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Example: Distributed Control-System for Smart Cars

• Smart cars measuring speed, distance, road conditions

• Fixed road-side sensors measuring same parameters

• Intact car system: measurements highly correlated

• Erroneous car system: measurements independent

Task of Distributed Control-System

Decide on joint distribution underlying the observations
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Outline of the Talk

• Simple single-sensor system

Sensor
Decision

Center

Y n

Ĥ 2 {0, 1}

• Infinitely many communication bits

• Single communication bit

• nR communication bits

• Multihop System

Sensor Relay ĤZ
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• Restriction only on expected communication rate

• Simple single-sensor system

• Multi-hop system 3



Distributed Hypothesis Testing

Sensor
Decision

Center

Y n

Ĥ 2 {0, 1}
M 2

�
0, 1, . . . , 2nR � 1
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• “Normal situation” H = 0: (X n,Y n) ∼ i.i.d. PXY

• “Hazardous event” H = 1: (X n,Y n) ∼ i.i.d. QXY

• Constraints on type-I and type-II error probabilities:

lim
n→∞

αn = lim
n→∞

P
[
Ĥ = 1|H = 0

]
≤ ε

− lim
n→∞

1
n

log βn = − lim
n→∞

1
n

logP
[
Ĥ = 0|H = 1

]
≥ θ

Rate-Exponent Tradeoff θ∗ε (R)

Given R > 0, largest exponent θ that is ε-achievable.

• Ahlswede & Csiszár’86: θ∗ε (R) does not depend on ε ∈ [0,1/2]
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Centralized Hypothesis Testing —
The Ideal Case
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Centralized Hypothesis Testing

Sensor
Decision

Center

Y n

Ĥ 2 {0, 1}
1 bits

• Rate R is so large that sensor can send all X n to decision center

• Optimal decision: raise alarm unless statistics tp (X n,Y n) ≈ PXY

• Intuition: If system perfectly fits H = 0, decide on Ĥ = 0,
otherwise decide on Ĥ = 1
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Example of Doubly-Symmetric Binary Sources

PXY (x , y) =

{
1/3 x = y

1/6 x 6= y
and QXY (x , y) =

1
2
· 1

2

• Ex. 1: if observations

X n = (0,1,1,0,1,0,1,0,1,1,0,1,0,0,1,1,0,0)

Y n = (0,0,1,0,1,0,1,0,1,0,1,1,1,0,1,0,1,0)

tp (X n,Y n) = PXY → decision center decides on Ĥ = 0

• Ex. 2: if observations

X n = (0,1,0,1,1,1,0,1,0,1,1,0,1,0,0,1,1,0,0)

Y n = (1,0,0,1,0,1,0,0,0,1,0,1,1,1,1,1,0,1,0)

tp (X n,Y n) far from PXY → decision center decides on Ĥ = 1
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7



Analysis of Proposed Centralized Scheme

• Type-I error probability (by the weak law of large numbers)

αn = 1− P
[
Ĥ = 0|H = 0

]
= 1− P⊗n

XY

(
tp (X n,Y n) ≈ PXY

)

→ 0 as n→∞

• Probability of miss detection:

βn = Q⊗n
XY

(
tp (X n,Y n) ≈ PXY

)

= . . .
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Mathematical Preliminaries: Sanov’s Theorem

• sequences x = (x1, . . . , xn) and y = (y1, . . . , yn) of type πxy

Q⊗n
XY (x,y) =

n∏

i=1

QXY (xi , yi ) =
∏

(x,y)∈X×Y

(
QXY (x , y)

)n·πxy(x,y)

= exp
(

n ·
∑

(x,y)∈X×Y
πxy(x , y) · log QXY (x , y)

)

= exp
(
− n ·

∑

(x,y)∈X×Y
πxy(x , y)

(
log

πxy(x , y)

QXY (x , y)
+ log

1
πxy(x , y)

))

= exp(−n · (D(πxy||QXY ) + H(πxy)))

Theorem (Sanov’s theorem)

Q⊗n
XY

(
tp (X n,Y n) = π

)
≈ exp

(
− n · D(π||QXY )

)

• There are ≈ 2nH(π) sequences of a given type π
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Use Sanov’s Theorem to Finalize the Analysis

• Type-I error probability (by the weak law of large numbers)

αn = 1− P⊗n
XY

(
tp (X n,Y n) ≈ PXY

)
→ 0 as n→∞

• Type-II error probability

βn = Q⊗n
XY

(
tp (X n,Y n) ≈ PXY

)

=
∑

π≈PXY

Q⊗n
XY

(
tp (X n,Y n) = π

)

≈ exp
(
− n · D(PXY ||QXY )

)

• N.B. The number of types π is polynomial in n
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Optimal Exponent for Centralized Hypothesis Testing

Sensor
Decision

Center

Y n

Ĥ 2 {0, 1}
1 bits

• Rate R is so large that sensor can send all X n to decision center

Theorem (Stein’s exponent)

Largest achievable error exponent is:

θ?(R =∞) = D(PXY‖QXY ) :=
∑

x,y

PXY (x , y) log
PXY (x , y)

QXY (x , y)
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Distributed Hypothesis Testing with
Zero Communication Rate R = 0
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Distributed Hypothesis Testing with R = 0 (Han’87)

Sensor
Decision

Center

Y n

Ĥ 2 {0, 1}M

• Send message M, where number of bits representing M is
sublinear in n

Theorem (Han’87)

Largest achievable error exponent is:

θ?(R = 0) = min
πXY :
πX=PX
πY=PY

D(πXY ||QXY )
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Scheme for R = 0 (Han’87)

Sensor
Decision

Center

Y n

Ĥ 2 {0, 1}M

• M ∈ {0,1} (1 bit) suffices

• Sensor sends its own local decision:
If tp (X n) ≈ PX → send M = 0, otherwise send M = 1

• Decision center:

1. Local decision: L = 0 if tp
(
Y n) ≈ PY and L = 1 else

2. Final decision: Ĥ = 0 if M = L = 0, and Ĥ = 1 else.
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Example of Doubly-Symmetric Binary Sources

PXY (x , y) =

{
1/6 x = y

1/3 x 6= y
and QXY (x , y) =

1
2
· 1

2

Ex.: X n = (0,1,0,1,1,1,0,1,0,1,1,0,1,0,0,1,1,0,0)

Y n = (1,0,0,1,0,1,0,0,0,1,0,1,1,1,1,1,0,1,0)

tp (X n) =PX and tp (Y n) =PY → decision center decides Ĥ = 0

For centralized setting (R =∞), decision center decides Ĥ = 1!
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Analysis of 1-bit Communication Scheme

• Type-I error probability (by the weak law of large numbers)

αn = 1−P⊗n
XY

(
tp (X n) ≈ PX and tp (Y n) ≈ PY

)
→ 0 as n→∞

• Type-II error probability:

βn = Q⊗n
XY

(
tp (X n) ≈ PX and tp (Y n) ≈ PY

)

=
∑

πxy : πx≈PX
πy≈PY

Q⊗n
XY

(
tp (X n,Y n) = πxy

)

≈ exp
(
− n ·

(
min

πxy : πx=PX
πy=PY

D(πxy ||QXY )
))
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Many-Sensors and One Detector

Decision
center

Sensor nodes

• “Normal situation” H = 0: (X n
1 , . . . ,X

n
K ,Y

n) ∼ i.i.d. PX1···XK Y

• “Hazardous event” H = 1: (X n
1 , . . . ,X

n
K ,Y

n) ∼ i.i.d. QX1···XK Y
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Many-Sensors and One Detector

Decision
center

Sensor nodes

• Each sensor k produces local decision

• Unanimous decision forwarding: sensor sends Mk = 0 only if all
incoming messages 0 and local decision H = 0

• Decision center: raises alarm unless all incoming messages 0
and local decision H = 0

• Optimal exponent (independent of ε)

θ∗ε = min
πX1···XK Y :

πXk =PXk , ∀k
πY=PY

D(πX1···XK Y ||QX1···XK Y )
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When is a single-bit transmission optimal for R = 0?

• Single-bit transmission (unanimous decision forward) optimal if

• Two hypotheses H = 0 and H = 1

• All decision centers interested in same exponent

• Interactive communication allowed
[Katz-Piantanida-Debbah-2016]

• Sending a single bit is not sufficient if

• Exponents under both decisions need to be maximized

• Different decision centers interested in different exponents

• More than K > 2 hypotheses
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Distributed Hypothesis Testing under
Positive Rates R > 0
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Distributed Hypothesis Testing with R > 0 (Han’87)

Sensor
Decision

Center

quantiz. index j

or 0
Ĥ 2 {0, 1}

• Random codebook CS = {Sn(1), . . . ,Sn(2nR − 1)}

• Quantization: Send M = j if tp (Sn(j),X n) ≈ PSX ; else M = 0

• Alarm Ĥ = 1 unless M ≥ 1 and tp (Sn(M),Y n) ≈ PSY

• If R ≥ I(S; X ) quantization succeeds and αn → 0 as n→∞

• Achievable type-II error exponent

θ∗ε (R) ≥ max
PS|X :

R≥I(S;X)

min
πSXY :
πSX=PSX
πSY=PSY

D(πSXY ||PS|X QXY )
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Testing Against Independence (Csiszar-Ahlswede ’86)

• H = 0 : (X n,Y n) ∼ i.i.d. PXY

• H = 1 : (X n,Y n) ∼ i.i.d. PX PY

Optimal Rate-Exponent Tradeoff (does not depend on ε)
θ∗ε (R)= max

PS|X :

R≥I(S;X)

I(S; Y ) =: ηXY (R)
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Testing Against Independence over Two Hops

Sensor Relay ĤZ
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<latexit sha1_base64="0ZK/ZNt65rzSQ/VI1WEsMSSYvrM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioWXQxjKK+YDkCHubuWTJ3t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fipc48MufX75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz58mAK2RGTCyhTHF7K2EjqigzNqKSDcFbfnmVtGpV76Jau6tV6td5HEU4gVM4Bw8uoQ630IAmMBDwDK/w5jw6L86787FoLTj5zDH8gfP5AxrGkAE=</latexit>

MY 2
�
0, 1, . . . , 2nRY � 1

 
<latexit sha1_base64="fHhLu4exsDKPk+OlhKsvJTXcHRI=">AAACEnicbVDLSgMxFM3UV62vqks3wSIo1DJTBV0W3bgRqtgXnXHIZNI2NJMMSUYoQ7/Bjb/ixoUibl25829MHwttPXDhcM693HtPEDOqtG1/W5mFxaXllexqbm19Y3Mrv71TVyKRmNSwYEI2A6QIo5zUNNWMNGNJUBQw0gj6lyO/8UCkooLf6UFMvAh1Oe1QjLSR/PzRtd+CLuVuQLtuahedostCoVURlu9Tfuu3hsfO2Bv6+YJdsseA88SZkgKYournv9xQ4CQiXGOGlGo7dqy9FElNMSPDnJsoEiPcR13SNpSjiCgvHb80hAdGCWFHSFNcw7H6eyJFkVKDKDCdEdI9NeuNxP+8dqI7515KeZxowvFkUSdhUAs4ygeGVBKs2cAQhCU1t0LcQxJhbVLMmRCc2ZfnSb1cck5K5ZvTQuViGkcW7IF9cAgccAYq4ApUQQ1g8AiewSt4s56sF+vd+pi0ZqzpzC74A+vzB9DYnFI=</latexit>

MZ 2
�
0, 1, . . . , 2nRZ � 1

 
<latexit sha1_base64="NwGLhu+Q9KlrV+s5HhmibsxVTl4=">AAACEnicbVDLSgMxFM3UV62vqks3wSIo1DJTBV0W3bgRqtgH7YxDJpO2oZlkSDJCGfoNbvwVNy4UcevKnX9j+lho64ELh3Pu5d57gphRpW3728osLC4tr2RXc2vrG5tb+e2duhKJxKSGBROyGSBFGOWkpqlmpBlLgqKAkUbQvxz5jQciFRX8Tg9i4kWoy2mHYqSN5OePrv0WdCl3A9p1U7voFF0WCq2KsHyf8lu/NTx2xt7Qzxfskj0GnCfOlBTAFFU//+WGAicR4RozpFTbsWPtpUhqihkZ5txEkRjhPuqStqEcRUR56filITwwSgg7QpriGo7V3xMpipQaRIHpjJDuqVlvJP7ntRPdOfdSyuNEE44nizoJg1rAUT4wpJJgzQaGICypuRXiHpIIa5NizoTgzL48T+rlknNSKt+cFioX0ziyYA/sg0PggDNQAVegCmoAg0fwDF7Bm/VkvVjv1sekNWNNZ3bBH1ifP9QPnFQ=</latexit>

ĤY
<latexit sha1_base64="Sx/oE3yHqkaVgXQ/KRJccLh+MZM=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAiuSlIFXRbddFnBPqQJYTKdtEMnkzBzI4RQf8WNC0Xc+iHu/BsnbRbaemDgcM693DMnSDhTYNvfxtr6xubWdmWnuru3f3BoHh33VJxKQrsk5rEcBFhRzgTtAgNOB4mkOAo47QfT28LvP1KpWCzuIUuoF+GxYCEjGLTkmzV3giF3IwwTgnnens38B9+s2w17DmuVOCWpoxId3/xyRzFJIyqAcKzU0LET8HIsgRFOZ1U3VTTBZIrHdKipwBFVXj4PP7POtDKywljqJ8Caq783chwplUWBnixSqmWvEP/zhimE117ORJICFWRxKEy5BbFVNGGNmKQEeKYJJpLprBaZYIkJ6L6qugRn+curpNdsOBeN5t1lvXVT1lFBJ+gUnSMHXaEWaqMO6iKCMvSMXtGb8WS8GO/Gx2J0zSh3augPjM8fRyaVLA==</latexit>

• Two decision centers (relay and receiver)

• Markov chain X → Y → Z under both hypotheses

• H = 0 : (X n,Y n,Z n) i.i.d. ∼ PX · PY |X · PZ |Y

• H = 1 : (X n,Y n,Z n) i.i.d. ∼ PX · PY · PZ
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Definition of Exponents Region

• Error Constraints at the Relay

• αY ,n , P[ĤY = 1|H = 0] ≤ εY

• βY ,n , P[ĤY = 0|H = 1] ≤ 2−nθY

• Error Constraints at the Receiver

• αZ ,n , P[ĤZ = 1|H = 0] ≤ εZ

• βZ ,n , P[ĤZ = 0|H = 1] ≤ 2−nθZ

Definition

E∗εY ,εZ
(RY ,RZ ) is the closure of the set of all (εY , εZ )-achievable

exponent pairs (θY , θZ )
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Optimal Scheme and Exponents Region

Sensor Relay
ĤZ

<latexit sha1_base64="D47Q+caNjoKc+Uv+vSQ9b/kSV5w=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAiuSlIFXRbddFnBPrAJYTKdtEMnkzBzI4RQf8WNC0Xc+iHu/BsnbRbaemDgcM693DMnSDhTYNvfxtr6xubWdmWnuru3f3BoHh33VJxKQrsk5rEcBFhRzgTtAgNOB4mkOAo47QfT28LvP1KpWCzuIUuoF+GxYCEjGLTkmzV3giF3IwwTgnnens38B9+s2w17DmuVOCWpoxId3/xyRzFJIyqAcKzU0LET8HIsgRFOZ1U3VTTBZIrHdKipwBFVXj4PP7POtDKywljqJ8Caq783chwplUWBnixSqmWvEP/zhimE117ORJICFWRxKEy5BbFVNGGNmKQEeKYJJpLprBaZYIkJ6L6qugRn+curpNdsOBeN5t1lvXVT1lFBJ+gUnSMHXaEWaqMO6iKCMvSMXtGb8WS8GO/Gx2J0zSh3augPjM8fSKqVLQ==</latexit>Receiver
<latexit sha1_base64="0ZK/ZNt65rzSQ/VI1WEsMSSYvrM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioWXQxjKK+YDkCHubuWTJ3t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fipc48MufX75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz58mAK2RGTCyhTHF7K2EjqigzNqKSDcFbfnmVtGpV76Jau6tV6td5HEU4gVM4Bw8uoQ630IAmMBDwDK/w5jw6L86787FoLTj5zDH8gfP5AxrGkAE=</latexit>

Han scheme
for Xn, Y n

<latexit sha1_base64="ePa2mPAZDfZAkRe7YnSIJsH1KhM=">AAACEHicbVC7TgMxEPSFVwivACWNRYKggOguCEGJoEkZJPJAuRD5nL3EwvadbB9SdMon0PArNBQgREtJx9/gPAogTDWa2dXOThBzpo3rfjmZufmFxaXscm5ldW19I7+5VddRoijUaMQj1QyIBs4k1AwzHJqxAiICDo3g7nLkN+5BaRbJazOIoS1IT7KQUWKs1Mnv+30dEwrp0YkQwwqRWNM+CPB9HEYKF5u38vDmVhY7+YJbcsfAs8SbkgKaotrJf/rdiCYCpKGcaN3y3Ni0U6IMoxyGOT/RYA/fkR60LJVEgG6n44eGeM8q3XGAMJIGj9WfGykRWg9EYCcFMX391xuJ/3mtxIRn7ZTJODEg6eRQmHBsIjxqB3eZAmr4wBJCFbNZMe0TRaixHeZsCd7fl2dJvVzyjkvlq3Lh/GJaRxbtoF10gDx0is5RBVVRDVH0gJ7QC3p1Hp1n5815n4xmnOnONvoF5+Mb9jmb3w==</latexit>

Han scheme
for Y n, Zn

<latexit sha1_base64="nhjmh272AV5izTkLFKMYXU9dYwk=">AAACEHicbVC7TgMxEPSFd3gFKGksAoICorsgBGUETcogkRDIJZHP2SMWtu9k+5CiUz6Bhl+hoQAhWko6/gbnUUDCVKOZXe3sBDFn2rjut5OZmZ2bX1hcyi6vrK6t5zY2azpKFIUqjXik6gHRwJmEqmGGQz1WQETA4Tq4vxj41w+gNIvklenF0BTkTrKQUWKs1M7t+10dEwrp0YkQ/TKRWNMuCPB9HEYK79605OFtS+62c3m34A6Bp4k3Jnk0RqWd+/I7EU0ESEM50brhubFppkQZRjn0s36iwR6+J3fQsFQSAbqZDh/q4z2rdIYBwkgaPFR/b6REaN0TgZ0UxHT1pDcQ//MaiQnPmimTcWJA0tGhMOHYRHjQDu4wBdTwniWEKmazYtolilBjO8zaErzJl6dJrVjwjgvFy2K+dD6uYxFtox10gDx0ikqojCqoiih6RM/oFb05T86L8+58jEYzznhnC/2B8/kD+Uub4Q==</latexit>

ĤY +
<latexit sha1_base64="WFJNWtGKjj+VXD1btqRfV6rtXlA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBKEkVVBwU3TTZQX7kCaEyXTSDp1MwsxEKCFu/BU3LhRx61+482+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++Cb3uw9ESBrxOzWJiRuiIacBxUhpyTMPnBFSqRMiNcKIpc0s8+6hcwVPPbNq1awp4CKxC1IFBVqe+eUMIpyEhCvMkJR924qVmyKhKGYkqziJJDHCYzQkfU05Col00+kHGTzWygAGkdDFFZyqvydSFEo5CX3dmZ8q571c/M/rJyq4dFPK40QRjmeLgoRBFcE8DjiggmDFJpogLKi+FeIREggrHVpFh2DPv7xIOvWafVar355XG9dFHGVwCI7ACbDBBWiAJmiBNsDgETyDV/BmPBkvxrvxMWstGcXMPvgD4/MHsQiWYA==</latexit>

ĤY
<latexit sha1_base64="Sx/oE3yHqkaVgXQ/KRJccLh+MZM=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAiuSlIFXRbddFnBPqQJYTKdtEMnkzBzI4RQf8WNC0Xc+iHu/BsnbRbaemDgcM693DMnSDhTYNvfxtr6xubWdmWnuru3f3BoHh33VJxKQrsk5rEcBFhRzgTtAgNOB4mkOAo47QfT28LvP1KpWCzuIUuoF+GxYCEjGLTkmzV3giF3IwwTgnnens38B9+s2w17DmuVOCWpoxId3/xyRzFJIyqAcKzU0LET8HIsgRFOZ1U3VTTBZIrHdKipwBFVXj4PP7POtDKywljqJ8Caq783chwplUWBnixSqmWvEP/zhimE117ORJICFWRxKEy5BbFVNGGNmKQEeKYJJpLprBaZYIkJ6L6qugRn+curpNdsOBeN5t1lvXVT1lFBJ+gUnSMHXaEWaqMO6iKCMvSMXtGb8WS8GO/Gx2J0zSh3augPjM8fRyaVLA==</latexit>

• Independent Han-scheme over each link

• Unanimous Decision-Forwarding

• ĤZ = 0 only if ĤY = 0 and Han scheme for (Y n,Z n) indicates
H = 0

Theorem (Salehkalaibar, W’, Wang 2017, Cao, Zhu, Tan’2019)

EεY ,εZ (RY ,RZ ) is the set of all pairs (θY , θZ ) satisfying

θY ≤ ηXY (RY ), θZ ≤ ηXY (RY ) + ηYZ (RZ ).
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Testing under Expected Rate
Constraints
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Point-to-Point Testing under Expected Rate Constraints

Sensor
Decision

Center

Y n

Ĥ 2 {0, 1}
M 2 {0, 1}?

<latexit sha1_base64="tAFP1ktu4cmbJLO4ARkgR6nUeHA=">AAACBXicbVBNS8NAEJ34WetX1KMeFovgQUpSBT0WvXgRKtgPaGLZbDft0s0m7G6EEnrx4l/x4kERr/4Hb/4bt2kP2vpg4PHeDDPzgoQzpR3n21pYXFpeWS2sFdc3Nre27Z3dhopTSWidxDyWrQArypmgdc00p61EUhwFnDaDwdXYbz5QqVgs7vQwoX6Ee4KFjGBtpI594EVY91WY3YyQxwTyMufE9Ub3ntJYduySU3ZyoHniTkkJpqh17C+vG5M0okITjpVqu06i/QxLzQino6KXKppgMsA92jZU4IgqP8u/GKEjo3RRGEtTQqNc/T2R4UipYRSYzvzmWW8s/ue1Ux1e+BkTSaqpIJNFYcqRjtE4EtRlkhLNh4ZgIpm5FZE+lphoE1zRhODOvjxPGpWye1qu3J6VqpfTOAqwD4dwDC6cQxWuoQZ1IPAIz/AKb9aT9WK9Wx+T1gVrOrMHf2B9/gC0a5gP</latexit>

• Message M is a variable-length bit-string

• Rate constraint E[len(M)] ≤ nR

Theorem (Salehkalaibar and Wigger’2020)

The largest ε-achievable exponent is

θ∗VL,ε(R) = ηXY (R/(1− ε)) (depends on ε)
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Optimal Point-to-Point Variable-Length Scheme

Sn
<latexit sha1_base64="ZrgJFaZpgCydzxIKKxXXZX5M0SI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6cOsL/rlilt150CrxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp7NSL9E0xmSMh7RrqcAR1X46Dz1DZ1YZoFAq+4RBc/X3RoojradRYCezkHrZy8T/vG5iwms/ZSJODBVkcShMODISZQ2gAVOUGD61BBPFbFZERlhhYmxPJVuCt/zlVdKqVb2Lau3+slK/yesowgmcwjl4cAV1uIMGNIHAEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8AFxuSTg==</latexit>

X n
<latexit sha1_base64="WbInm7FBADgprBdLsF0qXcCUJ7Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Y8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJ70XYjAjmaWf2KPrlilt150CrxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp7NSL9E0xmSMh7RrqcAR1X46Dz1DZ1YZoFAq+4RBc/X3RoojradRYCezkHrZy8T/vG5iwms/ZSJODBVkcShMODISZQ2gAVOUGD61BBPFbFZERlhhYmxPJVuCt/zlVdKqVb2Lau3+slK/yesowgmcwjl4cAV1uIMGNIHAEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8AHTmSUg==</latexit>

↵0 ! 0
�0  2�n⌘XY (R0)

R0 = R/(1 � ✏)
<latexit sha1_base64="18pKX70X3kmAbMjQuYIjTwbiras="></latexit>

↵00 = 1

�00 = 0

R00 ⇡ 0
<latexit sha1_base64="59dk0SL9Igz5mzq/5SNgkzMQ2N4=">AAACJnicbZBNSwMxEIaz9bt+VT16CRapp7JbFb0IohePKrYVuqXMptM2NNkNSVYsS3+NF/+KFw+KiDd/imntQasvBF6emWEyb6QEN9b3P7zczOzc/MLiUn55ZXVtvbCxWTNJqhlWWSISfRuBQcFjrFpuBd4qjSAjgfWofz6q1+9QG57EN3agsCmhG/MOZ2AdahVOQhCqB6XSSRCG+bBnFDDMDqUchhHaEfen+HWpFIJSOrmnfqtQ9Mv+WPSvCSamSCa6bBVewnbCUomxZQKMaQS+ss0MtOVM4DAfpgbdpj50seFsDBJNMxufOaS7jrRpJ9HuxZaO6c+JDKQxAxm5Tgm2Z6ZrI/hfrZHaznEz47FKLcbse1EnFdQmdJQZbXONzIqBM8A0d3+lrAcamHXJ5l0IwfTJf02tUg72y5Wrg+Lp2SSORbJNdsgeCcgROSUX5JJUCSMP5Im8kFfv0Xv23rz379acN5nZIr/kfX4BhWOj+g==</latexit>

✏
<latexit sha1_base64="S940j+PXnpyPoS6EHFdj/RxnHVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBOH5Ak</latexit>

Han’s scheme
with [1]-flag

<latexit sha1_base64="Qw2YmikZxaOKXL1PwhcPGRfpIqw=">AAACEnicbVDLSsNAFJ34Nr6qLt0MFlEXlqQiuhTddFnBPqAJZTK9aQZnJmFmopTQb3Djr7hxoYhbV+78G6ePha8DFw7n3Mu990QZZ9p43qczMzs3v7C4tOyurK6tb5Q2t5o6zRWFBk15qtoR0cCZhIZhhkM7U0BExKEV3VyO/NYtKM1SeW0GGYSC9CWLGSXGSt3SYZDojFAojk6EGNaI3NeupgkICAL3jpkEd/zwKOak3y2VvYo3Bv5L/Ckpoynq3dJH0EtpLkAayonWHd/LTFgQZRjlMHSDXINdfUP60LFUEgE6LMYvDfGeVXo4TpUtafBY/T5REKH1QES2UxCT6N/eSPzP6+QmPgsLJrPcgKSTRXHOsUnxKB/cYwqo4QNLCFXM3oppQhShxqbo2hD83y//Jc1qxT+uVK+q5fOLaRxLaAftogPko1N0jmqojhqIonv0iJ7Ri/PgPDmvztukdcaZzmyjH3DevwCecpzJ</latexit>

M = [0]
Ĥ = 1

<latexit sha1_base64="WHQyxGLXTBcSz4la/ikny0QovII="></latexit>

• Set Sn has probability ε

• Average performances

αn ≤ ε
βn ≤ (1− ε)2−n·ηXY (R/(1−ε))

and total rate is (1− ε)R′ = R

→ Achievability of θ = ηXY (R/(1− ε))
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Two-Hop Testing under Expected Rate Constraints

Sensor Relay ĤZ
<latexit sha1_base64="D47Q+caNjoKc+Uv+vSQ9b/kSV5w=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAiuSlIFXRbddFnBPrAJYTKdtEMnkzBzI4RQf8WNC0Xc+iHu/BsnbRbaemDgcM693DMnSDhTYNvfxtr6xubWdmWnuru3f3BoHh33VJxKQrsk5rEcBFhRzgTtAgNOB4mkOAo47QfT28LvP1KpWCzuIUuoF+GxYCEjGLTkmzV3giF3IwwTgnnens38B9+s2w17DmuVOCWpoxId3/xyRzFJIyqAcKzU0LET8HIsgRFOZ1U3VTTBZIrHdKipwBFVXj4PP7POtDKywljqJ8Caq783chwplUWBnixSqmWvEP/zhimE117ORJICFWRxKEy5BbFVNGGNmKQEeKYJJpLprBaZYIkJ6L6qugRn+curpNdsOBeN5t1lvXVT1lFBJ+gUnSMHXaEWaqMO6iKCMvSMXtGb8WS8GO/Gx2J0zSh3augPjM8fSKqVLQ==</latexit>Receiver

<latexit sha1_base64="0ZK/ZNt65rzSQ/VI1WEsMSSYvrM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioWXQxjKK+YDkCHubuWTJ3t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fipc48MufX75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz58mAK2RGTCyhTHF7K2EjqigzNqKSDcFbfnmVtGpV76Jau6tV6td5HEU4gVM4Bw8uoQ630IAmMBDwDK/w5jw6L86787FoLTj5zDH8gfP5AxrGkAE=</latexit>

MZ 2
�
0, 1}?

<latexit sha1_base64="BDgiwQKNoXbGab8wKozusn7buVo=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISWpgi6LbtwIFewDmxgm00k7dDIJMxOhhKzd+CtuXCji1i9w5984TbPQ1gMXDufcy733+DGjUlnWt1FaWFxaXimvVtbWNza3zO2dtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80eXE7zwQIWnEb9U4Jm6IBpwGFCOlJc/cd0KkhjJIrzPvDjqUOz4dOKl1bDvZvSMVEp5ZtWpWDjhP7IJUQYGmZ345/QgnIeEKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE9TjkIi3TR/JYOHWunDIBK6uIK5+nsiRaGU49DXnfnhs95E/M/rJSo4d1PK40QRjqeLgoRBFcFJLrBPBcGKjTVBWFB9K8RDJBBWOr2KDsGefXmetOs1+6RWvzmtNi6KOMpgDxyAI2CDM9AAV6AJWgCDR/AMXsGb8WS8GO/Gx7S1ZBQzu+APjM8f7wSaaA==</latexit>

MY 2
�
0, 1}?

<latexit sha1_base64="tGlerqijLaaj/GxYI6r76p0H6YQ=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISWpgi6LbtwIFexDmhgm00k7dDIJMxOhhKzd+CtuXCji1i9w5984TbPQ1gMXDufcy733+DGjUlnWt1FaWFxaXimvVtbWNza3zO2dtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80eXE7zwQIWnEb9U4Jm6IBpwGFCOlJc/cd0KkhjJIrzPvDjqUOz4dOKl1bDvZvSMVEp5ZtWpWDjhP7IJUQYGmZ345/QgnIeEKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE9TjkIi3TR/JYOHWunDIBK6uIK5+nsiRaGU49DXnfnhs95E/M/rJSo4d1PK40QRjqeLgoRBFcFJLrBPBcGKjTVBWFB9K8RDJBBWOr2KDsGefXmetOs1+6RWvzmtNi6KOMpgDxyAI2CDM9AAV6AJWgCDR/AMXsGb8WS8GO/Gx7S1ZBQzu+APjM8f7WuaZw==</latexit>

• Messages MY and MZ are variable-length bit-strings

• Rate constraints E[len(MY )] ≤ nRY and E[len(MZ )] ≤ nRZ

Definition

Exponents region EVL,εY ,εZ (RY ,RZ ) is the set of all (εY , εZ )-achievable
exponent pairs (θY , θZ ) under expected rate constraints
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Achievability with Expected Rate Constraints for εY = εZ , ε

X n
<latexit sha1_base64="WbInm7FBADgprBdLsF0qXcCUJ7Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Y8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJ70XYjAjmaWf2KPrlilt150CrxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp7NSL9E0xmSMh7RrqcAR1X46Dz1DZ1YZoFAq+4RBc/X3RoojradRYCezkHrZy8T/vG5iwms/ZSJODBVkcShMODISZQ2gAVOUGD61BBPFbFZERlhhYmxPJVuCt/zlVdKqVb2Lau3+slK/yesowgmcwjl4cAV1uIMGNIHAEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8AHTmSUg==</latexit>

Two-Hop Scheme
with [1]-flag

<latexit sha1_base64="SzzXcKw/Vf0xD/tHRjOYKfPPsqc=">AAACFHicbVBNS8NAEN34bfyqevSyWARBWpKK6FH04lGx1UITymY7aRZ3s2F3YymhP8KLf8WLB0W8evDmv3H7cdDqg4HHezPMzIsyzrTxvC9nZnZufmFxadldWV1b3yhtbt1omSsKDSq5VM2IaOAshYZhhkMzU0BExOE2ujsf+rf3oDSTad30MwgF6aYsZpQYK7VLB0GiM0KhqBwJMaj3ZOVCZu41TUBAELg9ZhLc8sNKzEm3XSp7VW8E/Jf4E1JGE1y2S59BR9JcQGooJ1q3fC8zYUGUYZTDwA1yDXb5HelCy9KUCNBhMXpqgPes0sGxVLZSg0fqz4mCCK37IrKdgphET3tD8T+vlZv4JCxYmuUGUjpeFOccG4mHCeEOU0AN71tCqGL2VkwTogg1NkfXhuBPv/yX3NSq/mG1dlUrn55N4lhCO2gX7SMfHaNTdIEuUQNR9ICe0At6dR6dZ+fNeR+3zjiTmW30C87HNyc2nZo=</latexit>

MY = MZ = [0]
ĤY = ĤZ = 1

<latexit sha1_base64="bdSuiH/l1Pno0JzUIjqzv8S4RyY="></latexit>

↵00
Y = ↵00

Z = 1
�00

Y = �00
Z = 0

R00
Y = R00

Z = 0
<latexit sha1_base64="6mAmfRQRYxLANDT1XK3d2ORagIc="></latexit>

↵0
Y , ↵0

Z ! 0

�0
Y  2�n⌘XY (R0

Y )

�0
Z  2�n(⌘XY (R0

Y )+⌘Y Z(R0
Z))

R0
Y = RY /(1 � ✏)

R0
Z = RZ/(1 � ✏)

<latexit sha1_base64="jHk7xxRysCA6gXHDgCcfOfJb1Eg="></latexit>

✏
<latexit sha1_base64="S940j+PXnpyPoS6EHFdj/RxnHVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBOH5Ak</latexit>

Theorem (Hamad, Sarkiss, W’2021)

Eε,ε(RY ,RZ ) is the set of all pairs (θY , θZ ) satisfying

θY ≤ ηXY (RY/(1− ε)), θZ ≤ ηXY (RY/(1− ε))+ηYZ (RZ/(1− ε)).
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Scheme for Expected Rate Constraints with εY < εZ

X n
<latexit sha1_base64="WbInm7FBADgprBdLsF0qXcCUJ7Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Y8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJ70XYjAjmaWf2KPrlilt150CrxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp7NSL9E0xmSMh7RrqcAR1X46Dz1DZ1YZoFAq+4RBc/X3RoojradRYCezkHrZy8T/vG5iwms/ZSJODBVkcShMODISZQ2gAVOUGD61BBPFbFZERlhhYmxPJVuCt/zlVdKqVb2Lau3+slK/yesowgmcwjl4cAV1uIMGNIHAEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8AHTmSUg==</latexit>

Two-Hop Scheme
with [1]-flag

<latexit sha1_base64="SzzXcKw/Vf0xD/tHRjOYKfPPsqc=">AAACFHicbVBNS8NAEN34bfyqevSyWARBWpKK6FH04lGx1UITymY7aRZ3s2F3YymhP8KLf8WLB0W8evDmv3H7cdDqg4HHezPMzIsyzrTxvC9nZnZufmFxadldWV1b3yhtbt1omSsKDSq5VM2IaOAshYZhhkMzU0BExOE2ujsf+rf3oDSTad30MwgF6aYsZpQYK7VLB0GiM0KhqBwJMaj3ZOVCZu41TUBAELg9ZhLc8sNKzEm3XSp7VW8E/Jf4E1JGE1y2S59BR9JcQGooJ1q3fC8zYUGUYZTDwA1yDXb5HelCy9KUCNBhMXpqgPes0sGxVLZSg0fqz4mCCK37IrKdgphET3tD8T+vlZv4JCxYmuUGUjpeFOccG4mHCeEOU0AN71tCqGL2VkwTogg1NkfXhuBPv/yX3NSq/mG1dlUrn55N4lhCO2gX7SMfHaNTdIEuUQNR9ICe0At6dR6dZ+fNeR+3zjiTmW30C87HNyc2nZo=</latexit>

MY = MZ = [0]
ĤY = ĤZ = 1

<latexit sha1_base64="bdSuiH/l1Pno0JzUIjqzv8S4RyY="></latexit>

↵0
Y , ↵0

Z ! 0

�0
Y  2�n⌘XY (R0

Y )

�0
Z  2�n(⌘XY (R0

Y )+⌘Y Z(R0
Z))

R0
Y , R0

Z = RZ/(1 � ✏Z)
<latexit sha1_base64="SCNvCYIpdtKiNG9Y1zjp2Pq2VeQ="></latexit>

↵00
Y = ↵00

Z = 1
�00

Y = �00
Z = 0

R00
Y = R00

Z = 0
<latexit sha1_base64="6mAmfRQRYxLANDT1XK3d2ORagIc="></latexit>

Han scheme on first link
MZ = [0], ĤZ = 1

<latexit sha1_base64="jJfsQASph6Rf7nxqizroHxHp5wQ="></latexit>

↵000
Y ! 0

�000
Y  2�n⌘XY (R000

Y )

↵000
Z = 1, �000

Z = 0
R000

Y , R000
Z = 0

<latexit sha1_base64="ojcXcVn6hdMOv9OUtPgjcCv9X+4="></latexit>

✏Z�✏Y
<latexit sha1_base64="rNXVWHfqeX+v38eVN49fupzutRg=">AAACAnicbZDLSgMxFIbP1Futt1FX4ia1CG4sM1XQZdGNywr2op2hZNJMG5q5kGSEMhQ3voobF4q49Snc+Tam7SDa+kPgy3/OITm/F3MmlWV9GbmFxaXllfxqYW19Y3PL3N5pyCgRhNZJxCPR8rCknIW0rpjitBULigOP06Y3uBzXm/dUSBaFN2oYUzfAvZD5jGClrY6559BYMq7xzikeO8Wf623HLFllayI0D3YGJchU65ifTjciSUBDRTiWsm1bsXJTLBQjnI4KTiJpjMkA92hbY4gDKt10ssIIHWqni/xI6BMqNHF/T6Q4kHIYeLozwKovZ2tj879aO1H+uZuyME4UDcn0IT/hSEVonAfqMkGJ4kMNmAim/4pIHwtMlE6toEOwZ1eeh0albJ+UK9enpepFFkce9uEAjsCGM6jCFdSgDgQe4Ale4NV4NJ6NN+N92pozspld+CPj4xud/pbt</latexit>

✏Y
<latexit sha1_base64="uvhHebEzeK2UEl169HNTHjZbyr4=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjBfmgbymY7aZdudsPuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2tUwVxQaVXKp2SDRyJrBhmOHYThSSOOTYCkc3U7/1hEozKe7NOMEgJgPBIkaJsdJjFxPNuBS9h16p7FW8Gdxl4uekDDnqvdJXty9pGqMwlBOtO76XmCAjyjDKcVLsphoTQkdkgB1LBYlRB9ns4ol7apW+G0llSxh3pv6eyEis9TgObWdMzFAvelPxP6+TmugqyJhIUoOCzhdFKXeNdKfvu32mkBo+toRQxeytLh0SRaixIRVtCP7iy8ukWa3455Xq3UW5dp3HUYBjOIEz8OESanALdWgABQHP8ApvjnZenHfnY9664uQzR/AHzucPtf+Q8A==</latexit>

• Average type-I error prob. αY → εY and αZ → εZ as n→∞

• Average type-II error prob. at Relay:
βY ≤ (1− εZ )2−nηXY (R′Y ) + (εZ − εY )2−nηXY (R′′′Y ))

• Average rate of first link (1− εZ )R′Y + (εZ − εY )R′′′Y 30



Optimal Exponents Region for εY < εZ

Theorem (Hamad, W’, Sarkiss ’2021)

E∗VL,εY ,εZ
(RY ,RZ ) set of (θY , θZ ) pairs satisfying

θY ≤ min{ηXY (R′Y ), ηXY (R′′′Y )}
θZ ≤ ηXY (R′Y ) + ηYZ (RZ/(1− εZ )),

for some RY ′ ,R′′′Y > 0 satisfying RY ≥ (1− εZ )R′Y + (εZ − εY )R′′′Y .

✓Z
<latexit sha1_base64="Bj6U9XjyrP7j46c3e7ic9KfEbEU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Ae2oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbG6x0nC/YgOlQgFo2ilTg9HHGn/oV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmnVqt5FtXZ3WanX8ziKcAKncA4eXEEdbqEBTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wcMTo/3</latexit>

✓Y
<latexit sha1_base64="A27LBmE5bUjoZB4ZhQOHboS/wHE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Ie0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbG6x0nC/YgOlQgFo2ilTg9HHGn/oV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmnVqt5FtXZ3WanX8ziKcAKncA4eXEEdbqEBTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wcKyo/2</latexit>

E⇤
✏Y ,✏Z

(RY , RZ)
= E⇤

VL,0,0(RY , RZ)
<latexit sha1_base64="2TsaWx+lixeoL5Sk2T5uHXQVlDo="></latexit>

E⇤
VL,✏Y ,✏Y

(RY , RZ)
<latexit sha1_base64="8Xnfan1DYJxOeSYMjhtwDnkTRXc="></latexit>

E⇤
VL,✏Y ,✏Z

(RY , RZ)
<latexit sha1_base64="l+rHcPyfR1D82OPljhVFHeOGoFs="></latexit>

✓⇤Z,✏Z
<latexit sha1_base64="kY0tQ6sL+JGsvU0LxUfc2XpLhJQ=">AAACAHicbVDLSgNBEJyNrxhfUQ8evCwGQUTCbhT0JAEvHiOYB8muYXbSSYbMzi4zvUJYcvFXvHhQxKuf4c2/cfI4aGJBQ1HVTXdXEAuu0XG+rczS8srqWnY9t7G5tb2T392r6ShRDKosEpFqBFSD4BKqyFFAI1ZAw0BAPRjcjP36IyjNI3mPwxj8kPYk73JG0Ujt/IGHfUDaTptnHsSaCyM2Rw+n7XzBKToT2IvEnZECmaHSzn95nYglIUhkgmrdcp0Y/ZQq5EzAKOclGmLKBrQHLUMlDUH76eSBkX1slI7djZQpifZE/T2R0lDrYRiYzpBiX897Y/E/r5Vg98pPuYwTBMmmi7qJsDGyx2nYHa6AoRgaQpni5lab9amiDE1mOROCO//yIqmViu55sXR3UShfz+LIkkNyRE6ISy5JmdySCqkSRkbkmbySN+vJerHerY9pa8aazeyTP7A+fwC3/pZ3</latexit>

✓⇤Z,✏Y
<latexit sha1_base64="xKKdSawzHbLgR/59ja0OxVcN8uM=">AAACAHicbVDLSgNBEJyNrxhfUQ8evCwGQUTCbhT0JAEvHiOYh2bXMDvpJENmZ5eZXiEsufgrXjwo4tXP8ObfOHkcNLGgoajqprsriAXX6DjfVmZhcWl5JbuaW1vf2NzKb+/UdJQoBlUWiUg1AqpBcAlV5CigESugYSCgHvSvRn79EZTmkbzFQQx+SLuSdzijaKRWfs/DHiBtpfcnHsSaCyPeDR+OW/mCU3TGsOeJOyUFMkWllf/y2hFLQpDIBNW66Tox+ilVyJmAYc5LNMSU9WkXmoZKGoL20/EDQ/vQKG27EylTEu2x+nsipaHWgzAwnSHFnp71RuJ/XjPBzoWfchknCJJNFnUSYWNkj9Kw21wBQzEwhDLFza0261FFGZrMciYEd/bleVIrFd3TYunmrFC+nMaRJfvkgBwRl5yTMrkmFVIljAzJM3klb9aT9WK9Wx+T1ow1ndklf2B9/gC2d5Z2</latexit>

✓0Z
<latexit sha1_base64="CdvRn1duXgjTzsEcex83IRXozmE=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPoKexGQU8S8OIxgnlosoTZSScZMju7zPQKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzaHOIxnpVsAMSKGgjgIltGINLAwkNIPRzdRvPoE2IlL3OI7BD9lAib7gDK300MEhIOs+nnaLJbfszkCXiZeREslQ6xa/Or2IJyEo5JIZ0/bcGP2UaRRcwqTQSQzEjI/YANqWKhaC8dPZwRN6YpUe7UfalkI6U39PpCw0ZhwGtjNkODSL3lT8z2sn2L/yU6HiBEHx+aJ+IilGdPo97QkNHOXYEsa1sLdSPmSacbQZFWwI3uLLy6RRKXvn5crdRal6ncWRJ0fkmJwRj1ySKrklNVInnITkmbySN0c7L8678zFvzTnZzCH5A+fzB27tkCY=</latexit>

✓⇤Z
<latexit sha1_base64="wbqOL6k+VT056/K6nJ6YVdoswPk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgp4k4MVjBPMgyRpmJ7PJkNnZZaZXCCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwc1k2casZrLJaxbgbUcCkUr6FAyZuJ5jQKJG8Ew9up33ji2ohYPeAo4X5E+0qEglG0UquDA46023o87xaKbsmdgSwTLyNFyFDtFr46vZilEVfIJDWm7bkJ+mOqUTDJJ/lOanhC2ZD2edtSRSNu/PHs4gk5tUqPhLG2pZDM1N8TYxoZM4oC2xlRHJhFbyr+57VTDK/9sVBJilyx+aIwlQRjMn2f9ITmDOXIEsq0sLcSNqCaMrQh5W0I3uLLy6ReLnkXpfL9ZbFyk8WRg2M4gTPw4AoqcAdVqAEDBc/wCm+OcV6cd+dj3rriZDNH8AfO5w8qfZCR</latexit>

✓⇤Y
<latexit sha1_base64="Y4k38ptortrmn+62BniEirG/8ak=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQkAS8eI5iHZNcwO5lNhsw+mOkVwpLf8OJBEa/+jDf/xkmyB00saCiquunu8hMpNNr2t1VYWV1b3yhulra2d3b3yvsHLR2nivEmi2WsOj7VXIqIN1Gg5J1EcRr6krf90c3Ubz9xpUUc3eM44V5IB5EIBKNoJNfFIUfayx4mj2e9csWu2jOQZeLkpAI5Gr3yl9uPWRryCJmkWncdO0EvowoFk3xSclPNE8pGdMC7hkY05NrLZjdPyIlR+iSIlakIyUz9PZHRUOtx6JvOkOJQL3pT8T+vm2Jw5WUiSlLkEZsvClJJMCbTAEhfKM5Qjg2hTAlzK2FDqihDE1PJhOAsvrxMWrWqc16t3V1U6td5HEU4gmM4BQcuoQ630IAmMEjgGV7hzUqtF+vd+pi3Fqx85hD+wPr8AfO1kZw=</latexit>

✓⇤Y,✏Y
<latexit sha1_base64="v933JwIpFiC/5H3DUHXkc3GGq70=">AAACAHicbVDLSgNBEJyNrxhfUQ8evCwGQUTCbhT0JAEvHiOYF9k1zE46yZDZ2WWmVwhLLv6KFw+KePUzvPk3Th4HTSxoKKq66e4KYsE1Os63lVlaXlldy67nNja3tnfyu3s1HSWKQZVFIlKNgGoQXEIVOQpoxApoGAioB4ObsV9/BKV5JO9xGIMf0p7kXc4oGqmdP/CwD0jbafPMg1hzYcTm6OG0nS84RWcCe5G4M1IgM1Ta+S+vE7EkBIlMUK1brhOjn1KFnAkY5bxEQ0zZgPagZaikIWg/nTwwso+N0rG7kTIl0Z6ovydSGmo9DAPTGVLs63lvLP7ntRLsXvkpl3GCINl0UTcRNkb2OA27wxUwFENDKFPc3GqzPlWUocksZ0Jw519eJLVS0T0vlu4uCuXrWRxZckiOyAlxySUpk1tSIVXCyIg8k1fyZj1ZL9a79TFtzVizmX3yB9bnD7TllnU=</latexit> 31



Scheme for Expected Rate Constraints with εY > εZ

X n
<latexit sha1_base64="WbInm7FBADgprBdLsF0qXcCUJ7Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Y8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJ70XYjAjmaWf2KPrlilt150CrxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp7NSL9E0xmSMh7RrqcAR1X46Dz1DZ1YZoFAq+4RBc/X3RoojradRYCezkHrZy8T/vG5iwms/ZSJODBVkcShMODISZQ2gAVOUGD61BBPFbFZERlhhYmxPJVuCt/zlVdKqVb2Lau3+slK/yesowgmcwjl4cAV1uIMGNIHAEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8AHTmSUg==</latexit>

Two-Hop Scheme
with [1,0]-flag

<latexit sha1_base64="vQ6+j21Hs/M9MJhSAYd0761MPE4=">AAACFnicbVBNS8NAEN34WeNX1aOXxSJ4sCWpiB6LXjwqWhWaUDbbSbN0Nxt2N5YS+iu8+Fe8eFDEq3jz37itPaj1wcDjvRlm5kUZZ9p43qczMzs3v7BYWnKXV1bX1ssbm9da5opCk0ou1W1ENHCWQtMww+E2U0BExOEm6p2O/Js7UJrJ9MoMMggF6aYsZpQYK7XL1SDRGaFQVA+FGF71ZfVMZu4lTUBAELh9ZhLc8ve9sBpz0m2XK17NGwNPE39CKmiC83b5I+hImgtIDeVE65bvZSYsiDKMchi6Qa7Bru+RLrQsTYkAHRbjt4Z41yodHEtlKzV4rP6cKIjQeiAi2ymISfRfbyT+57VyEx+HBUuz3EBKvxfFOcdG4lFGuMMUUMMHlhCqmL0V04QoQo1N0rUh+H9fnibX9Zp/UKtf1CuNk0kcJbSNdtAe8tERaqAzdI6aiKJ79Iie0Yvz4Dw5r87bd+uMM5nZQr/gvH8BGe+eCg==</latexit>

↵0
Y , ↵0

Z ! 0

�0
Y  2�n⌘XY (R0

Y )

�0
Z  2�n(⌘XY (R0

Y )+⌘Y Z(R0
Z))

R0
Y , R0

Z<latexit sha1_base64="tJHa7+XlYX9eMR47nNHvtN0GGX4="></latexit>

↵00
Y = ↵00

Z = 1
�00

Y = �00
Z = 0

R00
Y = R00

Z = 0
<latexit sha1_base64="6mAmfRQRYxLANDT1XK3d2ORagIc="></latexit>

✏Z
<latexit sha1_base64="pjgqGhVM3TZdq4KXZnvwlxHOwwU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/aBtKJvtpF262YTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB8N/NbT6g0j+WjmSToR3QoecgZNVbq9DDRXMSy3+mXym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/NL56Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMzeJwOukBkxsYQyxe2thI2ooszYkIo2BG/55VXSrFa8y0r14apcu83jKMApnMEFeHANNbiHOjSAgYRneIU3RzsvzrvzsWhdc/KZE/gD5/MHt4OQ8Q==</latexit>

✏Y �✏Z
<latexit sha1_base64="6/Jvz7aZ0Utoi2qOYolb7nc2j+Y=">AAACAnicbZDLSgMxFIbP1Futt1FX4ia1CG4sM1XQZdGNywr2op2hZNJMG5q5kGSEMhQ3voobF4q49Snc+Tam7SDa+kPgy3/OITm/F3MmlWV9GbmFxaXllfxqYW19Y3PL3N5pyCgRhNZJxCPR8rCknIW0rpjitBULigOP06Y3uBzXm/dUSBaFN2oYUzfAvZD5jGClrY6559BYMq7x1ikeO8Wf613HLFllayI0D3YGJchU65ifTjciSUBDRTiWsm1bsXJTLBQjnI4KTiJpjMkA92hbY4gDKt10ssIIHWqni/xI6BMqNHF/T6Q4kHIYeLozwKovZ2tj879aO1H+uZuyME4UDcn0IT/hSEVonAfqMkGJ4kMNmAim/4pIHwtMlE6toEOwZ1eeh0albJ+UK9enpepFFkce9uEAjsCGM6jCFdSgDgQe4Ale4NV4NJ6NN+N92pozspld+CPj4xud75bt</latexit>

↵000
Y = 1, �000

Y = 0
↵000

Z ! 0

�000
Z  2�n(⌘XY (R000

Y )+⌘Y Z(R000
Z ))

R000
Y , R000

Z
<latexit sha1_base64="PXTkZaTGFDlfGY7FdxVp0z7R8XA="></latexit>

Two-Hop Scheme
with [1,1]-flag
except ĤY = 1

<latexit sha1_base64="Lvyi7NPH0qH8j9bSWBtQys6XJoU="></latexit>

MY = MZ = [0]
ĤY = ĤZ = 1

<latexit sha1_base64="bdSuiH/l1Pno0JzUIjqzv8S4RyY="></latexit>

• Average type-I error prob. αY → εY and αZ → εZ as n→∞

• Average type-II error prob. at Receiver:
βY ≤ (1− εY )2−n(ηXY (R′Y )+ηYZ (R′Z )) + (εY − εZ )2−n(ηXY (R′′′Y )+ηYZ (R′′′Z ))

• Average rate of first link (1− εY )R′Y + (εY − εZ )R′′′Y
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Optimal Exponents Region for εY > εZ

Theorem (Hamad, W’, Sarkiss ’2021)

E∗VL,εY ,εZ
(RY ,RZ ) set of (θY , θZ ) pairs satisfying

θY ≤ ηXY (R′Y )

θZ ≤ min{ηXY (R′Y ) + ηYZ (R′Z ), ηXY (R′′′Y ) + ηYZ (R′′′Z )}

for some RY ′ ,R′′′Y ,R
′
Z ,R

′′′′
Z > 0 satisfying

RY ≥ (1− εZ )R′Y + (εZ − εY )R′′′Y and RZ ≥ (1− εZ )R′Z + (εZ − εY )R′′′Z
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Two-Hop Setup with εY > εZ : Numerical Results

• Binary example

• X ∼ Bernoulli(0.5)

• Y = X ⊕ Bernoulli(0.9)

• Z = Y ⊕ Bernoulli(0.8)

• Type-I error probabilities
εY = 0.1 and εZ = 0.05

• Rates RY = RZ = 0.5

0.28 0.3 0.32 0.34

0.3

0.4

0.5

θY
θ Z

E∗VL,εY ,εZ

E∗VL,εY ,εY

E∗εY ,εZ
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Idea of Converse Proof for Single-Sensor System

X n
<latexit sha1_base64="WbInm7FBADgprBdLsF0qXcCUJ7Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Y8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJ70XYjAjmaWf2KPrlilt150CrxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp7NSL9E0xmSMh7RrqcAR1X46Dz1DZ1YZoFAq+4RBc/X3RoojradRYCezkHrZy8T/vG5iwms/ZSJODBVkcShMODISZQ2gAVOUGD61BBPFbFZERlhhYmxPJVuCt/zlVdKqVb2Lau3+slK/yesowgmcwjl4cAV1uIMGNIHAEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8AHTmSUg==</latexit>

X̃ n
<latexit sha1_base64="pQ3njBNhLQAPSkRLReUW0AmHB/w=">AAAB/nicdVDLSgMxFM34rPVVFVdugkVwNWT67q7oxmUF+4C2lkwm04ZmMkOSEcow4K+4caGIW7/DnX9j+hBU9EDgcM693JPjRpwpjdCHtbK6tr6xmdnKbu/s7u3nDg7bKowloS0S8lB2XawoZ4K2NNOcdiNJceBy2nEnlzO/c0elYqG40dOIDgI8EsxnBGsjDXPHfc24R5N+gPWYYJ5001uRDnN5ZNdr1XqpDJFdRJVitWKIUy4jpwIdG82RB0s0h7n3vheSOKBCE46V6jko0oMES80Ip2m2HysaYTLBI9ozVOCAqkEyj5/CM6N40A+leULDufp9I8GBUtPANZOzlOq3NxP/8nqx9muDhIko1lSQxSE/5lCHcNYF9JikRPOpIZhIZrJCMsYSE20ay5oSvn4K/yftgu0U7cJ1Kd+4WNaRASfgFJwDB1RBA1yBJmgBAhLwAJ7As3VvPVov1utidMVa7hyBH7DePgGXKZaO</latexit>

m1<latexit sha1_base64="rFnWKUg8kTOncsprbzjY4TvJn3E=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+4829Mp7PQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3i383hNVmsXy0cwSGgg8lixiBBsr+b7AZqKjTMyH3rBac+tuDrROvILUoEB7WP3yRzFJBZWGcKz1wHMTE2RYGUY4nVf8VNMEkyke04GlEguqgyzPPEcXVhmhKFb2SYNy9fdGhoXWMxHayTzjqrcQ//MGqYlugozJJDVUkuWhKOXIxGhRABoxRYnhM0swUcxmRWSCFSbG1lSxJXirX14n3Ubdu6o3Hpq11m1RRxnO4BwuwYNraME9tKEDBBJ4hld4c1LnxXl3PpajJafYOYU/cD5/ADULkco=</latexit>

m2<latexit sha1_base64="wiqyHELqLIbCWVHbji+P+dD/41A=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+4829Mp7PQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3i383hNVmsXy0cwSGgg8lixiBBsr+b7AZqKjTMyHjWG15tbdHGideAWpQYH2sPrlj2KSCioN4VjrgecmJsiwMoxwOq/4qaYJJlM8pgNLJRZUB1meeY4urDJCUazskwbl6u+NDAutZyK0k3nGVW8h/ucNUhPdBBmTSWqoJMtDUcqRidGiADRiihLDZ5ZgopjNisgEK0yMraliS/BWv7xOuo26d1VvPDRrrduijjKcwTlcggfX0IJ7aEMHCCTwDK/w5qTOi/PufCxHS06xcwp/4Hz+ADaPkcs=</latexit>

m3
<latexit sha1_base64="GC/hL/f0dxaRTx7q4G/NCkgiur4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsy0gi6LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+4829Mp7PQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3i383hNVmsXy0cwSGgg8lixiBBsr+b7AZqKjTMyHzWG15tbdHGideAWpQYH2sPrlj2KSCioN4VjrgecmJsiwMoxwOq/4qaYJJlM8pgNLJRZUB1meeY4urDJCUazskwbl6u+NDAutZyK0k3nGVW8h/ucNUhPdBBmTSWqoJMtDUcqRidGiADRiihLDZ5ZgopjNisgEK0yMraliS/BWv7xOuo2616w3Hq5qrduijjKcwTlcggfX0IJ7aEMHCCTwDK/w5qTOi/PufCxHS06xcwp/4Hz+ADgTkcw=</latexit>

Yn
<latexit sha1_base64="IL5nlztJcX2VW5+keALv1CyXQZc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+5B2LJk004ZmkjHJFMrQ73DjQhG3fow7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdgqbu/s7u2XDg6bWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8HoJvNbY6o0k+LeTGLqR3ggWMgINlbyuxE2Q4J5+jB9FL1S2a24M6Bl4uWkDDnqvdJXty9JElFhCMdadzw3Nn6KlWGE02mxm2gaYzLCA9qxVOCIaj+dhZ6iU6v0USiVfcKgmfp7I8WR1pMosJNZSL3oZeJ/Xicx4ZWfMhEnhgoyPxQmHBmJsgZQnylKDJ9YgoliNisiQ6wwMbanoi3BW/zyMmlWK955pXp3Ua5d53UU4BhO4Aw8uIQa3EIdGkDgCZ7hFd6csfPivDsf89EVJ985gj9wPn8AHsCSUw==</latexit>

Yn
<latexit sha1_base64="IL5nlztJcX2VW5+keALv1CyXQZc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+5B2LJk004ZmkjHJFMrQ73DjQhG3fow7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdgqbu/s7u2XDg6bWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8HoJvNbY6o0k+LeTGLqR3ggWMgINlbyuxE2Q4J5+jB9FL1S2a24M6Bl4uWkDDnqvdJXty9JElFhCMdadzw3Nn6KlWGE02mxm2gaYzLCA9qxVOCIaj+dhZ6iU6v0USiVfcKgmfp7I8WR1pMosJNZSL3oZeJ/Xicx4ZWfMhEnhgoyPxQmHBmJsgZQnylKDJ9YgoliNisiQ6wwMbanoi3BW/zyMmlWK955pXp3Ua5d53UU4BhO4Aw8uIQa3EIdGkDgCZ7hFd6csfPivDsf89EVJ985gj9wPn8AHsCSUw==</latexit>

Yn
<latexit sha1_base64="IL5nlztJcX2VW5+keALv1CyXQZc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+5B2LJk004ZmkjHJFMrQ73DjQhG3fow7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdgqbu/s7u2XDg6bWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8HoJvNbY6o0k+LeTGLqR3ggWMgINlbyuxE2Q4J5+jB9FL1S2a24M6Bl4uWkDDnqvdJXty9JElFhCMdadzw3Nn6KlWGE02mxm2gaYzLCA9qxVOCIaj+dhZ6iU6v0USiVfcKgmfp7I8WR1pMosJNZSL3oZeJ/Xicx4ZWfMhEnhgoyPxQmHBmJsgZQnylKDJ9YgoliNisiQ6wwMbanoi3BW/zyMmlWK955pXp3Ua5d53UU4BhO4Aw8uIQa3EIdGkDgCZ7hFd6csfPivDsf89EVJ985gj9wPn8AHsCSUw==</latexit> Am1<latexit sha1_base64="1r06fPS2jAli0EtsaROfZaUwsPI=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVZIq6LLqxmUF+4C2hMl00g6dTMLMRCgh4MZfceNCEbf+hDv/xmmahbYeGDhzzr3ce48fc6a043xbS8srq2vrpY3y5tb2zq69t99SUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj++mfrtByoVi8S9nsS0H+KhYAEjWBvJsw97IdYjgnl6lXlp/lFBGmaem3l2xak6OdAicQtSgQINz/7qDSKShFRowrFSXdeJdT/FUjPCaVbuJYrGmIzxkHYNFTikqp/mN2ToxCgDFETSPKFRrv7uSHGo1CT0TWW+5Lw3Ff/zuokOLvspE3GiqSCzQUHCkY7QNBA0YJISzSeGYCKZ2RWREZaYaBNb2YTgzp+8SFq1qntWrd2dV+rXRRwlOIJjOAUXLqAOt9CAJhB4hGd4hTfryXqx3q2PWemSVfQcwB9Ynz/d+ZhN</latexit>

Am2<latexit sha1_base64="kic/8lnAy6nS8o9EHWt6ZO0OMp4=">AAACA3icbVDLSsNAFL3xWesr6k43wSK4KkkVdFl147KCfUBbwmQ6aYfOTMLMRCgh4MZfceNCEbf+hDv/xmmahbYeGDhzzr3ce08QM6q0635bS8srq2vrpY3y5tb2zq69t99SUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxjfTP32A5GKRuJeT2LS52goaEgx0kby7cMeR3qEEUuvMj/NPypMeebXMt+uuFU3h7NIvIJUoEDDt796gwgnnAiNGVKq67mx7qdIaooZycq9RJEY4TEakq6hAnGi+ml+Q+acGGXghJE0T2gnV393pIgrNeGBqcyXnPem4n9eN9HhZT+lIk40EXg2KEyYoyNnGogzoJJgzSaGICyp2dXBIyQR1ia2sgnBmz95kbRqVe+sWrs7r9SvizhKcATHcAoeXEAdbqEBTcDwCM/wCm/Wk/VivVsfs9Ilq+g5gD+wPn8A336YTg==</latexit>

Am3
<latexit sha1_base64="VEdp5F74+JOpPqh4rmZyfXwSIOM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZlpBV1W3bisYB/QDkMmzbShSWZIMkIZBtz4K25cKOLWn3Dn35hOZ6GtBwIn59zLvfcEMaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOihKJSRtHLJK9ACnCqCBtTTUjvVgSxANGusHkZuZ3H4hUNBL3ehoTj6ORoCHFSBvJt48GHOkxRiy9yvw0/6gw5ZnfyHy76tScHHCZuAWpggIt3/4aDCOccCI0ZkipvuvE2kuR1BQzklUGiSIxwhM0In1DBeJEeWl+QwZPjTKEYSTNExrm6u+OFHGlpjwwlfmSi95M/M/rJzq89FIq4kQTgeeDwoRBHcFZIHBIJcGaTQ1BWFKzK8RjJBHWJraKCcFdPHmZdOo1t1Gr351Xm9dFHGVwDE7AGXDBBWiCW9ACbYDBI3gGr+DNerJerHfrY15asoqeQ/AH1ucP4QOYTw==</latexit>

New problem:

X̃n lives on X̃ n

New acceptance region:
Ā =

S
m{m} ⇥ Ām

<latexit sha1_base64="4/1Ya/T+x/igAtVg9CWsYkI/LQY="></latexit>

Ām1
<latexit sha1_base64="5IBVX/iSKrLF5oG6//MQS7E6mSg=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZK+u6u6cVnBtkITwmQ6aYdOHsxMhBKydeOvuHGhiFv/wJ1/4zStoKIHBs6ccy/33uPFjAppmh9aYWV1bX2juFna2t7Z3dP3D/oiSjgmPRyxiN94SBBGQ9KTVDJyE3OCAo+RgTe9mPuDW8IFjcJrOYuJE6BxSH2KkVSSq0PbQzy1AyQnGLH0LMvcxU/4aZC5VubqZdNot5rtWh2aRtVsVJsNRax63bQa0DLMHGWwRNfV3+1RhJOAhBIzJMTQMmPppIhLihnJSnYiSIzwFI3JUNEQBUQ4aX5JBk+UMoJ+xNULJczV7x0pCoSYBZ6qzJf87c3Fv7xhIv2Wk9IwTiQJ8WKQnzAoIziPBY4oJ1iymSIIc6p2hXiCOMJShVdSIXxdCv8n/YphVY3KVa3cOV/GUQRH4BicAgs0QQdcgi7oAQzuwAN4As/avfaovWivi9KCtuw5BD+gvX0CV/qbZw==</latexit>

Ām2
<latexit sha1_base64="JfwglY6tBMD1hxnJvkRy0EB5dZw=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZK+u6u6cVnBtkITwmQ6aYdOHsxMhBKydeOvuHGhiFv/wJ1/4zStoKIHBs6ccy/33uPFjAppmh9aYWV1bX2juFna2t7Z3dP3D/oiSjgmPRyxiN94SBBGQ9KTVDJyE3OCAo+RgTe9mPuDW8IFjcJrOYuJE6BxSH2KkVSSq0PbQzy1AyQnGLH0LMvcxU/4aZC5lczVy6bRbjXbtTo0jarZqDYbilj1umk1oGWYOcpgia6rv9ujCCcBCSVmSIihZcbSSRGXFDOSlexEkBjhKRqToaIhCohw0vySDJ4oZQT9iKsXSpir3ztSFAgxCzxVmS/525uLf3nDRPotJ6VhnEgS4sUgP2FQRnAeCxxRTrBkM0UQ5lTtCvEEcYSlCq+kQvi6FP5P+hXDqhqVq1q5c76MowiOwDE4BRZogg64BF3QAxjcgQfwBJ61e+1Re9FeF6UFbdlzCH5Ae/sEWX+baA==</latexit>

Original acceptance region:
A =

S
m{m} ⇥ Am

<latexit sha1_base64="e4A9x2N4sKvoztoeee4Mzdgm7Go="></latexit>

• Restrict to subset X̃ n → change of measure

• Slightly-enlarge the acceptance region→ blowing-up lemma

New problem has α̃n ≈ 0 and E[len(M̃)] ≤ E[len(M)]
1−ε and

− 1
n log β̃n ≈ − 1

n log βn
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Converse Proof: Bound on Rate

• Pick set Dn :=
{

xn ∈ T (n)
ε (PX ) : P[Ĥ = 0|H = 0,X n = xn] ≥ η

}

for small parameters η, ε > 0 that will tend to 0

• Since P[Ĥ = 0|H = 0,X n = xn] ≥ 1− ε → P[Dn] ≥ 1−ε−η
1−η

• Change of measure:

(X̃ n, Ỹ n, M̃) ∼
n∏

i=1

PX (xi )
1{xn ∈ Dn}

P[Dn]

n∏

i=1

PY |X (yi |xi )1{m = enc(xn)}

• R ≥ 1
nE[len(M)] ≥ 1

nP[Dn] · E[len(M̃)]

E[len(M̃)] ≥ H(M̃
∣∣len(M̃)) = (H(M̃)− H(len(M̃))) ≈ H(M̃)

≥ I(M̃; X̃ n) =
∑n

i=1 I(M̃; X̃i |X̃ i−1)

=
∑n

i=1 I(M̃, X̃ i−1; X̃i ) + log(P[Dn]) =
∑n

i=1 I(Ui ; X̃i ) + log(P[Dn])
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Converse Proof: Marton’s Blowing Up Lemma

Lemma (Marton’s blowing up lemma)

Let S1,S2, . . . be i.i.d. ∼ PS and {εn} ↓ 0.
There exist sequences {`n} and {ζn} both ↓ 0 s.t. for any set Bn:

If P⊗n
S (Bn) ≥ exp(−nεn), then P⊗n

S (B̄(`n)
n ) ≥ 1− ζn.

• Blow-up acceptance regions
Ām :=

{
yn : ∃ỹn s.t. dH(yn, ỹn) ≤ `n, ỹn ∈ Am

}

• By the blowing-up lemma and the definition of Dn

P[(M̃, Ỹ n) ∈ Ā
∣∣H = 0] ≥ 1− ζn

• Since the blowup is very small

−1
n

logP[(M̃, Ỹ n) ∈ Ā
∣∣H = 1] ≈ −1

n
logP[(M̃, Ỹ n) ∈ A

∣∣H = 1]

≈ −1
n

logP[(M,Y n) ∈ A
∣∣H = 1]
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Converse Proof: Bound on Exponent

−1
n

logP[(M̃, Ỹ n) ∈ Ā
∣∣H = 1] ≈ 1

1− ζn
D
(
P(M̃,Ỹ n)|H=0‖P(M̃,Ỹ n)|H=1

)

≈ 1
1− ζn

I(M̃; Ỹ n) =
1

1− ζn

n∑

i=1

I(M̃; Ỹi |Ỹ i−1)

≈ 1
1− ζn

n∑

i=1

I(M̃, Ỹ i−1; Ỹi )

≥ 1
1− ζn

n∑

i=1

I(M̃, |X̃ i−1; Ỹi ) =
1

1− ζn

n∑

i=1

I(Ui ; Ỹi )

• We related the exponent to the rate via the same variables Ui

• Remaining steps by introducing a uniform random variable T for
the time index and taking n→∞, ε, η ↓ 0
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Summary

• Distributed hypothesis testing under zero-rate constraints→
Local type-based decisions and unanimous decision-forwarding

• Distributed hypothesis testing under maximum rate-constraints
→ Quantization and unanimous-decision forwarding

• Distributed hypothesis testing under expected rate-constraints:

• Combine different degenerate versions of optimal fixed-length
schemes

• Rate-boost on all rates

• Tradeoff between different decisions
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