we would like that D(E(x)) ≈ x (at least on the data points).

AUTOENCODING LOSS: Given N data points x1, . . . , xN ∈ Rd , minimize

LAE(D,E) =
N∑

n=1

∥D(E(xn))− xn∥2
2.

• We thus expect to have D(E(xn)) ≈ xn for any data point xn.
• However, for other test points, D(E(x)) may drift away from x .
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Example

Here is an example with an autoencoder trained with 1000 MNIST datapoints.
The dimension of feature space is set to k = 2.

Input Reconstruction
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Classification based on Features

• Once trained, the autoencoder can be used for classification.
• For that, we can throw away the decoder, and train a classifier on feature representation.
• We may even fine-tune the decoder if needed.
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Variants of Autoencoders

✓ Autoencoders are quite easy to train.

✗ Autoencoders may overfit, but not generalize properly.

✗ Autoencoders may have a non-structured latent space, that is,
→ the directions of the latent space do not correspond to relevant features,
→ variations in the latent space may not correspond to fluid variations in the image space

• In order to cope with that, many variants exist.
Most of them consists in choosing another training loss function.
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Sparse Autoencoders

• Many signal/image decomposition (e.g. wavelets) are based on sparse decompositions.
• Minimizing the ℓ1 norm of the features E(x) helps to sparsify the latent representation.
• We thus obtain “Sparse Autoencoders”, associated with the following training loss:

LAE(D,E) =
N∑

n=1

∥D(E(xn))− xn∥2
2 + λ∥E(xn)∥1,

where λ > 0 is a parameter.
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Denoising Autoencoders

• Denoising Autoencoders are AE trained to be less sensitive to noise in the data.
• For that, we change the training loss

LDAE(D,E) =
N∑

n=1

∥D(E(xn + εn))− xn∥2
2,

where εn is a noise added to the data point xn.
• This helps to learn a good low-dimensional model, and also better features.
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Variational Autoencoders
[Kingma and Welling, 2019]

• One drawback of autoencoder is that they don’t allow for sampling.
• We will cope with that by forcing an explicit distribution in the latent space.

VARIATIONAL AUTOENCODERS (VAE) are latent variable models.

When training a VAE, we will learn a distribution pθ(x) that decomposes as

pθ(x) =
∫

Rk
pθ(x |z)pθ(z)dz.

• The prior pθ(z) may also depend on parameters, but is usually fixed (e.g. N (0, Id)).
• pθ(z|x) is called the posterior distribution of z knowing x
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Deep latent variable

• A VAE is an example of deep latent variable model,
that is, pθ(x |z) is encoded by a neural network, for example:

pθ(x |z) is N (µ(z), σ2(z)Id)

where µ(z) and σ2(z) are output of a neural network.

• In such setting, pθ(x) =
∫

pθ(x |z)pθ(z)dz is intractable.
• Therefore, we cannot perform directly maximum likelihood.

• Main idea of VAE: train jointly
· a stochastic decoder pθ(x |z)
· a stochastic encoder qϕ(z|x)
so that qϕ(z|x) approximates the (intractable) posterior pθ(z|x).

2.2. Evidence Lower Bound (ELBO) 17

x-space

z-space

Encoder: qφ(z|x) Decoder: pθ(x|z)

Prior distribution: pθ(z)

Dataset: D

Figure 2.1: A VAE learns stochastic mappings between an observed x-space, whose
empirical distribution qD(x) is typically complicated, and a latent z-space, whose
distribution can be relatively simple (such as spherical, as in this figure). The
generative model learns a joint distribution pθ(x, z) that is often (but not always)
factorized as pθ(x, z) = pθ(z)pθ(x|z), with a prior distribution over latent space
pθ(z), and a stochastic decoder pθ(x|z). The stochastic encoder qφ(z|x), also called
inference model, approximates the true but intractable posterior pθ(z|x) of the
generative model.

(source: Kingma and Welling, 2019)
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VAE diagram

input x sample x ∼ pθ(x |z)encoder qφ(z|·)

prob.
dist.

qφ(z|x) decoder pθ(x |·)

prob.
dist.

pθ(x |z)

latent
variable

z ∼ qφ(z|x)
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Evidence lower bound (ELBO)

• We would like to train VAE by maximizing the log-likelihood
∑N

n=1 log pθ(xn).
• However, pθ(x) is not accessible and thus we will only maximize a lower bound obtained by:

∀x ∈ Rd , log pθ(x) = Ez∼qφ(z|x) [log pθ(x)]

= Ez∼qφ(z|x)

[
log

[
pθ(x , z)
pθ(z|x)

]]
= Ez∼qφ(z|x)

[
log

[
pθ(x , z)
pθ(z|x)

qφ(z|x)
qφ(z|x)

]]
= Ez∼qφ(z|x)

[
log

[
pθ(x , z)
qφ(z|x)

]]
+ Ez∼qφ(z|x)

[
log

[
qφ(z|x)
pθ(z|x)

]]
︸ ︷︷ ︸

KL(qφ(z|x)∥pθ(z|x))≥0

≥ Ez∼qφ(z|x)

[
log

[
pθ(x , z)
qφ(z|x)

]]
:= L(θ, φ, x) (ELBO)
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Kullback–Leibler divergence

If p, q are two probability density functions on Rd , we define

KL(p ∥ q) =
∫

Rd
log

(
p(x)
q(x)

)
p(x)dx = Ex∼p(x)

[
log

(
p(x)
q(x)

)]
.

Main properties:
• KL(p ∥ q) ≥ 0 and KL(p ∥ q) = 0 ⇐⇒ p = q
• KL(p ∥ q) ̸= KL(q ∥ p)
• lim

n→+∞
KL(pn ∥ q) = 0 implies convergence in distribution (and even in total variation).
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Evidence lower bound (ELBO)

The Evidence lower bound (ELBO) is defined by

L(θ, φ, x) = Ez∼qφ(z|x)

[
log

pθ(x , z)
qφ(z|x)

]
= log pθ(x)− KL(qφ(z|x) ∥ pθ(z|x)) ≤ log pθ(x).

• The KL-divergence KL(qφ(z|x) ∥ pθ(z|x)) gives the tightness of the lower bound:
the better is the approximation of the true posterior, the tighter is the lower bound.

• Main contribution of VAE [Kingma and Welling, 2014]:
Use the ELBO L(θ, φ, x) as a training loss for improving the log-likelihood.

• To use L(θ, φ, x) as a training loss using SGD we need to compute unbiased estimators of both

∇θL(θ, φ, x) and ∇φL(θ, φ, x).
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Evidence lower bound (ELBO)

L(θ, φ, x) = Ez∼qφ(z|x)

[
log

[
pθ(x , z)
qφ(z|x)

]]
= Ez∼qφ(z|x) [log pθ(x , z)]− Ez∼qφ(z|x) [log qφ(z|x)]

Unbiased estimator for ∇θL(θ, φ, x):

∇θL(θ, φ, x) = Ez∼qφ(z|x) [∇θ log pθ(x , z)] ≃ ∇θ log pθ(x , z(1)) where z(1) ∼ qφ(z|x).

Recall that pθ(x , z) = pθ(z)pθ(x |z) is a known parametric function (involving the stochastic decoder)
that can be (automatically) differentiated wrt θ.

Unbiased estimator for ∇φL(θ, φ, x):
• Not as straightforward since the ELBO expectation is taken with respect to qφ(z|x) that

depends on φ!
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Evidence lower bound (ELBO)

Reparameterization trick:
• Hypothesis: There exist a random variable ϵ and a deterministic function g such that

∀x , φ, z = g(ϵ, φ, x) ∼ qφ(z|x).

• The function g decouples the randomness source and the parameters for simulating the
approximate posterior qφ(z|x).

Example of Gaussian stochastic encoder:
• qφ(z|x) is N (µφ(x), diag(σ2

φ(x))) with (µφ(x), log σφ(x)) = NNφ(x).
• With ϵ ∼ N (0, Id) the standard Gaussian distribution:

z = µφ(x) + σφ(x)⊙ ϵ ∼ N (µφ(x), diag(σ2
φ(x))).
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Evidence lower bound (ELBO)

Reparameterization trick:
• Hypothesis: There exist a random variable ϵ and a deterministic function g such that

∀x , φ, z = g(ϵ, φ, x) ∼ qφ(z|x).

Change of variable in the ELBO:

L(θ, φ, x) = Ez∼qφ(z|x) [log pθ(x , z)]− Ez∼qφ(z|x) [log qφ(z|x)]
= Eϵ∼p(ϵ) [log pθ(x , g(ϵ, φ, x))]− Eϵ∼p(ϵ) [log qφ(g(ϵ, φ, x)|x)]

Unbiased estimator for ∇φL(θ, φ, x):
• Draw ϵ(1) ∼ p(ϵ) and (automatically) differentiate wrt φ the expression

log pθ(x , g(ϵ(1), φ, x))− log qφ(g(ϵ(1), φ, x)|x)

• Same for differentiating wrt θ.
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VAE Training Algorithm

For K iterations, repeat the following steps

1. Draw a minibatch M = {xi1 , . . . , xiM } of M samples from D = {xn, n = 1, . . . ,N}
2. Draw M random ϵm ∼ p(ϵ), m = 1, . . . ,M.

3. Compute zm = g(ϵm, φ, xim ) ∼ qφ(z|xim ) using the encoder network parameters.

4. Apply the decoder network to each latent variable zm and return

L̃(θ, φ,M) =
1
M

M∑
m=1

log pθ(xim , g(ϵm, φ, xim ))− log qφ(g(ϵm, φ, xim )|xim )

5. Compute ∇θL̃(θ, φ,M) and ∇φL̃(θ, φ,M) by automatic differentiation

6. Update the parameters θ and φ with one SGD step.
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Gaussian VAE

input x sample x ∼ pθ(x |z)encoder qφ(z|·)

prob.
dist.

qφ(z|x) decoder pθ(x |·)

prob.
dist.

pθ(x |z)

latent
variable

z ∼ qφ(z|x)

Example of Gaussian stochastic encoder and decoder:
• pθ(z) is N (0, Id) (fixed Gaussian, no parameter to learn).
• qφ(z|x) is N (µφ(x), diag(σ2

φ(x))) with (µφ(x), log σφ(x)) = NNφ(x).
• pθ(x |z) is N (µθ(z), s2Id) with µθ(z) = NNθ(z).
• The architectures for NNφ and NNθ are generally chosen symmetric.
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VAE: ELBO and Kullback–Leibler divergence

The “latent code regularization” is better seen by refactorizing the ELBO:

L(θ, φ, x) = Ez∼qφ(z|x)

[
log

[
pθ(x , z)
qφ(z|x)

]]
= Ez∼qφ(z|x)

[
log

[
pθ(z)pθ(x |z)

qφ(z|x)

]]
= Ez∼qφ(z|x) [log pθ(x |z)] + Ez∼qφ(z|x)

[
log

[
pθ(z)

qφ(z|x)

]]
= Ez∼qφ(z|x) [log pθ(x |z)]︸ ︷︷ ︸

reconstruction error

−KL(qφ(z|x) ∥ pθ(z))︸ ︷︷ ︸
latent code regularization

• The latent code regularization enforces all the approximate posterior to be close to the prior.
• And the supports of all distributions qφ(z|x) should be well adjusted.
• This results in an encoder-decoder with well-spread latent code distribution.
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ELBO with Gaussian VAE

Density of a Gaussian distribution: Recall that the log-density of N (µ,Σ) is

log gµ,Σ(x) = −1
2
log(|2πΣ|)− 1

2
(x − µ)TΣ−1(x − µ)

KL divergence between two Gaussian distributions on Rk : is

KL
(
N (µ1,Σ1) ∥ N (µ2,Σ2)

)
=

1
2

[
log

(
|Σ2|
|Σ1|

)
− k + Tr(Σ−1

2 Σ1) + (µ2 − µ1)
TΣ−1

2 (µ2 − µ1)

]
.

Expression of the ELBO loss: When qφ(z|x) is N (µ, diag(σ2)) and pθ(z) is N (0, Id), we get

KL
(
qφ(z|x) ∥ pθ(z)

)
=

1
2

[
−
∑

i

(log(σ2
i ) + 1) +

∑
i

σ2
i +

∑
i

µ2
i

]
.
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ELBO with Gaussian VAE

On the other hand, when pθ(x |z) is N (µθ(z), s2Id),

log pθ(x |z) = −1
2
log(|2πs2Id|)− 1

2s2 ∥x − µθ(z)∥2.

Therefore,
−L(θ, φ, x) = Ez∼qφ(z|x) [− log pθ(x |z)] + KL(qφ(z|x) ∥ pθ(z))

can be estimated by

−L̃(θ, φ, x , z) = C +
1

2s2 ∥x − µθ(z)∥2 +
1
2

[
−
∑

i

(log(σφ,i(x)2) + 1) +
∑

i

σφ,i(x)2 +
∑

i

µφ,i(x)2

]
,

where z is a sample of qφ(z|x).

✓ You can use this expression for automatic differentiation with Pytorch!
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AE v.s. VAE

Here is an example with AE and VAE trained with 1000 MNIST datapoints.
The dimension of feature space is set to k = 2.

Input AE Output VAE Output
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AE v.s. VAE

Here is an example with AE and VAE trained with 1000 MNIST datapoints.
The dimension of feature space is set to k = 2.
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VAE: Example of Results
From the original paper: [Kingma and Welling, 2014]: “Auto-Encoding Variational Bayes”

(a) Learned Frey Face manifold (b) Learned MNIST manifold

Figure 4: Visualisations of learned data manifold for generative models with two-dimensional latent
space, learned with AEVB. Since the prior of the latent space is Gaussian, linearly spaced coor-
dinates on the unit square were transformed through the inverse CDF of the Gaussian to produce
values of the latent variables z. For each of these values z, we plotted the corresponding generative
pθ(x|z) with the learned parameters θ.

(a) 2-D latent space (b) 5-D latent space (c) 10-D latent space (d) 20-D latent space

Figure 5: Random samples from learned generative models of MNIST for different dimensionalities
of latent space.

B Solution of −DKL(qφ(z)||pθ(z)), Gaussian case

The variational lower bound (the objective to be maximized) contains a KL term that can often be
integrated analytically. Here we give the solution when both the prior pθ(z) = N (0, I) and the
posterior approximation qφ(z|x(i)) are Gaussian. Let J be the dimensionality of z. Let µ and σ
denote the variational mean and s.d. evaluated at datapoint i, and let µj and σj simply denote the
j-th element of these vectors. Then:

∫
qθ(z) log p(z) dz =

∫
N (z;µ,σ2) logN (z;0, I) dz

= −J
2
log(2π)− 1

2

J∑

j=1

(µ2
j + σ2

j )

10
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Comments on VAE

The training of VAEs is more stable than the one of WGANs.

However, there are still issues regarding VAE [Kingma and Welling, 2019, Tomczak, 2022]:
• Posterior collapse: All approximate posteriors qφ(z|x) are stucked to the prior.
• Hole problem: Some subset of the latent space is not populated by encoded data.
• Blurriness of generative model: produced images tend to be blurry.

As for GANs, VAEs can also be conditioned on labels ℓ (e.g. digits, image sketch, attributes, etc).
For that

• Replace pθ(x |z) by pθ(x |z, ℓ)
• Replace qφ(z|x) by qφ(z|x , ℓ)
• Train by adapting the loss function...

About Conditional VAEs, see for example [Sohn et al., 2015].
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Hierarchical VAE

• VAE can be made competitive using well-designed architectures (e.g. hierarchical).

Example from [Vahdat and Kautz, 2020]: “NVAE: A Deep Hierarchical Variational Autoencoder”

• See also the architecture called Very Deep VAE (VDVAE) [Child, 2021].
• Hierarchical VAEs can also be used for diverse image restoration [Prost et al., 2023].
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Summary and comments

• VAE is a stochatic variant of AE that allows for image sampling.
• VAEs are simple to train
• But simple VAEs tend to produce blurry images (compared to GANs)
• Hierarchical VAEs help to produce images to very high resolution.
• State-of-the-art image generation is based on (latent) diffusion models, that is, diffusion is the

latent space of a VAE. Example: the Stable Diffusion model [Rombach et al., 2022].

THANK YOU FOR YOUR ATTENTION!
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Generative Modeling with Diffusion

• Let q0 be the empirical distribution associated to N data points in Rd .
• Goal: design a generative model µθ that fits q0.
• Starting remark: if x0 ∼ q0 and z ∼ N (0, Id) are independent,

then xt = x0 +
√

tz looks noisier and noisier as t → +∞.
Also, the distribution of xt “resembles more and more” to N (0, t Id).

• Thus we can try to sample x̃T ∼ N (0,T Id) for a large T > 0, and inverse the noising process to
get back x̃0 with law ≈ q0.

• How to reverse in practice? Which denoiser to use?...
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Denoising Diffusion Probabilistic Models (DDPM)
[Ho et al., 2020]

• DDPM is a discrete-time model defined on [0 : T ] := {0, 1, . . . ,T} with T ∈ N (large).

• It starts from a forward Markov chain (xt)t∈[0:T ] with distribution

q(x0, . . . , xT ) = q(x0)q(x1|x0)q(x2|x1) . . . q(xT |xT−1)

where the q(xt |xt−1) corresponds to normalized noising.

• The final generative model will be a process (x̃t)t∈[0:T ] with distribution

pθ(x̃0, . . . , x̃T ) = pθ(x̃T )pθ(x̃T−1|x̃T ) . . . pθ(x̃0|x̃1)

where pθ(x̃T ) is a Gaussian, and where pθ(x̃t−1|x̃t) corresponds to normalized denoising.

This backward transition relies on a learned neural network with parameters θ.
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DDPM: forward process

Let αt > 0 and βt > 0 be two sequences (expectation/variance schedules).
• x0 ∼ q0 (data distribution)
• (xt) is defined recursively:

xt =
√
αtxt−1 +

√
βtzt , (1)

where (zt)t≥1 is a sequence of i.i.d. random variables of law N (0, Id).
• Therefore, q(xt |xt−1) is N (

√
αtxt−1, βt Id).

We can obtain the distribution q(xt |x0):
• For each t , there exists ϵt ∼ N (0, Id) such that

xt =
√
αtx0 +

√
βtϵt , (2)

where (αt), (βt) are defined recursively: αt = αt−1αt , and βt = αtβt−1 + βt .

• Therefore, q(xt |x0) = N (
√
αtx0, βt Id).
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The Variance Schedule

Since
xt =

√
αtx0 +

√
βtϵt

the covariance matrix of xt is
Var(xt) = αtVar(x0) + βt Id.

• Variance exploding (VE) choice: αt = 1 and βt =
√

σ2
t − σ2

t−1.

Therefore, if Var(x0) = σ2
0 Id, then ∀t ≥ 0, Var(xt) = σ2

t Id.

• Variance preserving (VP) choice: αt + βt = 1.

By induction, we can show that this implies αt + βt = 1.

Therefore, if Var(x0) = Id, then ∀t ≥ 0, Var(xt) = Id.
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Practical Choice of (βt)

In the implementation of DDPM, (βt) is chosen small, with linear increase

βt = (1 − t−1
T−1 )× 10−4 + t−1

T−1 × 0.02.
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Learning DDPM with an ELBO

The training of the DDPM process (x̃t)t∈[0:T ] is inspired by maximum likelihood estimation:

Proposition
We have the following evidence lower bound (ELBO):

E[log pθ(x0)] ≥ −E[KL(q(xT |x0), pθ(xT ))] + E[log pθ(x0|x1)]− E

[
T∑

t=2

KL(q(xt−1|x0, xt), pθ(xt−1|xt))

]
,

where the expectation is taken w.r.t. q(x0, . . . , xT ) (true forward process).

Since q(xt−1|x0, xt), pθ(xt−1|xt) are Gaussian distributions, the last term can be computed with

Lt(x0, xt) = KL(q(xt−1|x0, xt), pθ(xt−1|xt)) =
1
βt

∥µθ(xt , t)− µ̃t(xt , x0)∥2 + cst ,

where

µ̃t(xt , x0) =

√
αt−1βtx0 +

√
αtβt−1xt

βt

.
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Parameterization with Noise Prediction
Consider the following parameterization of the backward transition:

µθ(xt , t) =
1√
αt

xt −
βt√
βt

εθ(xt , t)

 .

Then the Lt part of the ELBO can be written as E[Lt(x0, xt)] =
βt

αtβt
E[∥εθ(xt , t)− ϵt∥2] + cst .

In other words, εθ(xt , t) is trained to predict the noise added from x0 to xt .

With this parameterization, backward sampling rewrites as x̃T ∼ N (0, Id)

x̃t−1 =
1√
αt

x̃t −
βt√
βt

εθ(x̃t , t)

+

√
β̃t z̃t (3)

where z̃1, . . . , z̃T are independent N (0, Id) (actually z̃1 = 0 in practice).
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Example of DDPM Sampling

x̃t Prediction of x0

t = 999



41/30

References Diffusion Models

Example of DDPM Sampling

x̃t Prediction of x0

t = 900



41/30

References Diffusion Models

Example of DDPM Sampling
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x̃t Prediction of x0

t = 400
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Example of DDPM Sampling

x̃t Prediction of x0
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Example of DDPM Sampling

x̃t Prediction of x0
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Example of DDPM Sampling

x̃t Prediction of x0

t = 100
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Example of DDPM Sampling

x̃t Prediction of x0

t = 0
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