Strong Converses using Typical Changes of
Measures and Asymptotic Markov Chains

Mustapha Hamad, Michele Wigger, Mireille Sarkiss

Abstract—The paper presents exponentially-strong converses
for source-coding, channel coding, and hypothesis testing prob-
lems. More specifically, it presents alternative proofs for the well-
known exponentially-strong converse for almost lossless source-
coding with side-information and for channel coding over a
discrete memoryless channel (DMC). These alternative proofs
are solely based on a change of measure argument on the sets of
conditionally or jointly-typical sequences that result in a correct
decision, and on the analysis of these measures in the asymptotic
regime of infinite blocklengths. The paper also presents new
exponentially-strong converses for the K -hop hypothesis testing
against independence problem with certain Markov chains and
for the two-terminal L-round interactive compression problem
with J > 1 distortion constraints that depend on both sources and
both reconstructions. For this latter problem, the exponentially-
strong converse result states that whenever the rates lie out-
side the vanishing-excess-distortion-probability rate-region, then
the sum of the J excess distortion probabilities asymptotically
exceeds 1 or tends to 1 exponentially fast in the blocklength.
(When the sum of the excess distortion probabilities exceeds 1,
then a larger rate-distortion region is shown to be achievable.)
The considered L-round .J-distortion interactive source coding
problem includes as special cases the Wyner-Ziv problem, the
interactive function computation problem, and the compression
with lossy common reconstruction problem. The new strong
converse proofs for lossy compression and distributed hypothesis
testing are derived using similar change of measure arguments
as mentioned earlier and by additionally proving that certain
Markov chains involving auxiliary random variables hold in the
asymptotic regime of infinite blocklengths.

Index Terms—Strong converse, change of measure, asymptotic
Markov chains, source coding, channel coding, hypothesis testing.

I. INTRODUCTION

Strong converse results have a rich history in information
theory. They refer to proofs showing that for systems operating
beyond their fundamental vanishing-error performance limits,
i.e., transmitting at communication rates above capacity or
compressing sources at rates below the rate-distortion func-
tions, the probability of error or excess distortion tends to 1 for
increasing blocklengths. Exponentially-strong converses refer
to proofs showing that this convergence happens exponentially
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fast in the blocklengths. Different techniques have been pro-
posed in the literature to obtain such strong and exponentially-
strong converses. In this paper we present a variation of the
change of measure proof techniques by Gu and Effros [2], [3]
and by Tyagi and Watanabe [4]. We consider four different
problems:

1) Lossless source coding with side-information (see Fig-
ure 1).

2) L-round interactive source coding with J > 1 distortion
constraints (see Figure 2).

3) K-hop distributed hypothesis testing (see Figure 3).

4) Communication over a discrete memoryless channel
(DMC) (see Figure 4).
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Fig. 1: Almost lossless source coding problem.

The lossless source coding problem with side-information is
studied for illustration purposes to highlight the role of the
change of measure argument in our proof. Our motivation
for choosing Problems 2)—4) is to show that the method can
be applied to a wide range of applications. In particular,
the interactive lossy compression problem and the K-hop
hypothesis testing problem are complicated and the character-
ization of their fundamental limits involves several auxiliary
random variables. Through these examples we illustrate that
our methodology allows to treat even such complicated prob-
lems with relatively simple techniques. In fact, in addition to
a similar change of measure argument as we used to solve
Problem 1, we only require proving that different Markov
chains hold in the asymptotic limit of infinite blocklengths.
Besides the change of measure argument, the proof of such
asymptotic Markov chains is the second important component
in our proof.

For Problem 2)—the interactive lossy source coding
problem—we impose J > 1 simultaneous distortion con-
straints. This allows for example to capture a common recon-
struction constraint [5], [6] in addition to the standard lossy
reconstruction constraint between the source and the decoder’s
reconstruction. It also allows to have different reconstruction
goals at the two interacting terminals, such as each terminal
wishing to recover a different function of the two sources
or each terminal wishing to reconstruct the other terminal’s
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Fig. 2: Two-terminal interactive lossy source coding.

observations. As we show, in this multi-constraint problem,
the exponentially-strong converse only applies to the sum of
all excess distortions. This means, we show that when the rates
lie outside the rate-distortion region with vanishing excess
distortion probabilities, then the sum (over all constraints) of
the probabilities of excess distortions either tends to 1 expo-
nentially fast in the blocklength n or exceeds 1 asymptotically
as n — oo. Interestingly, the same statement does not apply
if we replace the sum of the excess distortion probabilities
by any of the individual excess distortion probabilities, as we
show through a counter-example. It is interesting also to notice
that this sum-of-probability condition naturally shows up in
our change of measure argument. In this sense, by tackling
Problem 2, we can show how our proof technique is well-
suited to treat multi-constraint scenarios. The following-up
work [7] indeed showed that our proof method can further be
used also to combine different constraints, such as constraints
on the excess-distortion or detection error probabilities with a
constraint on the decoding error probability.

The scenario of Problem 3—K-hop distributed hypothesis
testing—is of interest for low-energy distributed sensor sys-
tems that jointly wish to detect alerts. Due to the low-energy
conditions, the sensors will not be able to communicate in an
all-to-all manner, but communication can only be established
to the next-following sensor, i.e., is multi-hop. Stringent delay
constraints might also impose that decisions cannot wait until
communication has reached the end of the sensor-chain, but
intermediate decisions on whether to raise an alert have to be
taken. Our interest in studying Problem 3 is to show once more
that our method can treat a complicated problem with simple
steps. In particular, a previous result [8] for only K = 2 hops
had to resort to two different proof techniques to bound the
two error exponents, while we are able to present a simpler
and yet unified proof for an arbitrary number of hops and
thus exponents. Moreover, we manage to solve the problem
entirely, while [8] left open some special cases.

Finally, we study the classical channel coding Problem 4
to prove that our method also applies to channel coding. For
channel coding the change of measure technique is simple,
but might not be the very simplest one. However, given the
wide applicability of the change of measure proof also to
source coding and hypothesis testing, its interest is also in
allowing to solve problems that combine channel coding with
reconstructions or detection applications. Such problems have
recently become very popular in the context of integrated
sensing and communication (ISAC) systems. In fact, our
method recently allowed to derive converse results for ISAC
systems [7] by combining the different constraints in a similar

way as we combined the J > 1 distortion constraints to solve
our interactive source coding problem.

In the following two subsections, we provide an overview
of the previous strong converse results on source coding,
hypothesis testing, and channel coding. We then describe the
main ingredients of our converse proof technique and describe
how it differs from previous related proof techniques.

A. Literature Review on Strong Converses and Contributions

1) Source Coding: For (almost) lossless source coding, the
strong converse states that any discrete-memoryless source
(DMS) cannot be compressed with a rate below the entropy
of the source and with reconstruction error probability that
stays below 1 asymptotically for infinite blocklengths. This
result essentially follows by the asymptotic equipartition prop-
erty [9], [10]. The exponentially-strong converse for lossless
compression [11] states that for all compression rates below
entropy, the probability of reconstruction error tends to 1
exponentially fast. Strong converse results also extend to lossy
compression, where the limit of compression of DMSs is not
entropy but the well-known rate-distortion function. The strong
converse for lossy compression of DMSs was established by
Korner [12], see also the related work by Kieffer [13].

Our focus in this paper is on compression scenarios where
the decoder has side-information that is correlated with the
source as depicted in Figure 1. For memoryless sources, the
fundamental limits of compression with side-information were
established by Slepian and Wolf [14] for the lossless case and
by Wyner and Ziv [15] for the lossy case. Exponentially-strong
converses were established by Oohama and Han [16] for the
lossless case and by Oohama [17] for the lossy case. Various
exponentially-strong converse results were also derived for
compression problems in more complicated networks with
and without side-information, see e.g., [2]-[4], [18], [19]. In
this paper, we reprove the exponentially-strong converse for
lossless source coding with side-information.

Our main focus on source coding is on a L > 1-round
interactive lossy source coding problem (see Figure 2) with
J > 1 distortion constraints, which can depend on the
source sequences observed at the two terminals, as well as
on the two terminals’ reconstruction sequences. This problem
includes as special cases Kaspi’s two-terminal interactive lossy
source-coding problem [20], Ma and Ishwar’s two-terminal
interactive function-computation problem [21], and Steinberg’s
lossy source coding problem with common reconstructions [5],
as well as its extension by Malér et al. [6].

As a new result, we prove an exponentially-strong converse
result for the sum excess distortion probability of above L-
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1 exponentially fast. Obviously for J = 1, our result implies
the standard strong-converse result for source coding, i.e., that
the excess distortion probability has to tend to 1 exponentially
fast if the rate lies below the vanishing-error rate-distortion
function. This same statement for a single excess distortion
probability however does not hold when J > 1, as we show
through a counter-example.

2) Distributed Hypothesis Testing: In this paper, we also
prove a new exponentially-strong converse result for the
K-hop hypothesis testing problem in [22], see Figure 3.
In this problem, K + 1 terminals observe memoryless
source sequences whose underlying joint distribution depends
on a binary hypothesis H € {0,1}. The distribution is
Py, TT—, Pvijvi_, under H# = 0 and it is Py, [[s, Py,
under H = 1. Upon observing its source sequence Y,", each
terminal £k = 0,..., K — 1 can send a nRy41-bits message
M, 11 to the next-following terminal. Terminals 1, ..., K have
to produce a guess of the hypothesis Hy € {0,1} based on
their local observations Y, and their received message Mj,.
The main goal is to maximize the exponential decay of the
type-1I error probability (the probability of error under H = 1)
under the constraint that for each blocklength n the type-I error
probability (the probability of error under the null hypothesis
‘H = 0) stays below a given threshold dj, ,,.

For K = 1, this problem was solved by Ahlswede and
Csiszar [23] for type-I error probabilities 9, ,, that are asymp-
totically bounded away from 1. In particular, it was shown
that the maximum achievable type-II error exponent does not
depend on the values 6; , as long as they do not tend to
1. For arbitrary K > 2, the problem was studied under the
assumption that all the type-I error probabilities dy, ,, tend to
0 as n — oo [22]. In [8], it was shown that for K = 2 the
result in [22] applies unchanged for sequences of type-I error

In this work, we strengthen this result to obtain exponentially-
strong converse and we get rid of Condition (1). That means,
we show that for arbitrary K > 1 and arbitrary type-I
error probabilities ¢y ,, not vanishing exponentially fast in the
blocklength, the result in [22] continues to hold. Notice that
the proof of the mentioned special cases with K = 2 in [§]
used the change of measure argument and variational charac-
terizations proposed by Tyagi and Watanabe [4] to bound the
first error exponent, and it used hypercontractivity arguments
as in [24] to bound the second error exponent. The proof of
the strong converse for K = 1 in [23] was based on the
blowing-up lemma [25], [26], same as the proof of the strong
converse for K = 1 when communication is over a DMC and
without any rate constraint [27]. The latter work also used the
Tyagi-Watanabe change of measure argument combined with
variational characterizations. Unlike these works, our proof
does not require any blowing-up lemma or hypercontractivity
arguments, nor variational characterizations.

3) Channel Coding: Wolfowitz’ strong converse [28] es-
tablished that for all rates above capacity the probability
of communication error over a discrete-memoryless channel
(DMC) (see Figure 4) tends to 1 as the blocklength increases.
The exponentially-strong converse stating that the convergence
takes place exponentially fast in the blocklength, was first
established by Arimoto and subsequently refined by Csiszar
and Korner [29] who provided lower bounds on the error
exponents at rates above capacity. Since then, various alterna-
tive proofs for the strong or exponentially-strong converse for
channel coding over a DMC have been proposed, for example
based on the blowing-up lemma [25], [26], [30], by bounding
the decoding error probabilities at finite blocklengths [31]-
[33], or by putting forward geometric and typicality argu-
ments [34]. Various extensions to multi-user communication
networks were also derived, see e.g., [30], [35], [36]. In this



paper, we present yet-another proof, based on a change of
measure argument that restricts to output sequences that are
conditionally-typical for one of the possible codewords and lie
in the decoding set of this codeword. Related is the converse
proof for the wiretap channel by Tyagi and Watanabe [4].
(See our comparison of the two methods in the following
subsection.)

B. Relation of our Proof Technique to the Proofs by Gu and
Effros [2], [3] and by Tyagi and Watanabe [4]:

Our proof method for exponentially-strong converses has
three main components:

o A change of measure argument on the jointly-typical set
of the sequences so that there are no errors under the new
measure;

o Bounding rates in standard ways, also introducing auxil-
iary random variables;

e Proving asymptotic Markov chains under the new mea-
sure for the introduced auxiliary random variables and
proving convergence of multi-letter entropy quantities to
the single-letter entropies of the original measure.

Changing measures for proving converses has a rich history
in information theory. The change of measure proofs by Gu
and Effros [2], [3] for source coding networks and by Tyagi
and Watanabe [4] for source and channel coding are most
related to our method. More precisely, in our work we define
the set D,, of jointly-typical sequences for which there are
no errors, and we obtain the new measure by restricting the
original independent and identically distributed (i.i.d.) measure
to this new set. Gu and Effros identified the same sets D,
but then constructed a new measure that concentrates on D,,
only in the asymptotic limit as n — co. This way, their new
measure does not inherit from the zero-error property like our
new measure, and the error probability has to be taken care
of.

The zero-error property was introduced by Tyagi and Watan-
abe [4], who however do not restrict their new measure on
the typical set. Without this restriction, they cannot prove the
asymptotic single-letterization of the entropy-terms under their
new measures and instead need to introduce two additional
steps in their converse proof that show variational characteri-
zations both for the multi-letter and the single-letter problems.
In this sense, their proof technique requires two additional
steps compared to ours. Notice that in our approach we have to
prove that certain Markov chains hold in the asymptotic limits.
This proof is strongly related to a different proof step of the
Tyagi-Watanabe paper where they show the single-letterization
of their variational characterizations, and thus our proofs of
the asymptotic Markov chains do not seem add additional
complexity.

C. Summary of our Contributions

We summarize the main contributions of our paper:

« We present an alternative exponentially-strong converse
proof for the lossless compression problem with side-
information for DMSs. The proof is simple and depends

only on a change of measure argument and the asymptotic
analysis of this new measure.

e We derive new strong converse results for the two-

terminal L-round interactive lossy source coding problem
for DMSs under multiple distortion constraints that de-
pend on both sources and both reconstructions. This setup
includes as special cases the Wyner-Ziv problem, the
interactive function computation problem, and the lossy
source coding problem with (lossy) common reconstruc-
tions. We show an exponentially-strong converse for the
sum of the excess distortion probabilities, i.e., we show
that when the rates lie outside the rate-distortion region
for vanishing excess distortion probabilities, then the
sum of the excess distortion probabilities asymptotically
either exceeds 1 or tends to 1 exponentially fast in the
blocklength. The constraint on the sum excess distortion
probability arises naturally in our converse proof, and
we show that this sum is the right quantity to consider
in a strong-converse statement. In fact, a larger rate-
distortion region can be achieved when the sum of the
excess distortion probabilities is allowed to exceed 1
asymptotically.
Our proof of this result relies again on a change of
measure argument and the asymptotic proofs of specific
Markov chains. It provides a method on how to combine
multiple distortion constraints in a strong converse proof,
see also the recent following-up work [7].

o We present a new exponentially-strong converse result
for the K > 1-hop testing against independence problem
where the observations satisfy a Markov chain. Previ-
ously, a strong converse was only known for K = 2 and
certain assumptions on the type-I error probabilities [8].
The previous result also used two different techniques to
bound the two error exponents, while in our work we
present a simpler and unified method that can be used
to bound each of the K > 1 exponents. Moreover, our
proof holds in general and makes no assumption on the
type-1 error probabilities. Our proof relies on a change of
measure argument combined with the proof of asymptotic
Markov chains.

« We present an alternative exponentially-strong converse
proof for the channel coding problem over a DMC. Our
proof depends only on a change of measure argument and
the asymptotic analysis of this new measure. This proof
method combines well with our converse proof methods
for lossy compression and distributed hypothesis testing,
and was recently also used to obtain strong converse
results for ISAC systems [7].

D. Outline of the Paper

We end this section with remarks on notation. The following
Section II presents two key lemmas used in the rest of the
paper. Section III presents our new strong converse proof
for the almost lossless source coding with side-information
problem. This strong converse proof is solely based on change
of measure arguments and on the analysis of these measures in
the asymptotic regime of infinite blocklengths. The converse



proofs in the next two Sections IV and V are also based on
similar change of measure arguments and asymptotic analysis
of these measures, but additionally also require proving that
certain Markov chains involving auxiliary random variables
hold in the asymptotic regime of infinite blocklengths. Specif-
ically, Section IV considers the L-round interactive com-
pression problem with J > 1 distortion functions that can
depend on the sources and reconstructions at both terminals.
Section V considers the K-hop hypothesis testing for testing
against independence where the observations at the various
terminals obey some Markov conditions. Section VI presents
an alternative proof of the exponentially-strong converse proof
for the capacity of a DMC. Section VII finally concludes the
paper and provides an outlook.

E. Notation

We mostly follow standard notation where upper-case letters
are used for random quantities and lower-case letters for
deterministic realizations. Sets are denoted using calligraphic
fonts. All random variables are assumed finite and discrete.
We abbreviate the n-tuples (Xi,...,X,) and (21,...,2,)
as X™ and 2™ and the n — t tuples (X;y1,...,X,) and
(T441,.-.,2n) as X7, and w7, ;. We further abbreviate
independent and identically distributed as i.i.d. and probability
mass function as pmf.

Entropy, conditional entropy, and mutual information func-
tionals are written as H(-), H(:|-), and I(-;-), where the
arguments of these functionals are random variables and
whenever their probability mass function (pmf) is not clear
from the context, we add it as a subscript to these functionals.
The Kullback-Leibler divergence between two pmfs is denoted
by D(:|-). We shall use 7;(n)(PXy) to indicate the jointly
strongly-typical set with respect to the pmf Pxy on the
product alphabet X x ) and parameter p as defined in
[29, Definition 2.8]. Specifically, denoting by ngn 4n(a,b) the
number of occurrences of the pair (a, b) in sequences (z", y™):

Ngn yn (G‘?b) = |{t (It,yt) = (a’a b)}|7 (3)
a pair (27, y") lies in T, (Pyy ) if

Ngn yn (Cl, b)

— Pxy(a,b)| <p,  V(a,b) €X xY, (4

n
and ngn yn(a,b) = 0 whenever Pxy (a,b) = 0. The condi-
tionally strongly-typical set with respect to a conditional pmf
Py| x from X to ), parameter p > 0, and sequence 2™ € X"
is denoted 7;(n)(Py‘ x,2™) [29, Definition 2.9]. It contains all
sequences y" € Y™ satisfying

nxn’yn (a7 b) Ngn (a)
n

Py|X(b‘a) < M, V(a,b) € X X y,

5)
and ngn yn(a,b) = 0 whenever Py |x(bla) = 0. Here ngn(a)
denotes the number of occurrences of symbol a in ™. In this
paper, we denote the joint type of (™, y™) by mynyn, ie.,

A Ngn yn (a, b)

7TInyn (a, b) == T (6)

Accordingly, the marginal type of ™ is written as m,~. Finally,
we use Landau notation o(1) to indicate any function that tends
to 0 for blocklengths n — co.

II. AUXILIARY LEMMAS

Lemma 1: Let {(X;,Y;)}2, be a sequence of pairs of
i.i.d. random variables according to the pmf Pxy . Further let
{pn}22; be a sequence of small positive numbers satisfying!

lim pu, =0 (7a)
n—oo
lim n-p2 = oo (7b)

n—roo
and for each positive integer n let D,, be a subset of the
strongly-typical set ’n(:")(PXy) so that its probability

A, :=Pr[(X™,Y") € D, ()

satisfies 1
lim —logA, =0. 9

n—oo N

Let further (X", Y™) be random variables of joint pmf

n n Pf?}rﬁ (a:n’ yn)
Pinyn (2", y") = YN
and T be uniform over {1,...,n} independent of all other
random variables.
For the distribution in (10), the following limits hold as
n — 00!

: ﬂ{(xn7yn) € Dn} (10)

PXTY/T —  Pxy (11D

%H(f("f/”) —H(XYr)| — 0 (12)
%H(Y") —H(Y7)| = 0 (13)

%H(X"m) — H(Xr|Yr)] — 0 (14)
’H(XTYT) ~H(XY)] = 0 (15)

’H(YT) “HY) = 0 (16)

‘H(XTWT) “HX|Y)| = o 17)

Proof: See Appendix A. [ ]

Notice that Inequality (9) states that under the original pmf
PYY. the probability of the set D, is sufficiently large and
does not decay to 0 exponentially fast in the blocklength.
This implies that the new measure Pg,, is not blown up
by an exponentially large factor compared to the original i.i.d.
measure Py

The second lemma dates back to Csiszar and Korner [29].

Lemma 2: Let A™, B™, and S be of arbitrary joint dis-
tribution and 7' be uniform over {1,...,n} independent of
(A™, B™,S). Then, the conditional version follows immedi-
ately from the definition of conditional entropy:

H(A"|B"S) — H(B"|A"S)

Condition (7b) ensures that the probability of the strongly-typical set
’7;1(:) (Pxy ) under P%’;ﬁ tends to 1 as n — oo [29, Remark to Lemma 2.12].



=n (H(Ar|BrA" "B}, S) — H(By|A7 A" ' B}, ,9)) .
(18)

III. LOSSLESS SOURCE CODING WITH SIDE-INFORMATION

This section studies the lossless source coding with side-
information setup in Figure 1.

A. Setup and Result

Consider two terminals, an encoder observing the source
sequence X", and a decoder observing the related side-
information sequence Y, where we assume that

(X™,Y™) iid. ~ Pxy, (19)
for a given probability mass function Pxy on the product
alphabet X’ x ). The encoder uses a function ¢(™) to compress
the sequence X into a message M € {1,...,2"f} of given
rate R > 0:

M = ¢ (X™). (20)

Based on this message and its own observation Y, the
decoder is supposed to reconstruct the source sequence X"
with small probability of error. Thus, the decoder applies a
decoding function g™ to (M,Y™) to produce the reconstruc-
tion sequence X" € A™:

X" = g™ (M, Y"). 1)

Definition 1: Given a sequence of error probabilities {4y},
the rate R > 0 is said {J,, }-achievable if there exist sequences

(in n) of encoding and reconstruction functions ™ and ¢(™
such that for each blocklength n:

Pr|Xx™ # ¢ (™ (X”))} <5, (22)
A well-known result in information theory is [16]:
Theorem 1: For any sequence {d,,}52 ; satisfying
. 1
lim —log(1—4,) =0, (23)

n—o00 N

any rate R < H(X|Y) is not {4, }-achievable.

In other words, if R < H(X]Y), then for any sequence
of encoding and reconstruction functions ¢ and ¢(™ it
holds that the probability of correct reconstruction tends to
0 exponentially fast in the blocklength:

fim ~log Pr [ X" = g<">(¢<">(X"))} <0. (4

n—,oo M
The theorem thus implies an exponentially-strong converse.
The result is well known, but we provide an alternative proof
in the following subsection.

B. Alternative Strong Converse Proof

Fix a sequence of encoding and decoding functions
{p(™) gm0 satisfying (22). Choose a sequence of small
positive numbers {u, }°2 ; satisfying (7), and select for each
n a subset

D= {(@"y") € T (Pxy): g (67 ("), y") ="}

(25)
i.e., the set of all typical (z™,y")-sequences for which the
reconstructed sequence X" coincides with the source sequence
X™. Let

A, = Pr[(X™,Y™) € D,], (26)
and notice that
Ap=1=Pr[(X",Y") ¢ T (Pxy) or
g (6 (x7),v") # x| @7)

>1— (Pr [(X",Y") ¢ T(")(ny)}

Hn
+Pr [g(”) (qb(”)(X"), Y") v XD (28)

_ X

>1
4p2n

On, (29)

where the first inequality holds by the union bound and the
second by (22) and [29, Remark to Lemma 2.12]. Therefore,
by (23) and (7b):

1
lim —log A, = 0.

n—oo N

(30)

Let further (X ", }7") be random variables of joint pmf

Pxnyn (2™, y™)

A S1{(z",y") € Dy}

€2y
Let also M = ¢ (X") and T be uniform over {1,...,n}
independent of (X™, Y™, M).
The strong converse is then easily obtained as follows.
Similar to the weak converse we have:

1 ~ 1 ~ o~ 1 ~
R> —H(M) > —H(M|Y") = ~H(X"[Y"),
n n n

PX"Y/" (’Invyn) =

(32)

where the equality in (32) holds because under our new
measure Py, reconstruction errors have zero probability
and thus X" can be obtained as a function of M and Y™".
Letting n — oo, we obtain the desired limit by (14) and (17)
in Lemma 1.

The above lossless source coding example well illustrates
the idea of change of measure strong converse proofs and
why we would like to restrict the new measure to the jointly-
typical set. With the new measure, we transform the problem
into a zero-error problem (because the set D,, only includes
source sequences leading to perfect reconstructions), thus
avoiding cumbersome error terms and immediately obtaining
the equality in (32). Moreover, the conditional entropy of the
new measure tends to the one of the original i.i.d. measure,
because the former is restricted to the jointly-typical set and
compared to the original i.i.d. measure is boosted at most by
the factor A !, which does not scale exponentially in the

n

blocklength.



Gu and Effros gave a related strong converse proof in [2].
Their proof however does not follow the bounding steps (32),
but instead bounds the size of the number of source sequences
2™ for which (x™,y™) lies in D,, for a specific sequence y",
which by the zero-error property of set D,, lower-bounds 2"%.

IV. INTERACTIVE LOSSY COMPRESSION

This section focuses on the interactive lossy compression
problem depicted in Figure 2.

A. Setup

Consider two terminals, observing the related source se-
quences X" and Y™, where as in the case of source coding
with side-information:

(X", Y™ iid. ~ Pxy, (33)

for a given probability mass function Pxy on the product
alphabet X' x ). Communication between the two terminals
is over noise-free links and interactive in L > 0 rounds. The
terminal observing X" starts communication and thus in all
odd rounds ¢ = 1,3,5, ..., the message M, is created as:

My =¢™ (X" My,...,My_y), £=1,35,..., (34

for an encoding function (bgn) on appropriate domains, where
each message M, € {1,...,2"F¢} for given non-negative
rates Ry, ..., Ry. (Note that for £ = 1, My = ¢{”(X").) In
even rounds { = 2,4,6, ..., the message M, € {1,..., 2"%}
is created as:

My= ™M™ My,...,My_y), €=2,4,6,.... (35)

At the end of the L rounds, each terminal produces a recon-
struction sequence on a pre-specified alphabet. The terminal
observing X" produces

W =g (X", My, ..., My) (36)

for W™ taking value on the given alphabet V™. The terminal

observing Y produces
7" =g (v My, .. M) 37)

for Z™ taking value on the given alphabet Z".
The reconstructions are supposed to satisfy a set of J
distortion constraints:

1 n
gZdj(xi,yi,Wi,Zi) <Dj, jef{l,....J}, (38

i=1

for given non-negative symbolwise-distortion functions
dj(.’.’.’.)

Definition 2: Given sequences {d;,}, a rate-tuple

Rq,...,Rp > 0 is said {;,}-achievable if there exist

sequences (in n) of encoding functions {qbé”)}[L:l and recon-
struction functions ¢{ and ¢{™
9x~ and gy

probabilities satisfy

such that the excess distortion

1 n
Pr|— ) d;(X;,Y;,W;,Z;) > D;| <d;,, j€{1,...,J}
r HZ i ( ) J Js jed }

=1

(39)

Remark 1: Our problem formulation includes various pre-
viously studied models as special cases. For example:

o The Wyner-Ziv problem [15] is included by restricting to

a single interaction round L = 1, to a single distortion

function J = 1, and by choosing a distortion function of

the form
di (X3, Y3, Wi, Zi) = di (X4, Zs) (40)

o Kaspi’s interactive source-coding problem is included by
restricting to J = 2 distortion functions of the form

di (X, Y, Wi, Zi) = dv(Xi, Zi)
do( X, Y, Wi, Z;) = JQ(YhWi)'

(41)
(42)
e Lossy source coding with side-information and lossy
common reconstruction [5], [6] is included by restricting
to a single interaction round L = 1 and the J = 2
distortion measures
di(Xi, Zi) = di(X;, Z;)
do (X, Yi, Wi, Zi) = do(W3, Z;).

(43)
(44
o The interactive function computation problem [21] is

obtained by choosing J = 1, D; = 0, and distortion
function

di(X, YW, 2) =1{Z =W = f(X,Y)} (45)
for the desired function f.
Theorem 2: Given sequences {{63',”}%0:1};.]:1 satisfying
J
Gin <1, n=12.. (46
=1

J
1
lim ~log (1= 0| =0, je{l,....J}, @7
j=1

n—o00 N

a rate-tuple (Ry,..., Ry) can only be {; ,}-achievable if it
satisfies the rate-constraints

Ry > I(X:Ul|Uy - -UpY), £e{l,....L}, fodd
(48a)

Ry > I(Y;UplUy -+ - Up1 X), €€{1,...,L}, [ even,
(48b)

for some auxiliary random variables Uy, ...,U, and recon-
struction random variables W and Z satisfying the distortion
constraints

E[dj(X,Y,VV,Z)]<Dj, je{l,..., J}, (48¢)

for (X,Y) ~ Pxy, and the Markov chains
Uy —(X,Up,...,Ui—1) =Y, £=1,3,5..., (48d)
Uy —Y,Up,...,Upi1) > X, £=24,6,..., (48¢)
W — (X,U,...,Ur) =Y, (481)
Z - (Y,Uy,...,UL) — X, (48g)



We can thus conclude that if a rate-tuple (R, ..., Ry) satis-
fies (48), then the sum of the excess distortions asymptotically
either exceeds 1 or it approaches 1 exponentially fast in the
blocklength.

Remark 2 (A single distortion): For a single distortion
constraint J = 1, above theorem implies that if the rate-tuple
violates the constraints in the theorem, then the probability of
excess distortion tends to 1 exponentially fast.

Remark 3 (Condition (47) cannot be relaxed): Condi-
tion (47) in Theorem 2 cannot be relaxed and Remark 2 does
not apply for J > 1, as we explain in the following. For
simplicity, consider the case J =2, L =1, and

O1n =020 =1/2+¢, (49)

for a positive € € (0,1/2). Then, the following rate is
achievable

Ry > max {I(X;U1|Y), I(Y;Uj1X)}, (50)

min

PUl | X »Pyi |1x
where the minimum is over all conditional pmfs for which
there exist reconstruction random variables W = gx (X) and
Z = gy(Y,Uy) and W' = ¢5(X) and Z' = ¢4 (Y, U})
satisfying the distortion constraints

Eldi(X,Y,W,2)] < Dy
E[dQ(X, Y, W/, Zl)] < D,.

(D
(52)

Notice that the rate in (50) in general violates the conditions in
above Theorem 2, because the theorem would force U; = U]
and W =W and Z' = Z.

The rate in (50) is achieved by a randomized scheme,
where with probability 1/2 the encoder sends a first flagbit 0
followed by a Wyner-Ziv message using auxiliary distribution
Py, x and it applies reconstruction function gx(-), and with
probability 1/2 it sends the flagbit 1 followed by a Wyner-Ziv
message using the auxiliary distribution Py x and applies
reconstruction function g¢%. Upon receiving flagbit 0, the
decoder uses the Wyner-Ziv decoder for Py, | x and reconstruc-
tion function gy, and upon receiving flagbit 1, the decoder
uses the Wyner-Ziv decoder for Py x and reconstruction
function g¢4-. Since Wyner-Ziv codes can achieve vanishing
probabilities of excess distortions, our system satisfies both
distortion constraints with probability 1/2, which by (49) is
below 7, and dg .

Remark 4 (Vector-valued distortions): Theorem 2 extends in
a straightforward manner to vector-valued distortion functions
and vector distortions

n
%Zdj(xi,yi,wi,zi) <Dj, je{l,....J}, (53)

i=1
where D; € RY for some positive integer v;, distortion
functions are non-negative and of the form d;: X x YV x
W x Z — RY, and inequality (53) is meant component-
wise. The difference between J scalar distortion constraints as
in (38) and a single J-dimensional vector-distortion function
as in (53) is that the vector-distortion constraint limits the
probability that any of the J component constraints is violated

whereas the J scalar distortion constraints individually limit
the probability of each distortion to be violated.

In the following section, we prove the strong converse,
i.e., the non-achievability of any rate-tuple (R, ..., Ry) not
satisfying the above conditions, for any sequences {d;,}
satisfying (47). Using standard arguments, it can be shown
that for any rate-tuple (R, ..., Ry) satisfying constraints (48)
there exist excess probabilities {d,,} all tending to O as
n — oo and so that the the rate-tuple (Rq,...,Ryp) is {J;,}-
achievable.

B. Strong Converse Proof

Fix a sequence of encoding functions {d)gn)}fL:l and re-
construction functions ggg) and g§,") satisfying (39). Choose
a sequence of positive real numbers {u,} satisfying (7), and

the set
D, = {(xy) € T\ (Pxy):
d (e g, o8 @ mb), o (v mb)) < D;,
jefl .t} 64

where we define

gy LY
di" (@, " w2 = n > (@i yis wis ),
i=1

(55)

and m¥ := (my,...,mr), where for odd values of ¢ we have
my = qbé") (x™,m1,...,mg_1) while for even values of ¢ we
have my = (bgn)(y”,ml, ey M)

Define also the probability
A, =Pr[(X™,Y") € D] (56)

and notice that by the union bound and the two bounds (39)
and [29, Remark to Lemma 2.12]:

J
X[V
An21—§:%n—4wn, (57)
Jj=1
which by assumptions (47) and (7b) satisfies
1
lim —log A, = 0. (58)

n—oo 1

Let further (X", Y™) be random variables of joint pmf

Py (2", y")
A,

Let also 7" be uniform over {1,...,n} independent of
(X™,Y™), and define:

Pinyn(z™,y") = ~1{(z",y") € Dn}. (59)

Mf = (bgn)()znaMla .. '7MZ71),
M@ = ¢§n)(}'}n7]\2—17 .. '7MZ71);

(=1,3,5,...,
(=2,4,6,....

(60)
(61)

Note that for ¢ = 1, M; = ¢\ (X™). Define the auxiliary
random variables

(62a)
(62b)

U1 = (XT_17}77@+1,M1,T)
U, := ~T, Te{2,...,L}.



We start with some preliminary observations. For any odd ¢ >
1 observe the following:

1 - -
~H(X"™|Y"M, --- M)
n

1

@ (XYM - M)

n
+ Z I(MT;?H|XRM1"'MT,1)
Te{l,...,0}:
7 odd
+ Y IV XYMy - Mr)] (63)
T€{2,....0—1}:
T even
1 - . o .
- [H(X”|Y"M1 - Ny) — H(Y"™| X" M, - --Mg)]
n
1 o -
+- {H(Y”|X”M1 M)

_H(X™Y"M, --- MH)}
+...
1 - o
+- [H(X”|Y"M1) - H(Y"|X"M1)}

1 - .
+EH(Yn|Xn) (64)
= H(Xp|YpU, ---Up) — H(Yp| XU, - - Up)

+H(Yr| XUy ---Up—y) — H(X7|Y7Uy -+ - Up—1)

+ P

+H(XT|YTU1) — H(YT|XTU1)

1 - .

+-H (VX (65)
< H(X7|YrU, ---Up) — H(Yp| XU,y - Uyp)

+H Y| XrUy - Up—r) — H(X7|YU; - - Up—q)

+ “ee

+H(X7|YrU,) — H(Yr| X1Uy)

+H(Yr|Xr) 4 0(1) (66)
), H(Xp|YpU, ---Up)
+ Y U Y| XpUy - Usy)
Te{l,....0}:
7 odd
+ Y U Xp|YrUy - Ury) +0(1)  (67)
Te{2,...,0—1}
T even
Q.
> H(Xr|YrUy---Up) +o(1), (68)

where:

o (d) holds because for 7 odd, the message M,
is a function of (X",Ml, .. .,]\;[T,l) and thus
I(Z\ZT; }7”|)~(”Z\~41 . -MT,l) = 0 whereas for T even the
message M, is a function of (Y™, M;,..., M,_;) and
thus I(M.,—,Xn|}7nM1 s MT—l) = 0;

« (e) holds by Lemma 2 in Section II and Definitions (62);

o (f) holds by Lemma 1 in Section II, where we also used

Equation (58);
» (g) holds by dividing the entropy terms between sums

for 7 odd and even and by definition of the mutual

information; and

o (h) holds by the non-negativity of mutual information.
Following similar steps, we obtain for any even ¢ > 2:

1 o~ - o
EH(Y”|X”M1 - My) > H(Yp| XUy -+ - Up) 4+ o(1). (69)

We now apply bounds (68) and (69) to obtain the desired

bounds on the rates and prove validity of some desired

asymptotic Markov chains. For any odd ¢ > 1, we have

1 ~ 1 - -
R, > EH(ML]) > EH(MAY"Ml---Mg_l) (70)

= —I(Mg; X" [Y"M; - My ) (71)

1 o - - -
== [H(X"|Y"M1 M) — H(X"|Y" M, - MZ)}

(72)
* 1 YSOARVEORY ~
R TR
_ZH(XZ'D}%’XFWQ?HMl'“Me)] (73)
=1
CR o
> H(XT|YTU1 e UZ—Q) — H(XT|YTU1 Ce UZ)
+o(1) (74)
= I(Up—1Up; Xp|YrUy - - Up—2) + 0(1) (75)
> I(UZ;AXVTD/TUl"'Ug_1)<|»o(:[)7 (76)

where (h) holds because for £ odd message M,_, is a function
of the tuple (}7”,]\2[1, .. .J\Zg,g) and because conditioning
can only reduce entropy; and (7) holds by (62) and (68). Notice
that for ¢/ = 1:

Ry > I(Uy; Xr|Yr) + o(1). (77)
For any even ¢ > 2, we have:
1 -
Ry > 5H(Mg) (78)
1 - X -
> EI(M@Y”|X"M1~-~M@_1) (79)
a1 ~ . ~ _ o _
2 = [H(Y”|X”M1 o Myo) — H(Y™ XM, - M)
(80)
(k) .~ -~
> H(Yp|XpUy---Up—a) — HY7| XpUs - - - Up)
+o(1) (81)
> I(Ug;YT‘XTUl"'Uz71)+0(1) (82)

where (j) holds because for ¢ even M,_; is a function of
(X", My, ..., My ) and (k) holds by (62) and (69).
We next notice that for ¢ even (because the message M, is

a function of (Y™, My, ..., M,_1)):
1 - .
0= EI(Mg;XnD/an . --Mg_1) (83)
1 N . o .
== [H(X"|Y”M1 o Mo_1) — H(X|Y"™ M, - M)
(84)
@ -
> H(Xp|YrUy---Upq) +o(1) (85)
1 <& S -
=Y H(X| XYY M- M) (86)
n

i=1



= I(Up; Xr|YrUy - Up—1)+o(1),

where (1) holds by (68) and because conditioning can only
reduce entropy. ~
Similarly, for ¢ > 1 odd (because the message M, is a

(87)

function of (f(", Ml, e Mg_l))Z
1 - - -
0= ~I(Mg V™| X" M) (88)
1 ~ ~ o~ ~ - -~ -
== [H(Y”|X”Ml o My_y) — H(Y"| XM, - Mg)] (89)
> I(Up; Y| XqpUy - - Up_y) + o(1). (90)

In particular, for £ = 1, message Ml is a function of X™ and
we have:

1 o~ -
0=—I(My;Y™X™) > I(Uy; Yr|X1) +0(1). (91)

n
Let now W"N:: gX(X”,Ml,...7ML) and Z" =
gy (Y™, My,...,Mp). Since the set D, only contains se-

quences satisfying all J distortion constraints, the quadruple
(X", Y™, W™ Z") satisfies each of the J distortion con-
straints with probability 1. Therefore, we have for any j €

{1,...,J}:
D, > % zn: E[d; (%0, VW3, Z1) | 92)
i=1
—E [dj (XT,?T,WpZT)} , 93)

where the equality holds simply by the definition of 7" and the
total law of expectation.

For simplicity, in the sequel we assume that L is even;
if L is odd the proof is similar. Similarly to (87) and
(90), since W™ gX(X M, .. ML) and Z"
gy(Y” Ml; ey ML)» we have:

I(Zn,XnD}an tee ML)

{HL?H?“Mﬁn-MQ_Q

CH(XM|V L - N, 27

H(XTDN/TUl cee ULfl) + 0(1)

1< . ..
- S CH(X| XYY My MpZi)  (94)
=1

HULZy; Xp|YpUy - Up ) +
I(ZT; XT|YTU1 oo UL) =+ 0(1)

o(1)

> 95)

and

1 .
0= —I(W" Y™ X", - M)

n
1 . o .
ﬁ[ (V™| X" - ML)—H(Y”|X”M1-~-MLW")]
-UL) 4+ o(1),

where (m) holds since for even L, message M, is a function
of (Y”,M1,~ ,ML,l); and (n) holds by (68) since L — 1
is odd and because conditioning can only reduce entropy.
The desired rate constraints are then obtained by combining
(76), (77), (82), (87), (90), (91), (93), (95), and (96) and by

[(W T|XTU1 (96)
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taking n — oo. Details are as follows. By Carathéodory’s
theorem [37, Appendix C], there exist auxiliary random vari-
ables Uy, ...,Ur of bounded alphabets satisfying (76), (77),
(82), (87), (90), (91), (93), (95), and (96). We restrict to such
auxiliary random variables and invoke the Bolzano-Weierstrass
theorem to conclude the existence of a pmf P{}l,,_UL XYW2
also abbreviated as P*, and an increasing subsequence of

blocklengths {n;}5°, so that

llggo Py v, %W zm, = Po v, xywzs o7
where Py .y 5ywz.,, denotes the pmf of the tuple
(Uy---U LXTYTWTZT) at blocklength n;.

Notice that for any blocklength n; the pair (X", Y™) lies
in the jointly-typical set T, (Pxy), ie.. |Pgy., — Pxy| <
Hn;» and thus since p, — 0 as n — oo, by the definition of
(XT, YT) and by (97), the limiting pmf satisfies Py = Pxy.
We further deduce from (76), (77), (82), (87), (90), (91), (93),
(95), and (96) that:

Ry > Ip-(X;Ug|YUy---Up—y), £=1,3... (98a)
Ry > Ip-(Y;Up| XUy ---Up_y),  £=2,4... (98b)
0=Ip-(Y;Ul|XU;---Up_y), £=1,3... (98c)
0=1Ip(X;U|YUy---Up—1), £=2,4... (98d)
0=1Ip-(Z;X|YU,---Up), (98e)
0=Ip-(W;Y|XU,---Up), (98

where the subscript P* indicates that the mutual information
quantities should be computed with respect to P*.
Combined with (93), which implies

je{l,....Jy, (99

above (in)equalities (98) conclude the desired converse proof.

Dj = Ep-[d;(X,Y, W, Z)],

V. TESTING AGAINST INDEPENDENCE IN A K-Hop
NETWORK

In this section we focus on the K-hop hypothesis testing
setup in Figure 3.

A. Setup

Consider a system with a transmitter Ty observing the
source sequence Y ', K — 1 relays labelled Ry,... ,Rg_;
and observing sequences Y7*,..., Y2 _,, respectively, and a
receiver R observing sequence Y.

The source sequences (Y, Y7",...,Y2) are distributed
according to one of two distributions depending on a binary
hypothesis H € {0,1}:

if H=0:
(Yor,Y7', ..., YR) iid. ~ Pyy, Py, |y, Py |vi_,; (100a)
ifH=1:
(Yo, Y", ..., YR) iid. ~ Py, - Py, --- Py,. (100b)

Communication takes place over K hops as illustrated
in Figure 3. The transmitter Ty sends a message M,
é")(YO”) to the first relay Ry, which sends a message



My = gbl") (Y{*, M) to the second relay and so on. The
communication is thus described by encoding functions

oY {1, 20y,

O VI x {1, 20 o 1, 2n ey
ke{l,....K—1},(102)

(101)

and messages are obtained as
My = i (Y (103)
My = ¢ (Y7, M), ke{l,...,K—1}. (104)

Each relay Ry, ..., Rx_1 as well as the receiver Ry,
produces a guess of the hypothesis /. These guesses are
described by guessing functions

g™ yp < {1,..., 2 5 (0,1}, ke{l,..., K},

(105)
where we request that the guesses
Hy =g (VP My), ke{l,....,K},  (106)
have type-I error probabilities
Qhm 2Pr[Hy=1H =0], ke{l,....,K}, (107

not exceeding given thresholds, and type-II error probabilities

Brm ZPr[Hy =0H =1], ke{l,...,K}, (108

decaying to O exponentially fast with largest possible expo-
nents.

Definition 3: Given sequences of allowed type-I error
probabilities {0y ,} and rates Ry, Ra,...,Rxg > 0, the
exponent tuple (61,02, ...,0k) is called {dj y }-achievable if
there exists a sequence of encoding and decision functions
{gbg”), §”),...7¢§?ll,g§”),g§”),...7g§?)}n>1 satisfying for
each k € {1,..., K} and blocklength n:

(109a)
(109b)

[07°%7) < 6k,na

1
lim —log > Oy

n—oo T

1
Bk,n

B. Old Results
Definition 4: For any £ € {1,..., K}, define the function

ne: R — RY (110)
R— max I(U;Y). (111)
Puiv,_:
R>I(U;Ye—1)

The described setup was previously studied in [22] and [8],
and an extension of the setup under variable-length coding was
considered in [38]. While for a general number of users K > 2
only achievability results and weak converses were presented
[22], for K = 2 users a strong converse was derived.

Theorem 3 (Theorems 2 and 3 in [8]): Let K = 2 and

consider fixed allowed type-I error probabilities
ke {12},

Okm = €k, (112)
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for given 1,65 € [0,1) with €1 + €2 # 1. An exponent pair
(01,02) is (€1, €2)-achievable if, and only if,

k

O <> ne(Ry),

{=1

ke {1,2}. (113)
Remark 5: In [8], the presentation of Theorem 3 was
split into two separate theorems (Theorems 2 and 3 in [8])
depending on the values of €; and e;. While [8, Theorem
2] considers the case €1 + €2 < 1 and coincides with above
formulation, [8, Theorem 3] considers the case €1 +¢3 > 1 and
is formulated as an optimization problem over three auxiliary
random variables Uy, Us, V. Without loss in optimality, this
optimization can however be restricted to auxiliaries Uy = Us,
and [8, Theorem 3] simplifies to the form presented in above
Theorem 3. This observation is important to note that our
main result in this section, Theorem 4 ahead, is not only more
general, but also consistent with the existing results in [8].

Remark 6: The set of pairs (01,0) that are (e1,es)-
achievable according to Theorem 3 (Theorems 2 and 3 in
[8]) does not depend on the values of €¢; and e (as long as
€1+€2 # 1) and forms a rectangular region. In particular, each
of the two exponents can be maximized without affecting the
other exponent. This result extends to a general number of
K > 2 users, as shown by the achievability result in [22] and
by the strong converse result in our new Theorem 4, which
we present in the following subsection.

C. New Results

Our main result in this section (Theorem 4 ahead) gen-
eralizes the strong converse in Theorem 3 not only to ar-
bitrary K > 2 but also to arbitrary e,...,ex € [0,1)
(even €; + e = 1 which is not covered by the previous
Theorem 3.) Technically speaking, we prove an exponentially-
strong converse result that is a stronger statement. In fact, for
any k, an exponent 6, violating Condition (115) can only be
achieved with probabilities vy, ,, that tend to 1 exponentially
fast in the blocklength n.

Theorem 4: Let {0y »} be sequences satisfying

lim llog(l—akm):o? ke{l,...,K}. (114)

n—,oo M,
Given rates Ry, ..., Rk > 0, the exponent tuple (01, ...,0k)
can only be {d . }-achievable, if
k
O <Y me(Re), kefl,... K} (115)
=1

Remark 7: The direct part of this theorem was proved in
[22] for some choice of admissible type-I error probabilities
0k,n — 0, for all k. The strong converse in this theorem thus
establishes the optimal exponents for arbitrary K > 2 and
all sequences {dy } that satisfy (114) and do not vanish too
quickly.

Remark 8: For all permissible type-I error probabilities
{6kn} that satisfy (114) and do not vanish too quickly, the set
of achievable exponent tuples (61, ..., 0 ) forms a hypercube,



implying that all decision centers, i.e., relays Ry,..., Rx_1
and receiver Ry, can simultaneously achieve their optimal
type-1II error exponents. To prove the desired converse result
in Theorem 4, it thus suffices to show that the bound in (115)
holds in a setup where only the single decision center Ry, takes
a decision.

Remark 9: When one allows for variable-length coding
and only limits the expected sizes of the message set but
not its maximum sizes, then a tradeoff between the different
exponents 61,...,60x arises [38]. Moreover, as also shown in
[38], in that case the set of all achievable exponent tuples
depends on the asymptotic values of the allowed type-I error
probabilities.

D. Strong Converse Proof for Theorem 4

Let {0} be sequences of allowed type-I error probabili-
ties. Fix a sequence (in n) of encoding and decision functions

{5 el gt g sy satisfying (109)
for {0 »} and type-II error exponents 6, ..., 0k.

Choose a sequence of small positive numbers {pu,}52
satisfying (7). Fix now an arbitrary & € {1,..., K} and a
blocklength n, and let A denote the acceptance region of

Rk, i.e.,

A= {8 ) o G =0}, 16)
where we define recursively my := E)n)(yg) and
me = ¢ (i mer),  LE{2,.. k) (117)
Define also the law under H = 0:
Pyyvi = Provi Prapys -+ Prave_s» (118)

and the intersection of this acceptance region with the typical
set:

Dy 2 A N T (Pyyoys)- (119)

By [29, Remark to Lemma 2.12], the type-I error probability
constraints in (109a), and the union bound:

ol 0

Ap = Pyyyp.vp(Dr) 2 1= 0kn duzn

(120)
and thus 1
lim —log Ax = 0.

n—oo N

(121)

Let (}70”, Y., Yk”) be random variables of joint pmf

Pyngn..yn (oY1 UE)
PY“’Y“’---Y?‘(?/ES%ZU?V"ay?) n n n
= — k A ']l{(y0>y17'~'ayk)epk}a
k
(122)
and notice that for each ¢ € {0,1,...,k}:
Pyp(y7)
Po.(y)) = —4—~ 123
Y, <y€> Ak ( )
Let also M, = é’i)l(Mg,l,f/f_l) and T be uniform over

{1,...,n} independent of (Y, Y7",..., Yk”,Ml, M),
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Notice that for any ¢ € {1,...,k}:

1 -
Ry > —H(M;) (124)
1 -~ - -
= —I(My ¥ Y (125)
1 - - 1. - o
= ﬁH(YOn Y - 5H(Yo” Y[ M) (126)
= H(Yor - Yir) +o(l)
1 n 5 B o o
—EZH(YM-~-Y,€¢|Mng Loyl (127)
t=1

= H(Yor-Yer)+o(1) = HYor - Yer|Us) (128)

=1Yor - Yir;Us) +0(1) (129)

> I(Ye-1,1;Ue) +0(1), (130)
where we defined U, 2 (M, Yy~ ',...,YI=! T). Here,
(127) holds by extending (12) to k tuples.

We next upper bound the exponential decay of the type-II
error probability. Define:

@y, (M) Z

YO YT Y1
A{my = S (dr—1(- - (D1(¥g) ) Y1)}
(131)

A

Py () Py (uf-1)

n
0

and

Q)2 Y

YO YT Y1

A{my = dp—1(Pr—2(- - (o(yg) ) Yi—1) 1}

Pyp(yg) - Pyy (i-1)

(132)
and notice that by (123) and (131):
Qur, Pyn (Ar) < Qur,, Py (Ar) A;(k—s—l)
= Bl Y. (133)

Moreover, by (116), the probability Py v (Ax) = 1, and thus

D (PMJJ (Ae) 1Qyiz, Py (Ak)) = —log (Qm Py (ﬁz;?) :
where on the left-hand side we slightly abused notation and
mean the KL-divergence of the two binary pmfs induced by

Py, g (Ag) and 1= Py o (Ag) and by Q 7, Pyn (Ag) and
1-Qpr, Pf’k" (Ag). Combined with (121) and (133), and with

the data-processing inequality, we obtain from (134):

1 1 k+1
_ﬁ logﬁk,n S _E log (QN[kpffkn (Ak)) — % log Ak
(135)
1
< HD (PM,CW QM,CPY,?) +o(1). (136)

We continue to upper bound the divergence term as
1
~D(Py, 72 11Qu, Pry)
1 - =, 1
EI(Mk:% Y+ ED(PM,‘. ||QMk)

1~ -, 1
SI(M Vi) + = D(Pyn 1Py Qg ) (138)

(137)

<



1~ -, 1 - “n
EI(M]WY]C ) + HI(Mkfl;Yk‘fl)

1
+ED(PY,QLQMk_2||P)7,12QM,€_2) (139)

k
1 N |
< EZI(Me;Ye )+ - DPypiy, 1Py Qi) (140)
=2
= li[(m-?") (141)
n e
=1
1 k n o _ _
<Y T YY) (142)
(=1 t=1
k
<Y (Ui Yer). (143)
=1

Here

o (138) is obtained by the data processing inequality for
KL-divergence and because Mk is a function of Mk,l
and ffkf‘;

(139) is obtained by applying the same arguments as lead-
ing to (137) and (138), but now to the pair (Mk_l, 57k—1)
instead of (Mk,f/k);

(140) is obtained by iteratively applying the same ar-
guments as leading to (137) and (138) to the pairs
(My—2,Yi—2), .. ., (M3, Ya);

e (141) holds because Py, Qy, and thus
D(Py. Py Qyy,) = I(¥i: ¥1): and
o (143) holds by the definition of U, and T'.
Combined with (136), we obtain
1 k
——1 n < (Up; Y, 1). 144
nogﬂk, _; 0; Ye,r) +o(1) (144)
Finally, we proceed to prove that for any ¢ € {1,...,k} the

Markov chain U, — }N/Z_LT — f’g,T holds in the limit as
n — 0o. We start by noticing the Markov chain M; — Yj* —

(Y*,---,Y;"), and thus:
1 - . o
0= ~I(My: V" YY) (145)
1. - S 1. - ISR
= EH(Yln YY) - ﬁH(Yln VY My) (146)
- - - 1 - S
=HY1 - Yir|Yor)+o(l) - EH(YfL YR Ygt M)
(147)
>HMYir- Yir|Yor) +o(1)
—H(Yy 7 Yer|YorYy - Y, 7Yy MiT) (148)
> I(Yir - Yir; Uh|Yor) +o(1) > 0, (149)

where (147) is obtained by extending (14) to multiple random
variables. We thus conclude that

h_)m I(}N/LT e Yk,T; U1|)~/07T) =0. (150)
Notice next that for any ¢ € {2,...,k}:
I(Ug; Yor|Yeorr)
<I(UcYor - Ye—o2r;Yer|Ye-1,1) (151)
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= I(Ue; Yorr|Yor - Yeo17)
+I(Yor - Yo—or;Yor|Yeo1 1) (152)
=I1U;Yer|Yor- - Yeo1,r) +0(1), (153)

where the last equality can be proved by extending (12)
and (14) to multiple random variables and by noting the
factorization Py, Py, v, Py v _: -

Following similar steps to (145)-(149), we further obtain

foreach ¢ € {1,...,k}:
1 - - . -
0= ﬁI(M%Yen'"Ykn|Y0n"'Yen—1) (154)
1 Yo Y2 IR VSO Ve
= SH( T T
1 - - - -
S H(Y VYY) (155)
= H(Yyr-Yer[Yor - Ye11) + o(1)
1 - - - -
S H(Y[ VY Vi M) (156)
>HYor - Yir|Yor - Ye17)+o(1)
1 - - .
—= Y HVe YiYouoo Yoo
=1
T )
(157)
=HYor - Yer|Yor - Yio1r) +o(1)
~HYor - Yir[Yor - Yeir
Y/OT71 YT*lMZT)
(158)
=I(Yer - Yir:UlYor - Yer) + o(1) (159)
> I1(Yer;UeYor---Ye1,7) +0(1) >0.  (160)
We thus conclude that
(U Yor|Yor -+ Yeorr) = o(1), (161)
which combined with (153) proves
I(Ue; Yer|Yeor,r) = o(1). (162)

The converse is then concluded by taking n — oo, as
we explain in the following. By Carathéodory’s theorem [37,
Appendix C], for each n there must exist random variables
Ui,..., Uy satisfying (162), (144), and (130) over alphabets
of sizes

[Ue| < Vo1l |Ve| + 2, k}.

We thus restrict to random variables of above (bounded) sup-

ports and invoke the Bolzano-Weierstrass theorem to conclude
. ¢

for each ¢ € {1,...,k} the existence of pmfs PS(/elleUz over

YVi—1 X Yy X Uy, also abbreviated as P(e), and an increasing

subsequence of positive numbers {n;}2, satisfying

ted{l,... k},

where Py 4 ., .. denotes the pmf at blocklength n;.
e—1YeUgini T . .
By the monotone continuity of mutual information for
discrete random variables, we can then deduce that

RZZIP(Z)(UE;H—l% ge{lv"'ak}a

refl,..., (163)

(164)

_ p®
im Py 5,0, = Py, viue

1—+00 i

(165)



k

0 < ZIP(D (Ue; Yo),
(=1

(166)

where the subscripts indicate that mutual informations should
be computed according to the indicated pmfs.

Since for any blocklength n; the pair (Y,*',Y,"") lies in
(ns)

the jointly-typical set 7., (Py,_,v,), we have | Py, ,y,im, —
Pyl_lyz| <, and thus the limiting pmfs satisfy PS(’QlYe =
Py, ,y,. By similar continuity considerations and by (162),

for all £ € {1,...,k} the Markov chain

Us—= Y1 = Yy, (167)

)

holds under Pf,ff YoUs-

This concludes the proof.

VI. COMMUNICATION OVER A MEMORYLESS CHANNEL

This section studies communication over a discrete memo-
ryless channel (DMC) as depicted in Figure 4.

A. Setup and Results

Consider a transmitter (Tx) that wishes to communicate to a
receiver (Rx) over a DMC parametrized by the finite input and
output alphabets X and ) and the transition law Py|x. The
goal of the communication is that the Tx conveys a message
M to the Rx, where M is uniformly distributed over the set
M = {1,...,2"%} with R > 0 and n > 0 denoting the rate
and blocklength of communication, respectively.

For a given blocklength n, the Tx thus produces the n-length
sequence of channel inputs

X" =™ (M) (168)

for some choice of the encoding function d)("): M = X",
and the Rx observes the sequence of channel outputs Y7,
where the time-t output Y; is distributed according to the
law Py |x(-|x) when the time-t input is , irrespective of the
previous and future inputs and outputs.

The receiver attempts to guess message M based on the

sequence of channel outputs Y™:
M =g™ (™) (169)

using a decoding function of the form ¢(™: Y — M. The
goal is to minimize the average decoding error probability

p™ (error) := Pr [M + M} . (170)

Definition 5: The rate R > 0 is said {J, }-achievable
over the DMC (X,), Py|x), if there exists a sequence of
encoding and decoding functions {(¢(™), (™)} such that for

each blocklength n the maximum probability of error
p™ (error) < 6,,. (171)

A well-known result in information theory states [29]:
Theorem 5: Any rate R > C, where C' denotes the capacity

C:=maxI(X;Y), (172)
Px
is not {4, }-achievable for all sequences {4, } satisfying

lim 1 log(1 —4,) =0.

n—o00 N

(173)
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Above result implies that for all rates above capacity, the
probability of error converges exponentially fast to 1. This
result is well-known, here we present a different converse
proof.

B. Alternative Strong Converse Proof

Fix a sequence of encoding and decoding functions
{(¢™, g(™)}22 | so that (171) holds. Choose a sequence of
small positive numbers {p,, } satisfying (7) and define the set

D= {(m,5"): 4" € T (P x—a(m)
and g™ (y") = m} (174)
and its probability
A, ==Pr[(M,Y") € D,,]. (175)

By the union bound followed by (171) and the bound on
the probability of the typical set derived in [29, Remark to
Lemma 2.12], we have:

X
Anzl_dn_%a (176)
4pzn
and thus by (173) and (7b):
1
lim —logA, =0. 77

n—,oo n
Let further (M JX" }7") be random variables so that
Pyrxyn(m,z",y")
®
1 P YG{
" 9nR '

(y"|¢"(m))
Ay

(m,y") €D} -1 {a" =6 (m)} . (178)

Further, let T' be independent of (M, X™,Y™) and uniform

over {1,...,n}. By above definition
Pyy(m) < = - L, (179)
mE A,
and thus 1 ) 1
~H(M) > R+ ~log A,. (180)

Moreover, since decoding sets are disjoint, by the definition
of the new measure Py .. it is possible to determine M
from Y with probability 1. We combine these observations
with similar steps as in the weak converse to:

1
R < -H

~ 1
(M) — ~log A, (181)
n n
@ Loy~ Lioga, (182)
n n
= Laeny - Lawean - Lega, a8y
n n n
1 & - 1 1 A
< — H(Y,)— —H(Y"|M)—- —1 184
_n;(z)n(l)nogn(m
- 1 ~ ~ 1
— H(Vo|T) — ~HE"|N) — ~log A,  (185)
n n
- 1 - ~ 1
< H(Vr) - ~H(Y"|M) - ~logA,, (186)



where (a) holds because M = g(Y™) as explained above.

By (177) and the following lemma, by considering an
appropriate subsequence of blocklengths, and by the continuity
of the entropy function, we deduce that

RSIPXPY‘X(XQY)SO, (187)

where the subscript indicates that mutual information is with
respect to the joint pmf Px Py|x with Py denoting the pmf
mentioned in the lemma. This concludes the proof of the
strong converse for channel coding.

Lemma 3: There exists an increasing subsequence of block-
lengths {n;}2, such that for some pmf Py:?

lim Py (y) =Y Px(z)Pyx(ylz) (188)
1—00 ‘IEX

S S

lim —H(Y"™|M) = Hpypy  (Y]X), (189)

where Hp, p,,, (Y|X) denotes the conditional entropy of Y’
given X when the pair (X,Y’) ~ Px Py x.

Proof: For readability, we will also write 2™ (m) and
2"(M) to indicate the (random) codewords ¢(™(m) and

(™ (M). We have:
Py, (y) = ;ti;P; (v) (190)
=E ;éﬂ{l =y}] (191)
= Elmyn ()] (192)
=Y E[maamenl@y)] (199

="

where (193) holds because for any pair of sequences ", y"
we have >\ Tunyn(2,y) = myn(y), and by exchanging
sum and expectation. By the way we defined the set D,,, we
have for all (m,y") € D,, that

Tan (m) (@) Py x (y]2)] < pin, (194)

and if Py|x(y|lr) = 0 then Tyn (), (2,y) = 0. Plugging
these conditions into (193) we obtain

|7T;c"(m)y" (:C, y) -

Pr)< > E|min(@)] - Prix(yle) + X,
TEX:
Py\xe(y|ff)>0

(195a)

and similarly:

Pr@)= > E|min(@)] - Prix(yle) - (X,
Py ()0

(195b)

Let now {n;} be an increasing subsequence of blocklengths
so that the sequence of expected types E [ﬂmn (NT) (x)} con-

2Recall that the random variable Y7 depends on the blocklength n;, and
thus taking the limit ¢ — oo is well-defined.
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verges for each z € X and denote the convergence point by
Px (z). Then, since p, — 0 as n — oo, by (195):

lim Py, (y =Y Px(x)Pyx(yl), (196)
reX
establishing the first part of the lemma.
Notice next that by definition
—H(Y"|M =
(V"IN = m)
1
=== D Pyupiimm (U™)108 Py i (") (197)
y"€Dm
N [, n|..n
1 " Py X(y |x (m))
=— > Pryie(y™) log ‘A— (198)
y"E€Dm m
1 n
= Z Z P 512m (") 10g Py |x (ye|zi(m))
t=1 ym€D,,
1
+f log A, (199)
= —fZ > Pyt () 108 Pyx (yelee(m))
t=1y: €y
1
+E log A, (200)

_% i > E {]l {fft = y} ’J\Zf = m] log Py x (y|z¢(m))

t=1yey
1
—|—f log A, (201)
S I SR AN e
zEX yey
olog PY|X(y|9L‘)
1
+—log A, (202)
n
== Z Z]E {an(m)yn(z,y)’M = m} log Py |x (y|z)
reX yey
1
+E log A, (203)
Taking expectation with respect to Py;, we obtain
1~
—H(Y"|M) (204)
n
== 3 Y B [mpn iy (#.9)] 10g Py (yl)
TEX yeY
1
+E log A, (205)

By (194) and by recalling the definition of Px as the
convergence point of E {wmn( 1) (x)} for the sequence of

blocklengths {n;}$°,, one can follow the same bounding steps
as leading to (195) to obtain:

1
lim — H(V™ )
1—00 My
= — Y Px(x)Pyx(yl) log Py|x(ylz) (206)
reX
:HPXPY|X(Y|X)7 (207)



which concludes the second part of the proof.

VII. CONCLUSIONS AND OUTLOOK

This paper presented new exponentially-strong converse
proofs for source and channel coding setups and for hypoth-
esis testing, i.e., our results allow to conclude that either
the decoding or detection error probabilities or the sum of
the excess distortion probabilities tend to 1 exponentially
fast whenever the rates (or error exponents) violate certain
conditions. The proofs for the standard almost lossless source
coding with side-information problem and for communication
over discrete memoryless channels (DMC) are solely based
on change of measure arguments as inspired by [2]-[4] and
by asymptotic analysis of the distributions implied by these
changes of measure. Notice in particular that the restriction to
strongly-typical and conditionally strongly-typical sets allows
to simplify the proofs and circumvent proof steps establishing
variational characterizations of multi-letter and single-letter
expressions as in [4].

The results for the L-round interactive compression and the
K -hop hypothesis testing setups are novel contributions in this
article. Only special cases had been reported previously. Our
proofs for these setups use similar change of measure argu-
ments as in almost lossless source coding, but additionally also
rely on the proofs of Markov chains that hold in the asymptotic
regime of infinite blocklengths. These Markov chains are
required to conclude existence of the desired auxiliary random
variables. Strong converses of several special cases of our L-
round interactive compression had been reported previously,
in particular see [4]. A strong converse proof for the 2-hop
hypothesis testing setup was already presented in [8], but
not for the fully general setup and using different techniques
to bound the two exponents. In our work, we presented a
simplified and unified proof that applies to all exponents and
without further assumptions.

In related publications, we show that the proof technique
presented in this paper can be extended to more complicated
setups including either additional expectation constraints (e.g.,
constraints on the expected rate or expected equivocation
in a secrecy setup) or setups with mixed channel coding,
reconstruction, and detection constraints. For example, in
[38], [39] and [40], we used the presented proof method to
derive fundamental limits of hypothesis testing systems under
expected rate constraints and (expected) secrecy constraints.
In contrast to the results presented in this paper, these funda-
mental limits depend on the allowed type-I error probabilities.
It turns out that the proposed proof technique based on change
of measure arguments naturally captures the dependence be-
tween the allowed error probabliities and the fundamental
limits under expectation constraints. In another related work
[7], we considered an integrated sensing and communication
(ISAC) systems that combines channel coding with either
source coding or detection. With appropriate modifications,
the proof method presented in this paper could be used to
derive exponentially-strong converse results also for ISAC.
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APPENDIX A
PROOF OF LEMMA 1

Notice that (15)-(17) follow directly from (11) and conti-
nuity of entropy. To prove (11), notice that

1 n

P, (,9) = —> Py, (@,y) (208)
t=1

1 & - -

= E —Z]l{Xt:x,Yt:y} (209)

n
t=1
= E[rguy.(z, )], (210)

where the expectations are with respect to the tuples X" and

Y™ Since by the definition of the typical set,
T ¢nyn (2,y) — Pxy(2,y)] < i, (211)

we conclude that as n — oo the probability Pg,_y. (7,y) tends

to PXY (l’, y)
To prove (12), notice first that

1 YAV 1 m
EH(X Y )+ED(PXWVW||P§15)

1 n o, n n/ mn ,n
75 Z PN"Y/"(x Y )Ingg?y(l Y )
(z™,y™)€Dy

1 n
—o3 Y Papa(a ™) log Py (ap) 213)
t=1 (z",y")€Dp

1 n
—=> D> Pxylmnu)logPxy(m,y) (214)
t=1 (z4,y1) €X' XY

> (X

212)

n

> FPx,

ﬁ(ﬂc,y)) log Pxy (z,y) (215)

(w,y)€X XY t=1
=— > Pg g (z,y)logPxy(z,y) (216)
(z,y)EXXY
= H(X7Y7) + D(Pg_ 3, IPxv), (217)

where (214) holds by the law of total probability applied to
the random variables X *~*, X7, V*~1 V" ;. Combined with
the following two limits (218) and (219) this establishes (12).
The first relevant limit is

D(Pg, v, |[Pxy) =0, (218)

which holds by (11) and because Py _y. (x,y) =0 whenever
Pxy (x,y) = 0. The second limit is

1

~D(Pgnyn|PX3) =0, (219)

and holds because %log A,, — 0 and by the following set of
inequalities:

1
0 < ﬁD(PXnymHP?Q)
1 P~n~n($n7yn)
= = Y Pepa(atyt)log Xpin 0V
n(w"fy”)epn PXY(:E v



(220)

1
= > Piraga(a®y")logA, (221)
(In’yn)e'D"
1
= ——logA,. (222)
n

To prove (13), notice that by the same arguments as we
concluded (217), we also have

1 ~ 1 ~
EH(YH) + ;D(P?n IPE"™) = H(YT) + D(Py_ || Py). (223)

Moreover, (218) and (219) imply

(224)
(225)

1 n
(PPN 0
D(P{,T ||Py) — 0,

which combined with (223) imply (13).
The last limit (14) follows by the chain rule and limits (12)
and (13). This concludes the proof.
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