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Optimality of Gaussians for Some Capacity Expressions

» Capacity of many Gaussian two-user setups with partially coop. txs:

c= |J RE&LUXy)
X1—-U—Xs:
E[x2]<P,

Main Results

» Technique showing optimality of Gaussian Xlg—Ug—Xg for certain
R(X17U7 X2)

» Capacity results



Two Known Optimality-Proofs of Gaussians

1. Memoryless Gaussian Multi-Access Channel (MAC) with feedback

2. Memoryless Gaussian MAC without feedback



Memoryless Gaussian MAC with Feedback
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» Power constraint LE[X,(M,,Y""1)?] <P,
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Capacity region: {(Rl,Rz) s.t. lim Pr[(Ml,Mz) % (Ml,MQ)} = 0}
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Capacity Bounds for Gaussian MAC with Feedback

Ozarow'85:

U Ruacro (X7, X5) € Cuvacre € | Rmacrs(X1, X2)

(XY,X5) Gaussian: (X1,X2):
E[(x9)?]<P, E[x2]<P,
where

. Ry < I(X1;Y[X2)
RmMackb(X1, X2) =< (R1,R2) 1 Rey < I(X9;Y|X)
R+ Ry < I(X1X2:Y)



Capacity Bounds for Gaussian MAC with Feedback

Ozarow'85:

U Ruacro (X7, X5) € Cuvacre € | Rmacrs(X1, X2)

(XY,X5) Gaussian: (X1,X2):
E[(x9)?]<P, E[x2]<P,
where

. Ry < h(X1+Z|X2)—-N(Z)
RmMackb(X1,X2) =< (R1,R2): Ry < h(Xe+Z1X1) —h(2)
Ri+ Ry < h(X1+X2+Z)—h(Z)

» Capacity result requires optimality of Gaussians for outer bound!



Tool: Conditional Maximum-Entropy Theorem

Theorem (Thomas'91)
X and Y of covariance matrix Kxy, and X9,YY ~ N(0,Kxy). Then,

h(AX|Y) < h(AXY|YY), VA € R7*"x

Proof when det(A) # 0:
0<Ey [D(PAX\Y:)’HPAXQ\Ygfy)]

= —h(AX]Y)

/(—log << ),,\K‘ﬁ)i)‘\f\) %(AX) <K<Q—’:Y>AX> dPAXYy(x)}

= —h(AX|Y) + h(AXY|YY)

+Evy




Optimality of Gaussians for Ozarow's Outer Bound

» Conditional Max-Entropy Theorem, (X9, X§) ~ N (0, Kx,x,)

WX1 + Z|X2) = h(Z) < h(XT + Z|X5) — h(Z)
h(Xo + Z|X1) = h(Z) < M(X5 + Z|XT) — h(Z)
h(X1+Xo+Z) —h(Z) <hXY +X§ +2Z)—h(2Z)

e Gaussian = Rest Ra

all distributions on (X1, X2) of covariance K;

il .

- ] . ] "'d g g
S KRS AR Ruach (X1, %3}
(-- A A A Rotacr(KarX3)

"/ [}
[} L] [
"L o. " et .o ., Rl

all dist. with powers < Py, P>



Capacity Region of Gaussian MAC with Feedback

CMacFb = U Rmacro (X7, X5)
(X9,Xx5)Gaussian:
E(x9)*]<P,

IAIAIA

R
= U {(Rl,Rg): R,

%log 1+ Pi(1-p%)
3 log (1+ P,(1—p?)
p€[0,1] Ri+ Ry

slog (14 Py + Py + 2pV/Pi )



Memoryless Gaussian MAC without Feedback

M, X1t
—>{Transmitter 1 - z
\ t P
Yi ) (M7, Mz)
Receiver ——
JWQ X2,t
—>{Transmitter 2

> X1 = fl(f?(Ml) and Xy ; = fz(z)(M2)



Capacity of Gaussian MAC without Feedback

Cover'73, Wyner'74:

CMac = U RMac(X17U7 XQ)
X1 —U—XQ:
E[x2]<P,

where
Rmac(X1,U, X2) =S (R1, Ry) 1 Re < I(X2;Y|X1U)
Ri+ Ry < I(XlXQ;Y|U)



Capacity of Gaussian MAC without Feedback

Cover'73, Wyner'74:
CMac = U RMac(Xh U, XQ)
X1 7U7X22
E[x2]<P,

Suffices to consider Gaussian X7 — U9 — X§

where

INIA

Ry WX1 + Z|X2,U) — h(Z)
RMac(Xl,U, XQ) = (Rl,Rg) . RQ h(X2+Z|X2, ) (Z)
Ri+ Ry < h(Xl +X2+Z|U) h( )

» Max-entropy not sufficient to show optimality of Gaussians, need Jensen



Max-Entropy Theorem not Sufficient

» For every K there is a Markov tuple X1 — U — X»

> Only for few K there is a Gaussian Markov tuple X{ — U9 — XJ

Ro
e Gaussian Markov ® Non-Gaussian Markov

/_ s Ky Kz K3/W—\\; Rxf’Ug’ng
V4 Ko Sl

/K
™ 5 /m . 1,U, X2

L] " n n a .. Rl

i . A y/’< _ )
all Markov dist. with powers < Py, P>

» Approach cannot prove that Gaussian distributions are optimal!



Max-Entropy and Jensen do the Trick!

> Fix X1 — U — X3 and let Vu: (XY, X5 ,) ~ N (0,Kx, x,/v=u)

» Max-Entropy & Jensen:
WX1 4+ Xo + Z|U) — h(Z)
< /h(XﬁU + X5, + Z|U = u)dPy(u) — h(Z) (Max-Entropy)
1
= / 3 log(1 + Var(X1,uy|U = u) 4+ Var(Xe y|U = u)) dPy (u)

< ~log (1 + E[Var(X1,u|U)] + E[Var(X2 ¢ |U)]) (Jensen)

INA
RN~

log (1+E[X7] +E[X3])

IN

3 log(1 4 P, + P,)

> Similarly: h(X, + Z|U) — h(Z) < log(1+ P,).



Max-Entropy and Jensen do the Trick!
> Fix X1 — U — X3 and let Vu: (XY, X5 ,) ~ N (0,Kx, x,/v=u)

» Max-Entropy & Jensen:
X1+ Xo+ Z|U) = h(Z)
< /h(XﬁU + X5, + Z|U = u)dPy(u) — h(Z) (Max-Entropy)
1
= / 3 log(1 + Var(X1,u|U = u) + Var(Xe y|U = u)) dPy (u)

< - log (14 E[Var(X1,y|U)] + E[Var(X2,u|U)] ) (Jensen)

IN
N =N =D —

log (1+E[X7] + E[X5])

IN

—log(l —|—P1 —|—P2)

> Similarly: h(X, + Z|U) — h(Z) < log(1+ P,).



Capacity of Gaussian MAC without Feedback

Ry < %log(l + P)
CMac = (Rh RQ) : R2 < 5 10g (1 + Pg)
Ri+Ry < 1log(l+4 P+ P)

attained by independent X1, X5, U with X, ~ A(0, P,)



Gaussian MAC with Conferencing Encoders

(M7, M2)

Receiver ———

My Xt
— Transmitter 1 7
N Yz
Vik Vo k
M2 XQ,t
— Transmitter 2

1. phase: Conference (k sequential uses of noise-free pipes) [Willems'83]

> Vi =01k (Mla‘/zlfl_l) ;

Vak = o (M2, V)

» Rate-limitations: Zlog|V1,k| <nCiy and Zlog|V2,k| < nCy

k=1

k=1



Gaussian MAC with Conferencing Encoders

My Xt

— Transmitter 1 Z
\% Yy (M7, M>)

Vik Vo ke Receiver ——

M2 XQ,t
— Transmitter 2

2. phase: Transmission over channel

> X = fro (M1, V)5 Xoyp = fou (M2, V)

» Power constraints: IS E[X2,] <P,



Gaussian MAC with Conferencing Encoders

My Xt

— Transmitter 1 Z
\% Yy (M, M)

Vik Vo ke Receiver ——

Mo Xot
— Transmitter 2

» Discrete Memoryless case solved by Willems'83

» Special Cases:
» Ci2 = C21 = 00 : full cooperation (both txs know (M7, M2))

» C12 =0, Co1 =00 : Tx 1 knows (My, Ma2), Tx 2 only M,

» Ci12 =C21 =0: no conferencing



Capacity of Gaussian MAC with Conferencing Encoders

Theorem
Ceentt = U Rx,,U,X>
X1—U—Xos
E[x2]<P.
where
Ry < I(Xl;Y|X2U) + C1o
R — (R, Ry) : Ry, < I(XyY|XU)+Cxn
e L2 R4+ Ry < I(X1X2;Y|U) + Ci2 + Coy
Ri+ Ry < I(X1X5;Y)

Proof similar to Willems'83



Capacity of Gaussian MAC with Conferencing Encoders

Theorem
CConf:
R, < I(Xl;Y|X2U) + C12
U (R, Ra) : R, < I(X2; Y| X U) + Coy
T ’ Ri+ Ry < I(X1X2;Y|U)+ Ci2+ Cor
E[x2]<P, Ri+ Ry < I(X1X2;Y).

Suffices to consider Gaussian XY — U9 — X§



Capacity of Gaussian MAC with Conferencing Encoders

Theorem
CConf:
R, < h(X1+Z|X2,U)—h(Z)+Clg
U (Rl Rz) : Rs < h(X2+Z|X1U)—h(Z)+021
T ' Ri+ Ry < h(X1+ Xo+ Z|U) — h(Z) + Cr2 + Cn
E[Xf]SPU R+ Ry < h(X1+X2+Z)—h(Z)

Suffices to consider Gaussian X9 — U9 — X§

» Previous proof techniques:

1. Pure max-entropy approach fails because of Markov-condition!

2. Max-entropy approach & Jensen fails due to unconditional entropy!



Capacity of Gaussian MAC with Conferencing Encoders

Theorem
CConf:
R, < h(X1+Z|X2,U)—h(Z)+Clg
U (Rl Rg) : Rs < h(X2+Z|X1U)—h(Z)+021
T ’ Ri+Ry < h(X1+Xo+Z|U)—h(Z)+ Cr2+ Coy
E[Xf]SPU R+ Ry < h(X1+X2+Z)—h(Z)

Suffices to consider Gaussian X9 — U9 — X§

» Proofs:

1. Max-entropy approach & substitution-trick

2. Max-entropy approach & Jensen & max-correlation inequality



Substitution-Trick & Max-Entropy Approach
> Fix X; — U — X, and V(U) £ E[X;|U]

» Shall show:

1 Rx,,v,x, 2 Rx,,U,x,

2. (X9,V9,X§) ~ N(0,Kx,vx,) satisfies XY — V9 — X§

Ro
® Gaussian Markov = Non-Gaussian Markov ~ sRest e
= X1,V(U), X2
= | | | | £ .. B 7 5
/‘ ASVESY L VS 7 Rxg.ve xg

S . =
im n ar - 8 .7.l R1

all Markov dist. with powers < Pp, P>



Proof of Property 11 Rx,v.x, 2 Rx,v.x,

» Because V 2 E[X;|U] = f(U):

WX1 + Z)X0,U) = h(X1 + Z| X2, U, V) < h(X1 + Z| X5, V)

> Similarly: h(Xs + Z|X1,U)

<
h(X: + Xo+ Z|U) <

h(Xl + Z|X2,V)
h(X1 + Xo + Z|V)

» Since all other terms do not depend on U or V:

Rx,,u,x: € Rxy,v,x»



Proof of Property 11 Rx,v.x, 2 Rx,v.x,

» Because V 2 E[X;|U] = f(U):

WX1 + Z)X0,U) = h(X1 + Z| X2, U, V) < h(X1 + Z| X5, V)

> Similarly: h(Xs + Z|X1,U)

<

h(Xl + Z|X2,V)
h(X1 + Xo + Z|V)

» Since all other terms do not depend on U or V:

Rx,,u,x: € Rxy,v,x»

» Note: holds also if X;, U, X, are vectors and V £ E[X;|U]



Proof of Property 2: Markov Chain X7 — V9 — X§

» By Gaussianity, Markov chain equivalent to

(XY —aV9) L (V9,X5) for some a € R

» Proof (recall V' = E[X|U])

it (55)] oo (1)
—eo[e|on-n (3, ) o]
e v (3) )|

:EU

=0.



Proof of Property 2: Markov Chain X7 — V9 — X§

» By Gaussianity, Markov chain equivalent to

(XY —aV9) L (V9,X5) for some a € R

» Proof (recall V' = E[X,|U])

for -9 (1] e (1)

» Holds also if Xy, U, Xy are vectors and V = E[X;|U]



Max-Entropy & Jensen & Max-Correlation Inequality
» Different Partition!

S;: X1 — U — X, with same E[X?] and E[Var(X, |U)] for v € {1,2}

» Shall show:
1. In every S; there is a Gaussian Markov tuple

2. Within every S; Gaussian Markov triples have the largest region

® Gaussian Markov " Non-Gaussian Markov R

all Markov distributions in Set Sy

all Markov dist. with powers < Py, P



Proof of Property 2: Gaussians optimal in every S;
» With Max-Entropy & Jensen:

I(Xl;Y|X2U)

IN

log (1 + E[Var(X1|U)))
I(X2;Y|X1U) < = log (1 + E[Var(X2|U)])

I(X1X2;Y|U) < = log (1 + E[Var(X1|U)] + E[Var(X2|U)))

NN =N =N =

I(XlXQ;Y)

IN

log (1+ E[X7] + E[X3] + 2E[X1X2])

» VX1 —-U— Xa:

E[X1X2] = Ev[E[X1|U] E[X2|U]] < VE[(E[X1[U])?]V/E[(E[X2|U])?]
= \JE[X?) — EVar(X,|U)]\/E[X3] — E[Var(X2|U)]

All inequalities hold with equality for Gaussian Markov triples.



Proof of Property 2: Gaussians optimal in every S;
» With Max-Entropy & Jensen:
[(X0: Y[XaU) < %log(l + E[Var(X1[U)])

I(X2;Y|X1U) < = log (1 + E[Var(X2|U)))

— N =

I(X1X2;Y|U) < = log (1 + E[Var(X1|U)] + E[Var(X2|U)))

N =D

I(X1X2;Y) < = log (1 + E[X7] + E[X3] + 2E[X1 X2])

» VX1 —-U— Xa:

E[X1X2] = Ev[E[X1|U] E[X2|U]] < VE[(E[X1[U])?]V/E[(E[X2|U])?]
= \JE[X?) — EVar(X,|U)]\/E[X3] — E[Var(X2|U)]

All inequalities hold with equality for Gaussian Markov triples.

» Note: Extension to vectors seems difficult



Capacity of Gaussian MAC with Conferencing Encoders

Theorem
Cconf = U Rx,,U,X>
X{-U9-x§:
E(x9)’]<P,
Ry
Ry

- U

p1,p2€[0,1]

(R1,R2): R+ R

R+ Ry

IAN A IA

3log(1+ Pi(1-p})) + Ciz
Llog(1 + P2(1 — p3)) + Cox
3log(1+ Pi(1 - pi) + Po(1 - p3))
+C12 + Coy
% log(1 4 P + P2 + 2p1p2v/P1 Ps)



Technique applies to MIMO MAC with Conferencing Enc.

M let
— Transmitter 1

V1K Vo k

Mo Xot
— Transmitter 2

Hy

2t (M1, M>)
Ho Receiver ——

Capacity Region of Gaussian MIMO MAC with Conferencing Encoders

CMIMO, Conf
Ry
- U Ry
X, 0%, R+ Ry

tr(Kx,)<P, |fi1+ R

Gaussian triples Xy — U9 — X§

I(Xl;Y|X2U) +Cho,
I(X2;Y|X,U) +Co,
I(X1X2;Y|U) +C2 +Co,
I(X1X2;Y)

INIAINIA

with dim(UY) = min{dim(X,)} suffice



Technique applies to Cover-Leung Region

My X1t
Mo Xot

Achievable Region for AWGN MAC with One-sided Feedback [Willems'83]

Zy N N
Yy (N, Ms)

RecL € ConeSidedFB

R1 S I(Xl,Y|X2U)

Ra2 (Ri,Ry): Ry < I(Xy;Y|X1U)

X1 -U—-X> R1 + R2 < I(XlXQ,Y)
E[x?]<Pi,
E[Xx3]<P,

Suffices to consider Gaussian Markov triples X{ — U9 — X§!



Technique applies to MAC with Common /Private Msgs.

M,

—

My

Ma

Transmitter 1

X1t

W)

Transmitter 2

Xo ¢

Receiver

(Mo, My, M)

—

Capacity of Gaussian MAC with Common/Private Msgs. [Slepian/Wolf'73]

A
CComMsgs =

<

<
X —LUJ—X . fiz): Bi+ Ry <
E[le]SPlf Roy+Ri+ Ry <
E[x3]<P;

I(Xl; Y|X2U)

I(XQ; Y|X1U)

I(XlXQ; Y|U)
I(XlXQ; Y)

Suffices to consider Gaussian Markov triples X — U9 — X§!



Technique applies to IC with Common /Private Msgs.

M,

—_

Transmitter 1

Mo

Ma

Transmitter 2

X1t Zii Yi (Mo.1, M)
+ Receiverl ——

X2,f @ /}\Zz_j YZ t (]\7[0,2.1\7[2)
{3 Receiver2 ——»

Capacity region under strong interference [Maric/Yates/Kramer'07]

A
Cicpc =

U

X1 -U—Xo
E[x7]<p,
E[X3]<P

(RO» Rlv RZ) :
Ry
Ry

R+ Ry

Ro+ R1 + R»

IANINAIA

IN

I(Xl; Y1|X2U>
I(X2; Ya|X1U)
min{[(xlxg;mm,}
I(XlXQ; Yé|U)
H{I(Xlxz;yl),}
I(X1 X2 Ya)

Suffices to consider Gaussian Markov triples X{ — U9 — X§!



More General Markov Structures?

» Does technique also apply to more involved Markov chains?

» 3-user MAC with unicast-conferencing

» 3-user MAC with common and private messages



3-User AWGN MAC with Common and Private Messages

My, Mia, Mis, Mi23

Mz, Mia, Mag, Mi23 Xot Yi My, Ma, M3, M2
T recever |

N3, Moz, Mi23
M3, Mys, Mas, Mi23

» Channel: Y, = X1+ X0+ X3+ Z4

» Common/private messages

» Discrete memoryless case solved by Slepian/Wolf'73 & Han



Capacity of 3 User AWGN MAC with Priv./Common Msgs

Theorem

U RUX: Xo X5 = {(RLR%R37R127R137R237R123) ;

Up,U12,U13,Us3 independent

Q:Eggg;jg;g%:gfﬁzgﬁg V distinct 4,7, k € {1,2,3} :

X3—(Uo,U13,U23) —(X1,X2,U12) Ri < I(X4;Y|X;, Xk, Uo, Usj, Uir)
E[ll X, I*]<P., ve(1,2,3} Ri + R; < I(X:, X;; Y| X, Uo, Us, Usk, Uss)
Ri+ Rz + R3 < I(X1, X2, X3;Y|Uo, Ur2, Uis, Uss)

Rij + Ri + R; < I(Xi, X;; Y| Xy, Uo, Ui, Uji)

Rij + R1 + R2 + R3 < I(X1, X2, X3;Y|Uo, Usr, Uj,)

Rij + Ri + R1 + R2 + Rs < I(X1, X2, X3;Y|Uo, Uji)
Ris + Ri3 + Roz + R1 + Ra + R3 < I(X1, X2, X3;Y|Up)

Ri23 + Ri2 + Riz + Ros + R1 + R2 + Rz < I(X1, X2, X3;Y) }

Gaussian X{, X, X5, US,Uf,, Uf,, Us, satisfying Markov chains suffice!



Gaussian-Optimality Proof: Substitution & Max-Entropy

» Choose il
E Xl UO
= o ((E[X:|Uik, U] — E[X:|Uo)]
Vo(Uo) £ | E[X2|Uo] | and Vi (Ui, Uop) = ( A
(E[X3|Uo] E[Xx|Uik, Uo] — E[Xk|Uo]

» Shall show:
1. Rvxix,x; 2 Rux,x,x;5

2. V&, VS, VS, Ve, X9, X5, X§) satisfy independence & Markov cond.

® Gaussian Markov = Non-Gaussian Markov =Rest

RvXiX2Xs
] n

L CIRLYZn

/- CKy/ KK SKET L Rvoxgxgxg

(L] = .l L .-7..

all Markov dist. with powers < Pp, P>



The Symmetric K-User Gaussian MAC -
Linear-Feedback Sum-Capacity and General Feedback
Sum-Capacity



K-User Memoryless Gaussian MAC with Feedback

v

v

v

D}

My
%mitterl

My ) X

Transmitter2

M3 ;
Transmitter3

&l

K > 2 transmitters

Channel: V; =5 X, + Z;

Independent messages My, ..., Mg where M,

Inputs X, = f% (M, Y'™!)

Symmetric Power Constraints: %E[Xf,t] <P

(M, M2, M3)
Receiver |—>

~Uu{1,...,[2""]}



Capacity of K-User Gaussian MAC with Feedback

» For K = 2, capacity region known (Ozarow’85)
» For K >3

> Best achievable region: Fourier-MEC scheme (Kramer'02)
reduces to Ozarow's scheme when K = 2

> Best outer bound: Dependence-Balance bound (Kramer/Gastpar'06)

» Bounds tight when P > II*(K) (in this case DB bound = cut-set bound)



Linear-Feedback Codes

> General feedback codes:
Xyt = fuu(M,, Y1)
> Linear-feedback codes:
Xue = Lut(8,(M,), Y )

where 6, are arbitrary (vector-valued) and L, ; are linear

» Linear-feedback codes include all non-feedback codes and Kramer's code

» Linear-feedback sum-capacity: maximum sum-rate achieved by
linear-feedback codes



Symmetric Linear-Feedback Sum-Capacity

Theorem (Ardestanizadeh/Javidi/Kim/Wigger)

The symmetric linear-feedback sum-capacity is
CL= %log(l + ¢*KP)
where ¢* unique solution in [1, K] to
(1+KP¢)*t = (1+ Po(K - )"
Achieved by Kramer's scheme.

When P > TI*(K) then

» Proof in 5 steps ...



Proof-Step 1: Optimality of Gaussians

CL < limsup CE")

n—oo

where

and
1. X, = L,(V,,Y'!) for independent {V,}

2 LE[SL, X2] <P

Proof: Fano's Inequality



Proof-Step 1: Optimality of Gaussians

CL < limsup CE")

n—oo
where .
{7 o 23 T X YV
and
1. X, = L,(V,,Y'!) for independent {V,}
2 LE[SI, X2 <P
Suffices to consider Gaussian V, (i.e., Gaussian X7, ..., X7%)

Proof: Fano's Inequality & conditional max-entropy theorem



Proof-Step 2: Dependence-Balance Condition

Dependence-balance condition replaces functional relationship:

where Gaussian X7, ..., X} satisfy

1. X, = L,(V,,Y"!) for independent Gaussian {V,}

2. SB[ XD <P



Proof-Step 2: Dependence-Balance Condition
Dependence-balance condition replaces functional relationship:

n 1
" = max —ZI(X1 b Xi s V[V

(Xoeh mi—
where Gaussian X7, ..., X} satisfy
L K
1 & _
~ D I(Xu o X VY ——1221 (X1t Xaca; Vi YT X 0)
T t= t=1v=1

EC X <P

» Non-convex optimization problem over {Kx, , . xx.}



Proof-Step 3: Lagrange Duality

For all {\,},v > 0:

o™ < I( X1, Xgp Y |Y?
L {X{,nta]XG}’I’LZ 1,t, YKty t| )

ERVEANN (0. RIS ¢ 10 71) 4
’YnZ( 1,t, s AK ty t| )

n K
1 ~ . t—1
ﬁﬁ;;-’()ﬁ,t,-w){&t,nw 2 Xu,t)

K

+;AU <P— %iE[xiJ)

» Non-convex optimization problem when v > 1

» For v € [0,1] — cutset bound (not sufficient)



Proof-Step 3: Lagrange Duality

For all {\,},v > 0:

1 n
c™ < —§ I(Xiy,... X Ya|YE?
L < {XmaJ}_(G_} n 2 (X1, Xk 5 Yl )

vt

1 _
_vggz(xl,t,...,XK,t;th D)

n K
1 ~ . t—1
Tﬁzzf(xm, s Xk Vi |V X0 t)

t=1v=1

K n
IRy <P - %ZE[X&J)
v=1 t=1

» By symmetry: A\ =... Ax =Xand Ky, x;,jyi-1 =7

T -

T D

SRS



Proof-Step 4. Symmetric & stationary {X,;} optimal!

For every A,y > O:

(n) < L log(1+ K
G *wzor,l}s%}[%,Kﬂ og(l + K¢)

1 K
- <§ log(l +K7TQ5) + m

+A(P — )

log(1 + 76 (K — ¢))>

» Objective function not concave/convex in (¢, 7) when v > 1



Proof-Step 5: Solve Non-Convex Optimization Problem
For every A,y > O:

() < L Y og(1 + K K
L 771’20{2)2}[%),1(] 2 og(1 + 7qu)—PYQ(K—I)

+A(P —7)

log(1 + mo(K — ¢))

» For fixed v, 7, A, concave in ¢ — choose stationary point ¢s(y,7) > 0



Proof-Step 5: Solve Non-Convex Optimization Problem
For every v > 0:

Cc™ < minmax 7 log(1 + Kmgs) +

A>0 7>0 2

sy 081+ 7oK — 00)

+A(P — )

» For fixed v, 7, A, concave in ¢ — choose stationary point ¢s(y,7) > 0

» Sum of log-terms concave — Slater’s condition — strong duality



Proof-Step 5: Solve Non-Convex Optimization Problem

For every v > 0:

CE") < max 7 log(1 + Kmgs) + v

w€l0,P] 2

ST 081+ o (K = 60)

» For fixed v, 7, A, concave in ¢ — choose stationary point ¢s(y,7) > 0
» Sum of log-terms concave — Slater’s condition — strong duality

» Sum of log-terms non-decreasing — 7* = P



Proof-Step 5: Solve Non-Convex Optimization Problem

2
1 *
= §log(1 +¢"KP)

7 log(l + KP¢S) + L log(l + PQSS(K - ¢s))

(n)
“ 2(K — 1)

IN

v

For fixed 7, m, A, concave in ¢ — choose stationary point ¢s(y,m) > 0

v

Sum of log-terms concave — Slater's condition — strong duality

v

Sum of log-terms non-decreasing — 7* = P

*

v

Choose appropriate 7 such that ¢s(v, P) = ¢

recall: (1+ KP¢*)K~1 = (1+ Pe*(K — ¢*)"



Proof-Step 1 fails for General Feedback Sum-Capacity C

C < limsup CE")

n—oo

where

cm A& - I(x Xk Y YT
{I;(l?i( nz 1,ts - K.ty t| )

and

1. X, = f,+(V,, Y"1 for independent {V,}

2 LE[SL, X2] <P

Proof: Fano's Inequality & conditional max-entropy theorem



Proof-Step 1 fails for General Feedback Sum-Capacity C

C < limsup CE")

n—oo

where

cm A& - I(x Xk Y YT
{I}(l?i( nz 1,ts - K.ty t| )

and

L X — (Y7L V) = (YL V) — Xy

2 LE[SL, X2] <P

Proof: Fano's Inequality & conditional max-entropy theorem



Summary
> New technique to prove optimality of Gaussian distributions under
Markov-conditions for differential entropy expressions
» Several capacity results for cooperative multi-user networks

» Technique extends to vector case and multiple Markov chains

» Symmetric linear-feedback sum-capacity of K-user Gaussian MAC
» Kramer's scheme optimal for this class, for all P, K

» Problem for general feedback-capacity: optimality-proof of Gaussians
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