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Abstract—A computable expression for Heegard and Berger’s
rate-distortion (RD) function has eluded information theory for
nearly three decades. Heegard and Berger’s single-letter achiev-
ability bound is well known to be optimal for physically degraded
side information; however, it is not known whether the bound
is optimal for arbitrarily correlated side information (general
discrete memoryless sources). In this paper, we consider a new
setup where the side information at one receiver is conditionally
less noisy than that at the other. The new setup includes degraded
side information as a special case, and it is motivated by the
literature on degraded and less noisy broadcast channels. Our
key contribution is a converse proving the optimality of Heegard
and Berger’s achievability bound in a new setting, where the side
information is conditionally less noisy and one distortion function
is deterministic. The less noisy setup is also generalised to two
different successive-refinement problems.

I. INTRODUCTION

YNER and Ziv’s seminal 1976 paper [1] extended rate-

distortion (RD) theory to include side information at
the receiver. Nearly a decade later, Heegard and Berger [2]]
further extended the theory to include side information at mul-
tiple receivers: an example of which, and the principal subject
of this paper, is shown in Fig. [} Heegard and Berger’s RD
function, however, has eluded complete characterisation in that
matching computable [3, p. 259] achievability and converse
bounds have yet to be obtaine(ﬂ Indeed, the RD function
is unknown for the seemingly simple case of deterministic
distortion function’] where each receiver needs to losslessly
reconstruct a function of the source [0} [7]].

The best single-letter achievability bound for two receivers
is due to Heegard and Berger [2, Thm. 2], and the best
bound for three or more receivers is due to Timo, Chan, and
Grant [7, Thm. 2]. Both bounds hold for arbitrary discrete
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'Matsuta and Uyematsu [4] recently presented matching achievability
and converse bounds for general sources and distortion functions using an
information-spectrum approach; these bounds, however, are not computable.

>The Heegard-Berger problem with deterministic distortion functions also
subsumes (an almost lossless version of) the popular index coding problem [5].

memoryless sources under average per-letter distortion con-
straints. Matching converses have been obtained only in some
special cases, for example, see [2, 6, 8|-[[12]]. One such case
is called physically degraded side information, and it refers to
the situation where the side information at one receiver is a
noisy version of that at the other. Degraded side information is
essential to Heegard and Berger’s converse [2, pp. 733-734].

This paper considers a new setup where the side information
at one receiver is conditionally less noisy than that at the other.
Conditionally less noisy side information is a generalisation
of physically degraded side information, and it is motivated
by similar (but apparently unrelated) literature on broadcast
channels [[13} [I4]. Our key contribution is a converse that
proves the optimality of Heegard and Berger’s achievability
bound when the side information is conditionally less noisy
and one distortion function is deterministic.

Generalisations of Heegard and Berger’s RD problem in-
clude the successive-refinement work [[15]-[19] and the joint
source-channel coding work [20]-[22]]. Other variations of
the problem have been considered with causal side informa-
tion [23, [24]] and common reconstructions [25} 26]]. The less
noisy side information model may be useful in such problems;
indeed, to conclude the paper, we apply our converse methods
to obtain new results for two successive-refinement problems.

Paper Outline: Section presents a single-letterization
lemma that will be used throughout the paper. Sections
and [I'V|present new converses for the Heegard-Berger problem
and two successive-refinement problems with side information
(degraded side information [|15} |16] and scalable side informa-
tion [[17]). Longer proofs are given in the appendices.

Notation: All random variables in this paper are discrete and
finite and denoted by uppercase letters, e.g., X. The alphabet
of a random variable is identified by matching calligraphic
font, e.g. X € X. The n-fold Cartesian product of an alphabet
is denoted by boldface font, e.g. X is the n-fold product of
X. If a random vector (X,Y,Z) forms a Markov chain in
the same order, then we write X <> Y <> Z. The symbol &
denotes modulo-two addition.

II. A LEMMA

We start with a single-letterization (entropy characterisation)
problem: Express the difference of two n-letter conditional
mutual informations in a single-letter form.

Consider a tuple of random variables (R, S, S2, T, L) with
an arbitrary joint distribution. Let

(R, 81,82, T,L) := (Ry,S51,1,5,1,T1,L1),
(R2,51,2,52,2,T2,L2),...,(Rn, S1,n: 52,05 Ty L)
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Fig. 1. The rate-distortion problem with side information at two receivers.

denote n i.i.d. copies of (R,S,S3,T,L). Further, suppose
that J is jointly distributed with (R, S1,S2,T, L) and

J < (R, L) < (51,52, T)
forms a Markov chain. Consider the difference
I(J; S2|L) — I(J; S1|L).

We wish to know whether this difference can be expressed
in a single-letter form in the sense of Csiszar and Korner [3}
p- 259]. The next lemma answers the question in the affirma-
tive, and it is proved in Appendix

Lemma 1: Let (J,R,S1,S2,T,L) be defined as above.
There exists an auxiliary random variable W, with alphabet
W and jointly distributed with (R, Sy, S2, T, L), such that

[(J;82|L) — I(J; $1|L) = n(I(W; S|L) — I(W; $1|L)).
the cardinality of W satisfies |W| < |R||£], and
W (R, L) < (51,52, T)

forms a Markov chain. If, in addition, L is a function of R,
then the Markov chain can be replaced by W <> R <> (S1, Sa,
T) and the cardinality bound on W becomes |W| < |R].

III. THE HEEGARD-BERGER PROBLEM

This section is devoted to Heegard and Berger’s RD problem
for two receivers and is organised as follows: We recall the RD
function’s operational definition in Section [[II-A} we review
some important results in Section [[I[-B} and we state our new
results in Section [I=Cl

A. Operational Definition of the RD Function

Consider a tuple of random variables (X, Y7,Y3) with an
arbitrary joint distribution on X’ x Yy x Vs. Let (X, Y7,Y3)
denote a string of n ii.d. copies of (X,Y7,Y3). Let X, Y1
and Y. denote the n-fold Cartesian products of X', ) and Vs
respectively.

Consider the setup of Fig. [T} The transmitter observes X,
receiver 1 observes Y; and receiver 2 observes Y. The string
X is to be compressed by the transmitter and reconstructed
by both receivers using a block code. The RD function is
the smallest rate at which X can be compressed while still
allowing the receivers to reconstruct X to within specified
average distortions, as described next.

A block code consists of three (possibly stochastic) map-
pings:

f: X —M

and

g MxY; — X, j=1,2,

where M is an index set with finite cardinality | M| depending
onn, 2%- is the reconstruction alphabet of receiver j and AA’J- its
n-fold Cartesian product. The transmitter sends M := f(X)
and receiver j reconstructs X, := g;(M,Y;).

Let

6 : X X Xj — [0,00), j=1,2,

be bounded per-letter distortion functions. For simplicity, and
without loss of generality, we assume that d; and o are
normal [27, p. 185]; that is, for each x in A& there exists
some & in X; such that &;(z, %) = 0.

Definition 1: A rate R is said to be (D1, Dg)-achievable if
for any € > 0 there exists a block code (f, g1, ¢g2), with some
sufficiently large blocklength n, satisfying

1
R+eZﬁlog|M|

and

1 — . ‘
Dj+€Z[EE§6j(Xi7Xj,i)a j:1,2
Definition 2: For distortions Dy > 0 and D, > 0, Heegard
and Berger’s RD function is

R(D4, D3) := min {R >0:Ris (D, Dg)-achievable}.

B. Existing Results

Single-letter expressions for R(D;, D3) have been found in
some special cases, for example, [2, 9, |10]. The achievability
proofs of all these cases follow from the next simple, but
surprisingly powerful, lemma. The converses, in contrast, are
proved on a case-by-case basis using different approaches.

Lemma 2 (Achievability): The RD function R(D;, D2) is
bounded from above by [2, Thm. 2]

R(D17D2) S min
(A,B,C)

HI(X; AIC, Y1) + (X BIC, Ya) |

{max {I(X;C M), I(X;C|Y2)}

where minimisation is taken over all auxiliary random tuples
(A, B,C), jointly distributed with (X,Y7,Y3), such that the
following is true:

(i) The tuple (A, B,C) is conditionally independent of the
side information (Y7, Y3) given X,

(A,B,C) S X & (Yl,YQ);

(i1) The cardinalities of the alphabets of C, A and B are
respectively bounded by
ICl < |X[+3
Al < [Cl|X[+1
|B| < [C]|x] +1

(these bounds are new and proved in Appendix [B);



(iii)) There exist deterministic maps
P AXCxY — X
B2 BXC XYy — Xy
with
Dy > E 61 (X,61(4,C, 1))
D2 > E 6:(X, ¢2(B, C,Y2)).

The next definition and theorem review a special case for
which the upper bound of Lemma [2] is known to be tight.
Definition 3: The side information is said to be physically
degraded if
XYY

forms a Markov chain.
Theorem 3: 1If the side information is physically degraded,
then [2, Thm. 3]

R(D1, D) = min {I(X; CIV1) + I(X; B|C,Y2)},

where the minimisation is taken over all auxiliary random
tuples (B, C), jointly distributed with (X, Y7, Y3), such that
(i (B,C) < X < (Y1,Y3) forms a Markov chain;
(ii) there exist deterministic maps

(bl :C x yl — /%1
QZ)QSBXCX))Q—)A?Q
with
Dl Z £ 61(X7¢1(07}/1))
Dy > E 85(X, ¢2(B, C, Y2)).

The Markov chain X < Y5 <+ Y7, which defines physically
degraded side information, enables a crucial step in Heegard
and Berger’s converse proof of Theorem [3| see [2, pp. 733-
734]. The aim of the next section is to broaden the scope of
Theorem [3| by replacing X <+ Y5 <» Y7 with a more general
condition. Our main results, however, will fall slightly short
of this aim: We will need to restrict attention to the setting
where receiver 1 requires an almost lossless copy of a function
of X. More specifically, we will require that D; = 0 and 4,
is deterministic in the following sense.

Definition 4: 07 is said to be deterministic [17) |28]] if there
is an alphabet X' with X, = X and a deterministic map

VX — X
such that 0 if b= )
o if & =z
O(z, &) = { 1 otherwise.

For later discussions, we need to specialise Theorem E] to
deterministic d;. Let

X = y(X).
Define
S(Dz) := min I(X;B|X,Ys), Dy>0, (1)

where the minimisation is taken over all auxiliary random
variables B, jointly distributed with (X, Y7,Y3), such that

(i) B+ X + (Y1,Ys) forms a Markov chain;
(ii) the cardinality of the alphabet of B is bounded by

1Bl < [X]+1;
(iii) there exists a deterministic mapping
¢2:B><2?><y2—>)32
with ~
Dy > E 52(X, ¢2(B,X,Y2)).

The function S(D3) is non-increasing, convex and continuous
in Dy [1, Thm. A2]. The next corollary is proved in Ap-

pendix
Corollary 3.1: If the side information is physically de-
graded and 47 is a deterministic distortion function, then

R(0,Dy) = H(X|Y1) + S(Ds).

It will be useful to further specialise Corollary [3.1]to a “two-
component” source model with Hamming distortion functions.
The specialisation is central to our understanding of how
Corollary can be generalised to a less-noisy setup.

Definition 5: We say that (X, Y1,Y3) is a two-source if

X = Xl X XQ and X := (X],XQ),

where X7 and X, are finite alphabets. In addition, we say that
01 and 0o are component Hamming distortion functions if

X = X,
and for all z;,%; € X;

Ly 0 if ,@j =;

6j(zj,25) _{ 1  otherwise

Corollary 3.2: Consider a two-source (X1, X2, Y7, Y2) with
component Hamming distortion functions. If the side informa-
tion is physically degraded (X1, X2) <> Y2 <> Y7, then [2, 7]

R(0,0) = H(X1|Y1) + H(X2| X4, Y2).

j=1,2.

The corollary can be directly proved in a simple way that
nicely motivates the possibility of a more general converse.

Proof Outline (Converse): If R is achievable, then for each
€ > 0 there exists a block code (f, g1, g2) for which

1 1 1
R+€Z*10g|M|Z*H(M)Z*I(XLXZ,}/LY%M)
n n n

—_

=~ (1(X2, Yas M) + [(X2, Ya; M| X1, Vo) )

vV
—3

= (1(Xa; MIYa) + 1(Xa: M| X1, Y1, Ya) )

—3

(a)

v

it (H(X1|Y1) + H(X2|X1,Y1,Ys2) — ne(f))

Iz
S

(X1|Y1) + H(X2|X17Y1>Y2) - €<€)
9 H(X, Y1) + H(X2| X1, Ya) — e(e). )

The justifications for steps (a), (b) and (c) are as follows:
(a) X; and X, are determined by (M,Y7) and (M,Y53)
respectively, so (a) follows by Fano’s inequality [14,
Sec. 2.2]. Here £(¢) can be chosen so that (e¢) — 0
as e — 0.



(b) ()(17 Xz, Yl, Yg) is i.i.d.

(c) The side information is physically degraded and conse-

quently Xo <> (X1,Ys) & V7.

Proof Outline (Achievability): Suppose that we use the
Slepian-Wolf / Cover random-binning argument to send X,
losslessly to receiver 1 at rate R’ close to H(X7]Y7). The side
information is physically degraded, so we have

R' > H(X1|Y1) > H(X:1|Y2). 3)

A close inspection of the random binning proof, e.g. [14],
reveals that (3) also suffices for receiver 2 to reliably de-
code X;. Assuming that X5 is successfully decoded by
receiver 2, we can send X to receiver 2 at a rate R close to
H(X2|X1,Y3) using (X7,Y>) as side information. The total
rate R =R + R" is close to H(X;|Y1) + H(X2|X1,Y2). A

We notice that the Markov chain (X1, X5) «> Y3 & Yj is
equivalent to

X1 A d Y2 — Y1 (4&)

and
X2 < (X17Y2) e Yl- (4b)

The chain (@ is a sufficient, but not necessary, condition
for the inequalities in and hence the above achievability
argument. In contrast, the chain @) is essential for equality
(c) in (@) and hence the converse argument. The generality
of the achievability argument juxtaposed against the more
restrictive converse argument suggests that Corollary [3.2) might
hold for a broader class of two-sources. We show that this is
indeed the case in the next subsection; specifically, we will see
that the corollary holds when the Markov chain (@a)) is replaced
by H(X1]Y1) > H(X;|Y2) and the chain {@b) is replaced by
a more general “conditionally less noisy” condition.

Remark 1:

(i) R(Dy,D5) depends on the joint distribution of (X, Y7,

Y3) only via the distributions of (X,Y7) and (X, Y3).

(ii)) The side information is said to be stochastically de-
graded if the joint distribution of (X,Y7,Y5) is such
that there exists some physically degraded side informa-
tion (X', Y{,Yy) with marginals (X’,Y7) and (X', Y7)
matching those of (X, Y1) and (X, Y2). By Remark 1 (i),
Theorem [3] and Corollaries 3.1] and [3.2] also hold for
stochastically degraded side information.
The function S(D2), which is defined in (I, is the
Wyner-Ziv RD function [1, Eqn. 15] for a source X
with side information (X, Y3).
The asserted upper bound for R(D1, D2) in [2, Thm. 2]
is incorrect for the case of three or more receivers [7].

(iii)

(iv)

C. New Results

Suppose that L is an auxiliary random variable that is jointly
distributed with (X, Y7, Y3).

Definition 6: We say that Y5 is conditionally less noisy than
Y7 given L, abbreviated as (Y3 = Y7 | L), if

I(W;Y2|L) > I(W;Y1|L)

holds for every auxiliary random variable W, jointly dis-
tributed with (X,Y7,Ys, L), for which

W (X, L) & (Y1,Y3)

forms a Markov chain.

The next lemma and example collectively show that Defi-
nition [6] is broader than Definition [3] The lemma is proved in
Appendix [C|

Lemma 4:

(1) If the side information is physically degraded X <

Y5 <> Y7 and

L+ X (Y1,Ys,),

forms a Markov chain, then (Y2 = Y7 | L).
(ii) If a two-source (X7, X2, Y1,Ys) satisfies

XQ(-)X1<—)Y1

and L = Xy, then (Y2 = Y7 | X3).

The next example describes a setup where the side informa-
tion is not degraded, but X5 <+ X; <+ Y; is a Markov chain
and therefore (Y2 = Y7 | X3).

Example 1: Let X5, Y, and Z be independent Bernoulli
random variables with different, non-uniform, biases. Let

X1:X2€BY§ and Ylin@Z

‘We notice that
Xg < X1 — Y1

forms a Markov chain, so assertion (ii) of Lemma [4] implies
(Y2 = Y7 | Xy). In contrast, (X1, X5) is not conditionally
independent of Y; given Y5.

The next lemma gives a converse for R(D1, Ds). Its proof
uses Lemma [I] and is the subject of Appendix [D} Our main
result in this section, Theorem [6] follows directly thereafter.

Lemma 5 (Converse): If §; is a deterministic distortion
function specified by X = t(X), then the following state-
ments are true.

(i) For arbitrarily distributed (X,Y7,Y3), we have
R(0,Dy) > H(X[Y1) + S(D3)
+ min {I(W;Y2|X) — I(W;Y1]X)},

where the minimisation is taken over all auxiliary W,
jointly distributed with (X, Y7,Y53), such that

W X & (Yl,}/g>

forms a Markov chain and [W| < |X].
(i) If (X,Y1,Y>) satisfies (Y2 = Y7 | X), then

R(0, D) > H(X|Y1) + S(D2).
It is worth highlighting that
min {I(W;Y2|X) — I(W;Y1|X)}

is non-positive because, for example, we can always choose
W to be a constant. Assertion (ii) of the lemma follows from
assertion (i) upon invoking Definition E] with L = X.



The next theorem gives a single-letter expression for R(D;,
D5) in a new setting. The theorem is a consequence of the
achievability of Lemma [2] and the converse of Lemma [3] (ii).

Theorem 6: If 61 is a deterministic distortion function spec-
ified by X = ¢(X), (Yo = Y7 | X) and

H(X|V1) > H(X|Y2),

then
R(0, Dy) = H(X[Y1) + S(D2).

Proof: The achievability of Theorem [6] follows from
Lemma [2l with C = X and A = constant. The converse
follows from Lemma [ |

The next corollary generalises Corollary [3.2]from physically
degraded to the conditionally less noisy setting.

Corollary 6.1: Consider a two-source (X7, Xo, Y7, Ys) with
component Hamming distortion functions. If

(Y2 i Yl | Xl) and H(Xlnfl) Z H(X1|Y2),

then
R(0,0) = H(X1|Y1) + H(X2]|X4,Y3).

Proof: The proof follows from Theorem [6] upon noting

X = X, and S(0) = H(X»|X,,Ya). n

Example 2: Suppose that X; and Z are independent
Bernoulli random variables with

1
PIX; =0]=P[X; =1] = 5
and !
[P[Z:O]:l—[P[Z:l]:§.
Let

Xo=X187Z7.

Furthermore, let Y and Y; be the outcomes of passing
X, through two independent channels: A BEC(2/3) and a
BSC(1/4) respectively, see Fig.
We have (Y2 = Y7 | X1) from condition (ii) of Lemma
Moreover,
H(X1[Y2) = 2/3

is smaller than
H(X1|Y1) = Hp(1/4) ~ 0.8113,
where
Hy(a) := —alogya — (1 — a)logy (1 — a)
is the binary entropy function. From Corollary we have
R(0,0) = Hy(1/4) + Hp(1/3).

Finally, we notice that the side information (Y7,Y3) is not
physically or stochastically degraded with respect to X, [14,
p- 1217, [29], and hence with respect to X = (X1, X5).
Remark 2:
(i) Theorem [f] includes Corollary for physically de-
graded side information as a special case, since

XYY

X1 1/3 Ys X 3/4 Y:
0 > 0 0 > ()
2/3 >
/ ) 1]
2/3 1/4
1 » 1 1 » 1
1/3 3/4
(a) BEC (2/3) (b) BSC (1/4)

Fig. 2. Binary channels defining the side information in Example %} (a)
Binary Erasure Channel (BEC) with erasure probability 2/3; and (b) Binary
Symmetric Channel (BSC) with crossover probability 1/4.

and
X o X oV,

together imply (Yo = Y; | X) and H(X|Y;) >

H(X|Y3) by the data processing lemma.
(ii) It appears that our approach to proving Lemma [5] does
not readily generalise to an arbitrary distortion function
d1. An apparent difficulty follows from the use of a
Wyner-Ziv style converse argument to construct the
S(Dy) term using (X,Y3) as side information. The
argument needs (X,Y7) to be i.i.d., and this need not
be the case when §; is arbitrary.
Theorem [f] employs the conditionally less noisy defi-
nition for the special case where L is a deterministic
function of the source X. In this case, we can remove
L from the Markov chain in Definition
If L = (, then Deﬁnition@reduces to the less noisy con-
cept for information-theoretic security for source coding
recently introduced by Villard and Piantanida [30]. In
fact, recall Example |1 with Pr[X, = 0] = p and
Pr[Z = 0] = r. If r is sufficiently small (or large)
compared to p so that

(iii)

(iv)

H(Xl‘yl) < H(XQ),

the side information Y5 is conditionally less noisy than
Y; given Xo, but Y5 is not less noisy than Y;. To see
the latter, select W = X;. We have

I(W;yh) = H(X1) — H(X1 Y1)
and
I(W3Ys) = H(Xy) — H(X1]Y2)
= H(X,) - H(Xy),

and thus I(W;Y7) > I(W;Y5).

IV. SUCCESSIVE REFINEMENT WITH SIDE INFORMATION

The method used in Appendix [D] to prove Lemma [5 can,
with appropriate modification, yield useful converses for var-
ious generalisations of Heegard and Berger’s RD problem. In
this section, we extend the setup of Fig. [T] to two different
successive-refinement problems with receiver side informa-
tion.
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Fig. 3. The successive refinement of information problem with three stages
and side information at the receivers.

A. Problem Formulation

Consider a tuple of random variables (X, Y7, Y, Y3) with an
arbitrary joint distribution. Let (X, Y7, Y2, Y3) denote a string
of n i.i.d. copies of (X,Y7,Ys,Y3). A successive-refinement
block code for the setup shown in Fig. [3] consists of four
(possibly stochastic) maps

f:X—>M1XM2XM3
and

g1:./\/l1><y1—>21
922M1XM2X3;2—>£2
g3 : My X My x Ms x Y3 — Xs,

where M7, My and M3 are finite index sets. The transmitter
sends (M1, My, Ms) := f(X) over the noiseless channels, as
shown in Fig. [3l Receiver 1 reconstructs X, = g1(M1,Y7),
receiver 2 reconstructs X := g2(My, Ms,Y>) and receiver 3
reconstructs X3 := 93(M1, My, M5,Y3).

Definition 7: A rate tuple (R1, R, R3) is said to be achiev-
able with distortions (D1, Dy, D3) if for any € > 0 there
exists a block code (f, g1, g2, g3), with some sufficiently large
blocklength n, satisfying

1
Rj+e> 510g|Mj|

and
1 & .
Dj +e> [EE §5j(Xj7Xj’i)
for j =1,2,3.
Definition 8: The RD region R(D1, Dy, Ds3) is the set of
all rates (R1, Ra, R3) that are achievable with distortions (D1,
Dy, D).

B. Three Stages with Y3 better than Ys better than Y1 (starting
from X <+ Y3 < Yy < Y)

Let us now assume that Receiver 3 obtains the best side
information and Receiver 1 the worst. Tian and Diggavi [16]]
modelled such a relation with physically degraded side infor-
mation, that is, X < Y3 < Y, < Y7, and they derived the

corresponding RD region. The goal here is to broaden their
result to a conditionally less noisy setup.

We will need the following achievable RD region that
holds for arbitrarily distributed side information. The region
is distilled from a more general achievability result in [7]], see

Appendix [F}

Let Rin(D1, D2, D3) denote the set of all rate tuples (R,
R, R3) for which there exists an auxiliary tuple (A, Az, As),
jointly distributed with (X, Y7,Y5,Y3), such that

@) (Al,Ag,Ag) & X & (Yl,}/Q,Y:),) forms a Markov

chain,;
(i) The auxiliary alphabet cardinalities are bounded byE|
[Ar] < |X]+6
[Ag| < X[ [Au] +4
|As| < [X] [Aq] [A2] + 1.

(iii) There exist (deterministic) maps for each j = 1,2,3
¢j : Aj X :)/j — QE'J-
with
Dj > E 6;(X, 6;(4;,Yj))-
(iv) The rate tuple (R, Ro, R3) satisfies
R1 > I(X; Ay|Y7),
By + Ry > max I(X5 A1[Y)) + 1(X; Az| A1, Y2)
j=1,
and
Ry + Ry + R3 > _Hllaéigf(X;AﬂYj)
J=1.2,
- max I(X; 4543, Y;)
7=2,3
+I(X; Az|Aq, Ag, Y3).
Lemma 7:
Rin(D1, D2, D3) € R(D1, D2, Ds).

The next theorem, which is due to Tian and Diggavi [16],
shows that the entire RD region is subsumed by Ri, (D1, D2,
D3) whenever the side information is physically degraded.

Theorem 8: If the side information is physically degraded
X < Y3 < Yy < Y7, then [16, Thm. 1]

Rin(D1, D2, D3) = R(D1, D2, D3).

Moreover, the rate constraints defining Ri, (D1, D2, D3) sim-
plify to
Ry > I(X; A4 %)

Rl -+ R2 Z I(X,A1|Y1) -+ I(X,A2|A1,Y2)

Ri+Ro+ R3 > I(X; A1|Y1) + 1(X; As| A1, Y5)
+ I(X7 A3|A17A27Y%)7

where A;, A and As obey the same cardinality constraints
as those for Ri,(D1, D2, D3), see also [16, Thm. 1].

The achievability part of Theorem [§]is given by Lemma [7]
and the simplified rate constraints follow from degraded side

3Reference 7] does not provide cardinality constraints, and these bounds
follow by the standard convex cover method.



information (the Markov chain X < Y3 <+ Y5 < Y7). The
converse assertion was proved by Tian and Diggavi in [16]
App. 1] and there, again, degraded side information played a
crucial role.

We now consider Theorem [§] with deterministic distortion
functions at receivers 1 and 2. In particular, receivers 1 and 2
wish to reconstruct almost losslessly

Xl = 77[}1(X) and X~2 = ¢2(X)7
respectively, where i1 and 1, are functions of the form
Vi X — Xy, =12

Theorem with deterministic ; and Jo, simplifies as follows.
Define

S/(Dd) = miHI(X;Ag‘Xl,XQ,Yé), Dd 2 0,

where the minimisation is taken over all auxiliary Ags, jointly
distributed with (X, Y7,Y5,Y3), such that

(i) As < X < (Y1,Ys,Ys) forms a Markov chain;

(i) [As] <[]+ 1;
(iii) there exists a (deterministic) map

¢3IA3X/?1X/?2X))3—>)%3
with o
D3 > E 63(X, ¢3(As, X1, X5,Y3)).

Corollary 8.1: 1f the side information is physically de-
graded X < Y; < Y5 < Y; and the distortion functions
01 and Jy are deterministic, then R (0,0, D3) is equal to the
set of all rate tuples (Ry, Ra, R3) satisfying

Ry > H(X1|%1)
Ry + Ry > H(X1|Y1) + H(X32|X1,Y2)
Ri+ Ry + Ry > H(X1|Y1) + H(Xo|X1,Y2) + S'(D3).
Proof: The achievability part follows directly from The-

orem ~ upon selecting the auxiliary random variables as
Ay = X1 and Ay = X5 as well as recalling the definition
of S’(D3). The converse can be proved following arguments
similar to those used in Appendix [E] and is omitted. ]

The next lemma is a converse for deterministic distortion
functions §; and 05 and arbitrarily distributed side informa-
tion; it is a successive-refinement version of Lemma [5 Let
Rout(D3) denote the set of all rate tuples (R;, Ro, R3) for
which

Ry > H(X,|Y1)
R + Ry > H(X1|Y1) + H(X2|X1,Y3)
+ min {I(W; Ya|X1) — I(W; Yl\f(l)}

and

Ry + Ry + R3
> H(X1|Y1) + H(X2| X1, Ya) + S'(Ds)
+ min { T(W5 Y51 %0) — 1(W3 Y[ %) |

—|—mmi/n {I(W;Yg‘Xl,XQ) - I(W;Y2|X1,X2)},

where each minimisation is independently taken over an aux-
iliary random variable W, jointly distributed with (X, Y7, Y3,
Y3), such that [W| < |X| and W < X <> (Y1,Y5,Y3).

Lemma 9 (Converse): If §; and 6o are deterministic distor-
tion functions, then

7?/oul<l)3) 2 R(O7 07 Dg).

Our proof of Lemma [9]is quite similar to that of Lemma 3]
and it is given in Appendix [G|

The next theorem shows that the outer bound (converse) of
Lemma 9] matches the inner bound (achievability) of Lemma
for a certain conditionally less noisy setting.

Theorem 10: If §; and do are deterministic distortion func-
tions, (Y = Yy | X1), (Y3 = Ya | X1, X5), and

H(X1|Y1) > max { H(X1|Y2), H(X1|Y3)},
H(X3|X1,Ys) > H(X2|X1,Ys),

then R (0,0, D3) is equal to the set of all rate tuples (R, Ra,
R3) satisfying

Ry > H(X1 V1)
Ri+ Re > H(X\ V1) + H(Xs| X1, Ya)
Ry + Ry + Ry > H(X1|Y1) + H(X3|X1,Ys) + 8'(Ds).

Proof: The converse follows directly by Lemma [9] and
uses the conditionally less noisy assumptions (Y2 = Y7 | X3)
and (Y3 = Y, | X1, Xg). The achievability follows by
Lemma with A; = X; and Ay = X,. [ |

Remark 3: Theorem [T10]includes Corollary To see this:
The Markov chain X <> Y3 <» Y5 <+ Y; implies, by the data
processing lemma, that

H(X1|Y1) > H(X1|Y2) > H(X1|V3).
Moreover, we also have Xo <> (X' 1,Y3) «> Y5 and therefore
H(Xo|X1,Ys) = H(Xs|X1,Y2,V3) < H(X:| X1, Ya).

Physical degradedness implies conditionally less noisy: For
every auxiliary random variable W' satisfying W < (X, X1)
< (Y1,Ys,Y3) we have W < (X1,Y5) <> Y7 and thus

I(W;Ys|Xy) = HWI|X,) — HW|X,,Y1,Y2)
> I(W; V1| X1).

The less noisy condition (Y3 > Y3 | Xl,Xg) follows by a
similar argument.

Remark 4: Steinberg and Merhav [15]] were the first to con-
sider and solve the two-stage successive refinement problem
with physically degraded side information. Tian and Diggavi’s
work [[16] generalised Steinberg and Merhav’s result to three
or more stages with physically degraded side information.

C. Two Stages with Y, better than Y, (starting from X
Y1 < Ys)

Reconsider the successive-refinement problem in Fig. [3
but now with only two receivers, receiver 1 and 2. Suppose
that the side information at receiver 1 is better than the side



information at receiver 2. Side information scalable source
coding refers to the special case where

XoeeY @)

forms a Markov chain. Here we notice that the roles of Y;
and Ys in the Markov chain (B) are reversed with respect
to Definition [3] and Theorem [8] In contrast to Theorem [§]
however, there is no known computable expression for the
RD region under (3)). Tian and Diggavi gave achievability and
converse bounds in [17], and they show that these bounds
match for degraded deterministic distortion measures. In this
section, we relax the Markov chain in () to a conditionally
less noisy setting.

The next lemma gives an achievable rate region for arbi-
trarily distributed side information. The rate constraints can
be distilled from those in [7], see Appendix [F| and the
cardinality bounds can be derived by the standard convex
cover method [[14]. The lemma includes Tian and Diggavi’s
bound [17, Cor. 1] for arbitrarily distributed side information
as a special case.

Let R} (D1, Ds) denote the set of all rate pairs (Rq, Rg)
for which there exists a tuple of auxiliary random variables
(A12, A1, As), jointly distributed with (X, Y7,Y53), such that

(i) (A12,41,42) & X < (Y7,Ys) forms a Markov chain;

(ii) the auxiliary alphabet cardinalities satisfy

|A2| < [X]+3
|A1] <X [Are| +1
|A2| < |X] [Asz| + 1;

(iii) there exist deterministic maps for j = 1,2,
¢j:Aijj_>Xj;

with
D; > L 6j(X7¢j(Aj7}/}));

(iv) the rate pair (Ry, Ro) satisfies
Ry > I(X; A1, Ay|Y7)
Ry + Ry > max {I(X; A|V1), I(X; A12|Y2)}

+ I(X;A1|A12, Y1)
+1(X; Az|Ay2,Y2). (6b)

(6a)

Lemma 11:
R (D1, Ds) € R(Dy,D5).

The next and final result of the paper generalises Tian and
Diggavi’s result [17, Thm. 4], which holds under the Markov
chain in (3), to a conditionally less noisy setting. Suppose that
81 and dy are deterministic distortion functions, with X; =
P1(X) and Xo = 9ho(X). It is said that d is a degraded
version of § if

Yo =1 01y
for some deterministic map v’. The next theorem is proved in
Appendix [H|

Theorem 12: Suppose that §; and Jo are deterministic dis-

tortion functions.

(1) If - is a degraded version of 4y,
H(X,|V1) < H(X5|Yz) and (V1 = Ys | Xy),

then R?,(0,0) = R(0,0) and the rate constraints of (6]
simplify to

Ry > H(X,|Y1)
Ri + Ry > H(X5|Ys) + H(X,|X2,Y7).
(i) If é; is a degraded version of do and
H(X1[Y1) < H(X1|Y?)

then R (0,0) = R(0,0) and the rate constraints (6)
simplify to

Ry > H(X,|Y7)
Ry + Ry > H(X,|Ys).

Remark 5: Theorem [I2]applies to the reverse degraded side
information case, since by Lemma [ (i) the Markov chain
X < Y, & Y, implies (Y7 = Yy | Xo) and by the data

processing lemma it also implies H (X;|Y;) < H(X;|Yz) for
j=1,2.

APPENDIX A
PROOF OF LEMMAT]

We first notice that
I(J;S2|L) — I(J;S81|L) = I(J;S2, L) — I(J; S1, L), (7)

by the chain rule for mutual information. Expand the first
mutual information on the right hand side of (/) as follows:

N I(J; 8,0, LilS33E LY
i=1

N IS LY S, L)
=1

O (1, ST, St LY L S, L)
(ST 40, L3 o, Lil, S 1471))
e Z (I(Wz‘; Sa,i5 Li)

— (S} L Sa0 Ll S5 L) ®)

where (a) and (c) follow from the chain rule for mutual
information; (b) exploits the fact that the source is i.i.d. and

H(S2,i, Li| S51", L") = H(S2,4, Ly);
and, finally, in (d) we define and substitute the random variable
Wi=(J, 871,515 Ly, L), )

Expand the second mutual information on the right hand
side of (7) as follows:



23 (1085t Ly Sy L)
_I(va;lei? ii-&-l’LG-i-l))
=) (J(J, Sy LY Sy Lol ST, L)
— (82 Lis S, LS54 171
LY (0 ST S53 L Ly 1o L)
— I(S2,i, Li; ST i1, L |, Séﬁla Li_l))
(:) i (I(Wi;sl,i,Li)

_](ngLi;Sﬁi+1,L?+1\J,S;'fll,Li_l)), (10)

where (a) is a telescoping sum and we understand 53,1 and LY,
for + = 1, and S{L,n+1 and LZ_H, for ¢ = n, to be degenerate
random variables (constants); (b) again uses the chain rule for
mutual information; (c) exploits the i.i.d. source and hence

H(S1,i, Lil ST i1, Li 1) = H(S14, Li);
and, finally, in (d) we substitute
Wi = (‘L Sﬁi«kla S;,_117 Li_lv L?+1)'
Subtract (I0) from (8] to obtain
I(J;82,L) —I(J; 51, L)
=3 (FWis 20, L) = 1(Wis S14, L) ). (D)
i=1

We now single-letterize the quantity on the right hand side
of (TI). To this end, let us introduce a time-sharing random
variable: Let @ be uniform on {1,2,...,n} and independent
of the tuple (R, S1,S2,T, L). Dividing by n, we have

%Z (I(Wi; Saiy Li) — I(Wi; St Lz))
i=1

O LN (1 S0 L1 = 1) — I(W: S 11O — i
> (1Wis 2.0, LilQ = i) = (Wi S1,i, Ll Q = 1))
b

2 1(Wq:S2.0. Lal@) — I(Wao: S1.0. Lal@)

(C:) I(WQa Q7 SQ,Qa LQ) - I(WQ7 Qv SLQ7LQ)
G [, 8,, 1) — I07; 81, 1), 12

where in (a) we use that () is independent of (S ;, S2,:, L,
W;); in (b) that @ is uniformly distributed; in (c) that
(S1,8S2, L) is i.i.d. and independent of @, and therefore

H(Sjq,LqlQ) = H(S)q,Lq),

and, finally, in (d) we define and substitute

J=12

W= (Wq,Q), S1 =51, S2 =524, and L = Lq.
From and (12), we have

I(J;S2, L) — 1(J; 8y, L)

=n(I(W;S2, L) — I(W;S1,L)). (13)

We also notice that
Wi < (Ri, L) <> (514,524, T5), (14)
forms a Markov chain for all ¢ = 1,2,...,n. Each of the n

Markov chains in follows from the definition of W;, the
n-letter Markov chain

J & (R7L) A (517 527T)7
and the fact that (R, S, S2, T, L) is i.i.d. Now define

R=Rg and T =Tg.

Using the independence of @ from (R, T, S1, S2, L), we have
the desired Markov chain,

W« (R,L) < (51,55, 7). (15)

It remains to show that the auxiliary random variable W,
whose alphabet cardinality is unbounded in n, can be replaced
by some W with an alphabet satisfying |[W| < |R||L|. We now
prove the existence of such using the convex cover method of,
for example, [|14, App. C].

For each and every w in the support set of W, let ¢ denote
the conditional distribution of (R, Sy, So, T, L) given W = .
Let P denote the set of all joint distributions on R x S; X
So x T x L.

For each and every pair (r,l) in R x £ but one — the
omitted pair, say (r*,1*), can be chosen arbitrarily — define
the functional g¢,.; : P — [0, 1],

gr,l(q) = Z Z Zq(r,sth,tJ).

51E€81 52€S2 t€T

The (|R||£| — 1)-functionals defined in (T6) will be used to
preserve the joint distribution of (R, Sy, S2, T, L) when the
Support Lemma [14, Sec. App. C] is invoked shortly. Indeed,
we notice that for each such pair (r,1) the expectation

Eg{gri(aw)} = D> PIW =] gri(qa)
weEW

(16)

is equal to the true probability P[(R, L) = (r,1)]. Moreover,
this agreement extends over R X S; X So x T x L because

[E{gr,l(QW)} . [P[Sl = 81752 = SQ,T = t|R = T,L = l]
17)
is equal to the true joint probability P[R = 7,51 = s1,52 =
s9, T =1t,L=1].
If the joint distribution of (R, L, S1, S2, T') is preserved, we
can additionally preserve the difference
I(W; 82, L) = I(W; Sy, L) (18)

by simply preserving H (Sy, L|W)—H (S1, L|W). To this end,
define the functional g: P — [—|S1], |Sz2]],

g(q) = H(SzaL)_H(ShL)? (19)



where the joint distributiorﬂ of (R,S1,S2,T,L) is understood
to be given by q. We also notice that

Eyi{g(an)} = > PIW = dlg(qa)
weEW
= H(Sy, LIW) — H(Sy, L|W).

The Support Lemma asserts that there exists an auxiliary
random variable W defined on an alphabet WV with cardinality

(Wl < [R|I£]

and a collection of (conditional) joint distributions {g,,} from
‘P, indexed by the elements w of W, such that
(i) for all (r,l) in R x £ — excluding the omitted pair
(r*,1*) — we have

Ew {gri(aw)} = Ey {gri(ay )}, (20)

(i) and

Ew{g9(qw)} = Ey {g(ay)}- 1)

The new auxiliary random variable W and the distribu-
tions {q, } induce a joint distribution on W x R x L. The
equality (20) ensures that the (R, L)-marginal of this new
distribution is equal to the true distribution of (R, L). This
agreement extends to the full joint distribution via (T7)); that
is, we impose the Markov chain

W (R, L) < (51,52, 7). (22)
Finally, the equalities (20) and ZI) imply
I(W; S, L) — I(W;S51,L)
= I(W; 85, L) — I(W; 8y, L), (23)

For the case when L is a function of R: The tighter
cardinality bound |[W| < |R| can be proved using the above
method with the following modifications. If L is a function of
R, then L <+ R +> W and from (13) we have

W R (L,S1,5,T). (24)
Replace the (|R||L| — 1) functionals {g,;} in (16) by
= Z Z ZZq(r,sl,SQ,t,l) (25)

81E€81 s2€8Sx teT lel

for all » in R but one. The (|R| — 1)-functionals in (23)
combined with the Markov chain (24) are sufficient to preserve
the joint distribution of (R, S1,S2,T, L) using the Support
Lemma. The remainder of the proof remains unchanged except
that g, replaces g¢,.; in @0) and W < R « (L, S1,S59,7)
replaces (22)). ]

Remark 6:

(i) The proof of Lemma |l| can be manipulated so as to
replace the relescoping sum step (I0) with a Csiszdr sum
identity |14} Sec. 2.4] step. We feel that the telescoping
approach gives a cleaner proof.

(ii)) We note that steps (a) and (b) of are reminiscent of
those used in Kramer’s converse for the Gelfand-Pinsker

4We use sans serif font to emphasise that this joint distribution differs to
that of (R, S1,S52,T, L).

problem (coding for channels with state), see [31, Sec. F]
or [32, Sec. 6.6]. It is not clear, as yet, whether there is
a deeper relationship between the two problems.

APPENDIX B
PROOF OF CARDINALITY BOUNDS IN LEMMA 2]

Suppose that we have auxiliary random variables (A, B, C)
as well as functions ¢; and ¢ such that (4, B,C) + X «
(Y1, Yz) and

Dl 2 E 61 (Xa d)l(Aacv Yl))
D2 2 E 52(X,¢2(B,C,1/2))7

but without the cardinality bounds in Lemma [2} that is, the
alphabets A, B and C are finite but otherwise arbitrary.

Consider the variable C'. For each and every c in the support
set of C, let g. denote the conditional distribution of (4, B, X)
given C' = c. Let P; denote the set of all joint distributions
on Ax BxX.

For each and every x in X but one, say z*, define g, :
Py — [0,1] by setting
)= qlab,x).
acAbeB
We notice that, for all z except =¥,
Ec{g.(qc)} = P[X = x] (26)

gives the true marginal distribution of X. Now define the
following functionals — each mapping P; to [—|X|, |X|] —
by setting

I(X;BJY2) —
I(X A1) —

H(X|A, Y1)
H(X|B7 Y2)

27)
(28)

91(q) ==
gz(Q) =
and

=2 2

a€Ay €Yy

min Z Z Z a,b,z)p(y1,ya|x)d1 (2, x)
peX beBzEX y2€Y2
=>_ 2
beEB y2€Y2
min Z Z Z a,b, 2)p(y1, y2|x)02(Z, x).

2EX, aC€ATEX y1EQ

The joint distribution of (A,B,X,Y1,Ys) in Z7) and (28)
is understood as follows: (A,B,X) is distributed according
to ¢ and (Y4,Y3) conditionally depends on X via the true
side information channel (the conditional distribution P[Y; =
y1,Ya = y2|X = =z]); in particular, we have imposed the
Markov chain (A, B) < X <+ (Y1,Y3). We also notice that

Ec{gi(ac)} = I(X; B|Y2,C) — H(X|A,C, Y1)
Ec{g2(q0)} = I(X; A|Y1,C) — H(X|B,C,Y3)
and
[Ec{gg(qc)} = min A[E(Sl(X, $1(A, C, Yl))
$1:AXCXY1— X
Ec{gs(qc)} = min Ed2 (X, ¢2(B,C,Y2)).

b2 BXCXYo— X



The Support Lemma asserts that there exists a new auxiliary
random variable CT defined on an alphabet CT with cardinality

cT < x| +3

together with a collection of |CT| distributions {g}} from P4
— indexed by the elements ¢ of CT — such that

Ec{g.(ac)} = Eci{g:(al1)}, Vo € X except z* (29)

and
Vi=1,2,3,4.

Ec{gj(ac)} = Ect {gj(qéf)}, (30)

The new variable CT, the distributions {g!}, and the true
side information channel come together via the Markov chain

(At B, ch) & XT & (v, Y)) (31)

to specify a tuple (AT, Bt CT, X1, ¥/, ;) on A >< B >< Ct x
X x Y1 x V5. The equality (29) ensures that (XT,Y;,Yy) and
(X,Y1,Ys) have the same distribution, which also implies

H(XTY]) = H(X|)
and H(XT|Y)) = H(X|Y2). (32)
Similarly, (30) ensures
I(XTvA”YlT?CT) _H(XT|BT7CT?Y2T>
= I(X; AlY1,C) — H(X|B,C,Y2); (33b)
and
min Ed§ (X1, ¢l(A", 0T, 1))
¢>T TAXCT xylaXl
= min R [E51 (X, ¢1(A,C, Yl)) (34&)
(;51:.A><C><3/1—>X1
min E&(XT,0h(BT,CT,v)))
L BXCHXVo— Xy
= min [E62(X, @(B,C,YQ)). (34b)

b2 BXC X Vo — Xy

Finally, the equalities (32) and (33) together give
I(XH O + 1(XT ATCT, ) + 1(XT; BT T, Y
=I(X;CM) + I(X; A|C, Y1) + I(X; B|C, Y3)
and
I(XTCTy)) + 1(XT AT|CT ) + (XY BT|CT, )
=I(X;CY,) + I(X; A|IC, Y1) + I(X; B|C, Y>)
and therefore
malxgl(X;C’|Yj)+I(X;A|C,Y1)+I(X;B\C,Y2)
Ji=1,

= max
j=1,2

I(XT; ey + 1(XT; AT|CT, vy

+1(xt; BY|ct, vy). (35)

Consider the tuple (AT, BT, CT, X1 Y/".Y))). We have the
Markov chain (1)) by construction, and we notice that At and
BT always appear separately in (33) and (34). We may there-
fore replace the joint distribution of (AT, BT, CT, X1, v, v;)

with another that shares the same Markov chain @]) and
marginals (Af, CT, XT), (BT,Ct, XT) and (XT,Y],Y]), but
imposes the new chain

T« (CT,XT) & BT, (36)

Or put another way, the Markov chain does not alter the
left hand sides of or (34). The chain (36) will be important
in the sequel because it allows the cardinalities of A and B
to be bounded independently. With a slight abuse of notation,
we retain the same notation (AT, Bf, T, X1, v, V1) for this
new distribution.

Consider the variable Af. For each and every a in the
support set of Af, let ¢, denote the conditional distribution
of (CT, XT) given AT = a. Let P denote the set of all joint
distributions on Ct x X. For each and every (c, ) in Ct x X
but one, define g, , : P2 — [0,1] by setting

go,ﬂt(‘]) = Q(Cv x)

Here
E 4t {gc,m(QA*)} = [P[(CTvXT) = (Cv I)]

returns the desired probability for all (c,z) in CT x X but one.
In addition, define

95(q) := H(X|C, Y1)

and

=2 2, min) D

X
ceCt y1€M1 TN pex Y2EY2

p(y1, y2|7)d1 (2, ),

where the joint distribution of (C, X, Y1, Y>) is understood as
follows: (C,X) is distributed according to ¢, and (Y7,Ys)
conditionally depends on X via the true side information
channel. We have

[EAT {QS(QAT>} = H(XT|AT5 CT7Y1T)
and

min

5, (X, ¢} (AT, CT,¥])).
dl:AXCT XY =2

Eat{g6(qar)} =
The Support Lemma asserts that there exists a random
variable A* defined on an alphabet A% with cardinality

A < |t x] + 1

together with a collection of |.A*| distributions {g}} from P,
(indexed by the elements a of A%) such that

Eas{gca(qat)} = Ear{gc(qar)} 37

and

Ea:{gj(qat)} =Eai{gj(qar)}, 7=56. (38)

The new variable A*, the distributions {g}}, the true side in-
formation channel, the conditional distribution P(BT| X, CT),
and the Markov chains (31) and (36) come together to specify
atuple (Af, B, O, X1 Y} V) on ATXBXCIX XXV X V5.



The equalities in ensure that (C*, X*) and (CT, XT)
have the same distribution. By construction, we also have
that (B, Ct, X%, Y], Y}) and (BT, Ct, X1, Y], Y,) have the
same distribution, and therefore

max { 1(X% Gy, (x5 O |+ H(XFCT, vy
+ (X% BYCL YY)
= max {1(XT; ¢y, (x0T v b+ H(XTCT, vy

+1(xt: Bt vy)). 39
In addition, (38) ensures that
H(XHAY ¢t v = H(xXT| AT, of, v]) (40)
and
min E& (XF o (AT, CH YY)
ph AT XCH XY =2
= min Ed (XT, ¢1(AT, 0T, Y1), @D

qﬁT TAXCT XY =&
Combining (33), (34), (39), @0) and @EI) gives
max { 1(X*; CHY)), I(XF ;) b+ 1(XF; AT|C )
+I(X* BYCH YY)
= max { 1(X; C%1), 1(X; C|Ya) } + 1(X; A|C, )

+I(X;B|C,Ya). (42)

as well as

min E & (XF, ¢} (AF, CFY))
¢113:A1><CT><)J1H231

= min
¢1 AXCx Y1 =X,

and

min  Ed(XF,0h(BF, 01 YY)
¢>%:B><CT X Vo — Xo
= min  E&y(X,62(B,C,Y2)), (43b)
G2:BXCXYo—Xo
as desired.
Using analogous arguments as above, we can find a random
vector (A, B',C", X", Y/, Yy) over At x B/ xCT x X x Y1 x Vs,

where the cardinality of the alphabet B’ satisfies
B < [cH| x|+ 1,

and such that (@2) and are satisfied when the tu-
ple (Ai,Bi,Ci,Xi7Yli,Y2) is replaced by the new tuple
(A, B',C", X', Y{,Yy). This concludes the proof of the car-
dinality bounds. u

APPENDIX C
PROOF OF LEMMA [4]

A. Assertion (i)

Consider any auxiliary random variable W for which

W« (X,L) < (Y1,Ys) (44)

is a Markov chain. We have

I(W;Ya|L) = H(W|L) — H(WI|L,Y2)
© HWI|L) - HW|L,Y2, Y1)
> H(W|L) — H(W|L, Y1)
=I(W;Y1|L),

where (a) uses the fact that
W« (Yo, L) <> Y1,

which follows from (@4)), the Markov chain L <> X < (Y7,
Y5), and the physically degraded side information. ]

B. Assertion (ii)

Take any auxiliary random variable W for which
(Y1,Y3).
Consider Definition [6] with L = X;. We have

W+ (X1,X2) &

0 < I(W;Y1]X1)
= HY1|X1) — HY1 W, X1)
@ H(Y1 X1, Xa) — H(Y;|W, X1)
© WX, Xo) — HY|W, X1, X»)
=I(W;Y1|X1, X>)

©o,

where the indicated steps apply the following Markov chains:

(a) X2 d X1 — }/1
b  Xo o (W, X)) & V)
(©) W& (Xy,Xo) < (Y1,Y2).

Thus, we have that
I(W;Y1|X1) =0
and therefore I(W;Y7|X1) is no larger than I(W;Y3|X;). &

APPENDIX D
PROOF OF LEMMA [3]

Fix a distortion Dy > 0 and an (0, Ds)-achievable rate
R > 0. By definition, for each ¢ > 0 we can find a block code
(f,q1,92) with sufficiently large blocklength n such that

1
R+ezﬁlog|M\, (45)
1 — .
>E — b X1
e>F — Zél(xz, 1i)s (46)
and N
1 ~
Dyte>E—3 60(X; Xay). (47)

i=1
Fix € > 0 and consider such a block code. Define P, ; as the

probability that the i-th symbol X; = t(X;) is reconstructed
in error at Receiver 1,

Pe,i = [P[Xl,i 7é Xz]



The probability P. ; can be expressed as P, ; = Edq (X, X 1)
so by ()

1 n

- Z Pe,i <e

N4

Consider next the conditional entropy H (X|M,Y1). Start-
ing from the fact that X is determined by (M, Y7), we have

(48)

HX|M, Y1) 2 HX|M, Y1, X,) < HX|X1)
n
S ZH(X1|X11)
=1

(©)
<Z(h i) + Pe,ilog | X))

(49)
where (a) applies the Markov chain
X 4 (M,Y]_) d X]_;

(b) invokes the chain rule for entropy and the fact that condi-
tioning cannot increase entropy; (c) applies Fano’s inequality;
(d) combines the concavity of the binary entropy function with
Jensen’s inequality; (e) invokes (@8)); and (f) substitutes

e(€) :== h(e) + elog | X|.
Finally, we notice that €(¢) — 0 as ¢ — 0.
Now consider the rate condition (@3]). We have

1
R+e> =log, IM|

> ~H(M)

1
> —H(M[Y1)

n

1 -
> —I(X,X;M|Y1)
n
(
b

- 1 -
= H(X|Y1) —e(e) + EI(X;M\X,Yl),

I(X;M\K)+I(X;M|X,Y1))

—_
=

Ve
S|I—3|

H(X|Y:) — ne(e) + I(X; M|X, Yl))

~
=

(50)

where (a) substitutes (@9) and (b) invokes the fact that
(X, X,Yy) is iid.

Consider the conditional mutual information term on the
right hand side of @ Rearranging this term, with the intent
of conditioning on (X, Y3) instead of (X, Y7), we obtain

I(X;M|X,Y;)
CI(X; M|X,Y,) - H(M|X,Y,) + H(M|X, Y1)
=I(X;M|X,Ys) + I(M;Y3|X) - I(M;Y;|X) (51)

where (a) invokes that M is a function of X or, in the more
general case of stochastic encoders, that

M+ X & (X, Y1,Ys,).

Consider the first conditional mutual information on the
right hand side of (51). Expand this term using the method
of Wyner and Ziv [1, Eqn. (52)] as follows:

I(X;M|X,Yz)

=> I(X;; M|X, Y2, X{)

M: i
I

«
I
A

a

I(Xi; M, Xi_lv)zin-&-la Y2i,117Y27,Li+1a Xi_1|)~(i,Y27i)

>

-

«
Il
-

I(Xi; M, }/Qi,zla Y27,Li+1 ‘Xﬂ YQ%)

I(Xi; Bi| Xi, Ya.),

(52)

-

s
Il
-

where (a) follows because (X, Y5, X ) i.i.d. and therefore
H(X;|X, Yz, X{7Y) = H(X,|X;,Ya,),
and in (b) we define
B; == (M, Yéi,;l?YzT,LiH)-

Continuing on from (32), we have

I(Xi; Bi| Xi, Ya.0)

S|

N
Il
—

lJ(X;J\ﬂfgyz) >
n
S(Ed2(X;, X2.4))

252 Xl,Xm)

Z S(DQ + E)a

O
S|
INgh

—

© IVG'
/_'\ﬂ

(53)

where

(a) follows from the definition of S(D2) upon noticing that
the i-th reconstructed symbol, X ;, can be expressed as
a deterministic function of (B;,Y> ;) and

B; & X; & (Y1,:,Y2,);

(b) combines the convexity of S(D3) in D, with Jensen’s
inequality; and
(¢) S(D2) is non-increasing in Dy and

1 ¢ ,
D SEZS 6a(Xi, Xos).
2+€=> nz 2( 2,i)

i=1
Consider (30), (31) and (53). We have
R+e> H(X|Y1) —e(e) + S(Das +¢)
o (100,%]%) - 1067 X)),
We now apply Lemma [T| with
R=X, S1=Y1, So=Y;, T=0, L=X and J = M.



There exists W, jointly distributed with (X, Y7, Y5, X), such
that
W X & (,Ys2),

[W| < |X|, and

R+e¢> H(X|Y:) —e(e) + S(Dy +¢)
+ I(W; Y| X) — I(W;Y1|X).
The converse proof is completed by letting ¢ — 0 and invoking
the continuity of S(D3) in Ds. [ ]
APPENDIX E
PROOF OF COROLLARY [3.1]

Choose C' = X in Theorem [3| and apply the definition of

S(D3) to obtain
R(0,Dz) < H(X|Y1) + 5(Ds).

The reverse inequality can be proved using a short converse;
specifically, we have

> I(X; M[Y1) + I(X; M|X, Y1,Y2)
©H(X Y1) - HX|M,Y:) + 1(X; M| X, Y2)

Q n(H(X|Y1) ~ =(0) + 5(Ds +9), (54)

where (a) applies M <« (X' ,Y2) < Y7 and (b) repeats the
steps in (@9), (53), where £(€) can be chosen so that £(e) — 0
as € — 0. n

APPENDIX F
PROOF OF LEMMAS [7] AND [TT]
Lemmas[7]and[TT]are both special cases of the next theorem.
Theorem 13 (Thm. 1, [7]): Let (U1237 Uio,Uys,Uss, U,
Us,Us) be any tuple of auxiliary random variables, jointly
distributed with (X, Y7,Y5,Y3), such that

(Y1,Y2,Y3) <+ X > (Uas, Uiz, Uiz, Uaz, Uy, Uz, Us); (55)
forms a Markov chain, and there exist three deterministic
mappings

bj U x Yy — Xy, j=1,2,3,
with
D;j > E 6;(X, ¢;(U;,Y5))-
Then, for each such tuple of auxiliary random variables, any
rate tuple (Ri, Ro, R3) satisfying is achievable with
distortions (D1, Do, D3).

A. Proof of Lemma[7]

Suppose that the auxiliary random variables (A, A, A3)
meet the conditions of Lemma [J] Consider Theorem [13] with
U12 and U;3 being constants and

Uis =U1 = A
Uss = Uz = Ay
Us = As.
The rate constraints of now simplify to those of Lemma 7]

B. Proof of Lemma

Suppose that the auxiliary random variables (A2, A1, A2)
meet the conditions of Lemma [I1] Consider Theorem [13] with
infinite D3, set Uyo3, Uys, Usz and Us to be constants, and
Uia = A1z, Uy = Ay and Uy = As. The rate constraints
of now simplify to those of Lemma [T1] [ |

APPENDIX G
PROOF OF LEMMA

We have
1
Ri+¢e> 7H(M1)
n

1 ~
> EI(XI; M1|Y1)

g %(H(X1|Y1) ~nei(e)

(®)

= H(X1|Y1) — e1(e), (58)

where (a) applies Fano’s inequality in the same way as (@9),
where £1(€) can be chosen so that 1(¢) — 0 as ¢ — 0; and

(b) follows because the pair (X1,Y;) is i.i.d. The sum rate

Ry + Ry is bounded in (60). The justification for the steps

leading to (60) is:

(a) The Markov chain (My, My) <+ (X1, X) + (Y1, Y2);

(b) X is determined by X;

(c) exploits the fact that (Xl,Xz,YLYz) is i.i.d. and ap-
plies Fano’s inequality twice, in a manner similar to (@9),
where €1 (e) and £2(€) can be chosen so that they tend to
0 as € — 0; and

(d) the nonnegativity of conditional mutual information.

We now bound the sum rate R; + Ro + Rs3. Notice that
the steps leading to @]) remain valid if we replace R; + R
by R; + Ry + R3 and the pair of messages (M7, Ms) by the
triple (M7, My, Ms). Indeed, we have (62), where (a) invokes
the Markov chain

(My, My, M) < (X1, X2, X) > (Ya,Y3). (6
Consider the first conditional mutual information on the
right hand side of (62). We have
1 -~
EI(X;MDMQ,M3|X1,X2;Y3)

n

(@ 1 . " ~ ~
z - > I(Xi; My, My, M3, Y37, V3% | X, X, Yasi)

i=1

® 1 S
== D) I(X;;CilX1,i, Xo4, Vs
nE ( | X1,i, X2, Y3,0)

i=1

© .
> 25/(553()(2‘,)(3,2‘))
i=1
@ 1 & -
> S’ <[En Z53(X1,X32)>
=1
(e)
> S'(D3 +e), (63)

where (a) follows from the same reasoning as step (a) of (52));
in (b), we define

Ci = (Ml, M27 M37 }/;7117 YE’;’,LiJrl);



Ry > I(X;Ui23) — I(Ui23; Y1)

+ I(X; Ur2|Ui23) — I(Ur2; Y1|Ui23)

+ I(X,Ui2; U13|U123) —

I(Uqs; U12Y1|U23)

+ I(X; U1|Ui23, Ui, Uig) — I(U1; Y1|Ui2s, Uiz, Uss) (57a)
Ri+ Ry > I(X;Uia3) — min {I(Ur23; Y1), I(U123; Y2) }
+ I(X; U12|Ur23) — min {I(Us2; Y1|U123), I (U12; Y2|Ur23) }
+I(X7 U12;U13|U123) - I(U13;U12,Y1|U123)
+ I(X,U12,U13; Ugs|Ur23) — 1(Uas; Uiz, Ya|Ui23)
+ I(X; U1|Ui23, U2, Urs) — I(Uy; Y1|Ui23, Uiz, Uss)
+ I(X; Us|Ui23, Ur2, Uss) — I(Uz; Ya|Ui2s, Ur2, Uss) (57b)
Ry + Ry + Ry > I(X;Uy23) — min {I(Ui2s; Y1), I1(Un2s; Y2), I (Ur2s; Y3) }
+ I(X;U12|Ur23) — min {I(Us2; Y1|U123), I (U12; Y2|Ur23) }
+ I(X, U12; U13|Ur23) — min {I(Uys; Urz, Y1|U12s), I (Us; Y3|Ura3) }
+ I(X, Ura, Urs; Uas|Ur23) — min {1(Uss; Uz, Y2|Uras), I(Uzs; Uss, Ys|U1zs) }
+ I(X; U1|Ui23, Ui, Uig) — 1(Uy; Y1|Ui2s, Ui, Uss)
+ I(X;U3|Ui23, Ur2, Uzz) — I(Us; Y2|Us23, Ur2, Uzs)
+ I(X; Us|Ui23, U3, Uss) — 1(Us; Y3|Uy23, Uis, Uas). (57¢)
1 1 ~
R1 +R2 + € Z EH(Ml,MQ) Z ﬁI(XlaX;Ml,M2|Y1)
1 . -
= —(I(Xi My, Mol Ya) + 1(X: My, Mo | X1, Vi)
1 - - - -
@ (1R My, Mo V) + 1(X; My, Ma| K, Ya) + 1(Ya: My, M| R) — 1(Ya; My, M| X))
1 - - - - -
e E(I(X1;M1,M2|Y1) + [(Xa2; My, M| X1, Yz) + I[(X; My, M| X1, X2,Y2)
Jr](Yz;MhMﬂXl) *I(Yl;Ml,Mz\Xﬂ)
(©) ~ ~ o~ 1 ~ ~
> H(X Y1)+ H(X2|X1,Y2) —e1(€) —ea(e) + E<I(X;M1,M2|X1,X27Y2)
+1(Ya; My, Mp| Xn) = I(Ya My, Ml X)) (59)
@ o 1 - -
> H(Xi|Y1) + H(Xa| X1, Y2) = 21(6) — a(e) + = (I(Yz; My, My|Xy) — I(Yy; M, M2|X1)). (60)

and (c), (d) and (e) each follow the same reasoning as steps
(a), (b) and (c) of (33) respectively. From (62) and (63) we
obtain (64).
Consider and (64), and apply Lemma I] twice: once for
R=X, 58 =Y, S3=Y,, T=Ysand L = X,
and once for

R=X, S8 =Y, S;=Ys5, T=Y; and L = (X1, Xy).

We conclude that there exist auxiliary random variables W7,
Wy and W3 with

‘W1|7 |W2|7 |W3| < |X|a

and

WjHXH(Y17Y27YE’>)7 j:1a2737

such that the rate tuple (R1, Ra, R3) satisfies
R1 +R2+6 Z H(X1|Y1)+H(X2‘X1,Y2)+I(W1,)/2|X1)
— I(W; V1| X)) — e1(€) —ea(e)  (65)
and

Ri+Ra+ Rs+€
> H(X,|Y1) + H(X3|X1,Ys) + 8 (Ds + €) — ea(e) — e1(e)
+ T(Ws; V3| X1, Xo) — I(Ws; Ya| X1, Xo) + [(Wa; Ya| X))
— I(Wa; Y1|X1). (66)



. . 1 - -
Ri+ Ry + Ry +e> H(X Y1)+ H(X2|X1,Y2) —e1(e) — e2(e) + 5(I(X;M1aM2aM3|X17X27Y2)

+ I(Ya; My, Mo, M3| X,) — I(Yl;M17M2,M3|X1))

- - 1 - -
L HE) + H(X| %1, V) = 21(6) = 2(6) + — (1(X: My, My, My| %y, X, Ya)

+ I(My, Mo, M3; Y3| X1, Xa) — I(My, Mo, M3; Y2| X1, X2)

+I(Y2;M1,M27M3|X1)—I(Yl;Ml,MmMs\Xl)) (62)
- o 1 - -
Ri+ R+ Ry +e€> H(X1|Y1) + H(X2|X1,Y2) + 5" (Ds +¢€) + E(I(MlyMQaMSZ Y3 X1, X3)
~ ~ 1 ~
— I(My, My, My Ya| X1, X)) + — (1001, My, My; Ya | )
— I(My, My, My; Y| X)) = e1(6) — (). (©64)

The converse proof follows by (38), (63), and (66), by letting
e — 0, and by the continuity of S’(Dj3) in Dj. ]

APPENDIX H
PROOFS OF THEOREM [12]

A. Assertion (i)

Achievability: The rate constraints follow from (6) upon
setting A; = X; and Ay = Ay = X5 and invoking the
assumptions X, = ¢/(X1) and H(X5|Y1) < H(X5|Y2).

Converse: The lower bound on R; is trivial. The lower
bound on the sum rate R; + Ro follows by, now familiar,
arguments:

1 1 -
R1 +R2 + € Z EH(Ml,Mg) Z EI(X,XQ§M1,M2|Y2)

1 - -
- H(I(Xz; My, Ms|Ya) + I(X; Ml,M2|X2,Y2)>

1 ~ ~
E(I(Xm My, M3|Y2) + I(X; My, Ma| X2, Y1)
+ (M, My; Y| X2) — I(M17M2;Y2|X2))

(@) ~ ~ o~
Z H(XQD/Q) + H(Xl‘X%Yl) — 6(6)
1 - -
= (1M1, Mo Vi K) — 1(0My, My: Ya | X))

O H(Xo|Ys) + H(X | X2, Y1) — ee) + I(W; V1| X)
— I(W;Y3|X5)

(©) ~ S |
> H(X|Ys) + H(X 1| X2,Y1) —e(e),

where (a) applies Fano’s inequality and that X; can be
computed as a function of X and £(¢) — 0 as € — 0; (b) uses
Lemma |1} and (c) invokes the assumption (Y7 = Y5 | X5). B

B. Assertion (ii)

Achievability: The rate constraints follow from (6) upon
setting Ajo = X, Ay = X5 and A; = constant and invoking
the assumptions X; = ¢/ (X3) and H(X,|Y1) < H(X,|Y2).

Converse: The converse holds because for j = 1,2, we have
R, > H(X,[Y;) > 0. n
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