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Outline of the Course: Part I

Michèle Wigger (3C58) and Mustapha Hamad (3C54)

Markov Chains

Dynamic Programming for Finite Horizon and Shortest-Paths Problems

Dynamic Programming for Infinite Horizon Problems with Discounted and
Average Cost Functions

Constrained Markov Decision Processes: Solutions and Suboptimal Policies

2 TDs and 1 TP
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Outline of the Course: Part II

Mireille Sarkiss, Telecom SudParis, 3C56

Markov Decision Processes without known transition probabilities

Reinforcement Learning: exploration/exploitation tradeo↵

Epsilon Greedy, Boltzman Algorithm

Deep reinforcement learning
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Lecture 1 – Finite-State Markov Chains
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Definitions and Types of Markov Chains

Definition (First-order Markov Chain)

A stochastic process {Xk}k�0 = {X0,X1,X2, . . . , } over an alphabet X is called
a (first-order) Markov chain if for all k = 1, 2, . . . ,:

PXk |Xk�1,Xk�2,...,X0(a|b, c, . . . , z) = PXk |Xk�1
(a|b), 8a, b, c, . . . , z 2 X .

Examples: Random walk, memoryless process, ...

Statistics of the stochastic process {Xk}k�0 is determined by PX0 and
{PXk |Xk�1

}k�1. In fact:

PX0,X1,...,XK (a, b, c, . . . , z) = PX0(a)·PX1|X0(b|a)·PX2|X1(c|b) · · ·PXK |XK1
(z |y).
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Homogeneous/Time-Invariant Markov Chains

Definition (Homogeneous Markov Chains)

A Markov chain {Xk}k�0 over an alphabet X is called homogeneous or
time-invariant if the transition probability PXk |Xk�1

does not depend on the
index k. That means, there exists a conditional probability mass function
W (·|·) such that:

PXk |Xk�1
(a|b) = W (a|b), 8k = 1, 2, . . . , and a, b 2 X .

The alphabet X is typically called the state space and W the transition
law of the homogeneous Markov chain.
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State-Transition Diagramme for Homogeneous Markov Chains

A node for all possible states a 2 X and an arrow from state b to state a
labelled by the probability W (a|b) > 0. (If W (a|b) = 0 there is no arrow.)

Each outgoing edge from state b represents a probability W (·|b)
) the labels of all outgoing edges from a given node have to sum to 1!

Life in Lockdown:

Eat
<latexit sha1_base64="5KcKsWD2BoFxfw74BpXwfyBbPx8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioYVFQATLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3cUuyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEpatap3Ua3d1yr16zyOIpzAKZyDB5dQhztoQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AJXSNrg==</latexit>

Sleep
<latexit sha1_base64="4n6gP87hSvj+yA3dcThBFRcCMoU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0stLAI2FhG9JJAcoS9zVyyZG/v2N0TwpHfYGOhiK0/yM5/4ya5QhMfDDzem2FmXpgKro3rfjtr6xubW9ulnfLu3v7BYeXouKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8h8EYtqvVN2aOwdZJV5BqlCg2a989QYJy2KUhgmqdddzUxPkVBnOBE7LvUxjStmYDrFrqaQx6iCfHzsl51YZkChRtqQhc/X3RE5jrSdxaDtjakZ62ZuJ/3ndzETXQc5lmhmUbLEoygQxCZl9TgZcITNiYgllittbCRtRRZmx+ZRtCN7yy6ukVa95l7X6fb3auCniKMEpnMEFeHAFDbiDJvjAgMMzvMKbI50X5935WLSuOcXMCfyB8/kDxCWOoQ==</latexit>

Study
<latexit sha1_base64="oa7BsYlnZz8q482gh+bI951Ni3Q=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8laQe9OCh4MVjRdMW2lA2m027dLMJuxMhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0gF1+g439ba+sbm1nZlp7q7t39wWDs67ugkU5R5NBGJ6gVEM8El85CjYL1UMRIHgnWDye3M7z4xpXkiHzFPmR+TkeQRpwSN5D1gFubDWt1pOHPYq8QtSR1KtIe1r0GY0CxmEqkgWvddJ0W/IAo5FWxaHWSapYROyIj1DZUkZtov5sdO7XOjhHaUKFMS7bn6e6IgsdZ5HJjOmOBYL3sz8T+vn2F07RdcphkySReLokzYmNizz+2QK0ZR5IYQqri51aZjoghFk0/VhOAuv7xKOs2Ge9lo3jfrrZsyjgqcwhlcgAtX0II7aIMHFDg8wyu8WdJ6sd6tj0XrmlXOnMAfWJ8/9NyOwQ==</latexit>

Run
<latexit sha1_base64="+fd7uUdQSUtc98LWPJbr8pc3Yxg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioYVFwMYyfuQDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxjczv/2ESvNYPppJgn5Eh5KHnFFjpYf7VPbLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mp07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGVn3GZpAYlWywKU0FMTGZ/kwFXyIyYWEKZ4vZWwkZUUWZsOiUbgrf88ipp1areRbV2V6vUr/M4inACp3AOHlxCHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDTo6NyQ==</latexit>

0.2
<latexit sha1_base64="9U4Hi3GWV+t4IjeRRdoKGYbu4pY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddxFQQuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvDCVwqDnfTuFtfWNza3idmlnd2//oHx41DRJphlvsEQmuh1Sw6VQvIECJW+nmtM4lLwVjm5nfuuJayMS9YjjlAcxHSgRCUbRSg+eW+2VK57rzUFWiZ+TCuSo98pf3X7CspgrZJIa0/G9FIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuqUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//M6GUbXwUSoNEOu2GJRlEmCCZn9TfpCc4ZybAllWthbCRtSTRnadEo2BH/55VXSrLr+hVu9v6zUbvI4inACp3AOPlxBDe6gDg1gMIBneIU3RzovzrvzsWgtOPnMMfyB8/kDVICNJg==</latexit>

0.2
<latexit sha1_base64="9U4Hi3GWV+t4IjeRRdoKGYbu4pY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddxFQQuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvDCVwqDnfTuFtfWNza3idmlnd2//oHx41DRJphlvsEQmuh1Sw6VQvIECJW+nmtM4lLwVjm5nfuuJayMS9YjjlAcxHSgRCUbRSg+eW+2VK57rzUFWiZ+TCuSo98pf3X7CspgrZJIa0/G9FIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuqUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//M6GUbXwUSoNEOu2GJRlEmCCZn9TfpCc4ZybAllWthbCRtSTRnadEo2BH/55VXSrLr+hVu9v6zUbvI4inACp3AOPlxBDe6gDg1gMIBneIU3RzovzrvzsWgtOPnMMfyB8/kDVICNJg==</latexit>

0.2
<latexit sha1_base64="9U4Hi3GWV+t4IjeRRdoKGYbu4pY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddxFQQuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvDCVwqDnfTuFtfWNza3idmlnd2//oHx41DRJphlvsEQmuh1Sw6VQvIECJW+nmtM4lLwVjm5nfuuJayMS9YjjlAcxHSgRCUbRSg+eW+2VK57rzUFWiZ+TCuSo98pf3X7CspgrZJIa0/G9FIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuqUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//M6GUbXwUSoNEOu2GJRlEmCCZn9TfpCc4ZybAllWthbCRtSTRnadEo2BH/55VXSrLr+hVu9v6zUbvI4inACp3AOPlxBDe6gDg1gMIBneIU3RzovzrvzsWgtOPnMMfyB8/kDVICNJg==</latexit>

0.2
<latexit sha1_base64="9U4Hi3GWV+t4IjeRRdoKGYbu4pY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddxFQQuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvDCVwqDnfTuFtfWNza3idmlnd2//oHx41DRJphlvsEQmuh1Sw6VQvIECJW+nmtM4lLwVjm5nfuuJayMS9YjjlAcxHSgRCUbRSg+eW+2VK57rzUFWiZ+TCuSo98pf3X7CspgrZJIa0/G9FIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuqUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//M6GUbXwUSoNEOu2GJRlEmCCZn9TfpCc4ZybAllWthbCRtSTRnadEo2BH/55VXSrLr+hVu9v6zUbvI4inACp3AOPlxBDe6gDg1gMIBneIU3RzovzrvzsWgtOPnMMfyB8/kDVICNJg==</latexit>

0.5
<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

0.5
<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

0.5
<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

0.5
<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

0.5
<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

0.3
<latexit sha1_base64="ExIavLgE2/BqG1YXBJkcfN4qKxc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddwlghYWARvLiCYGkiPsbeaSJXt7x+6eEEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeWEquDae9+0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVDukGgWX2DTcCGynCmkcCnwMRzcz//EJleaJfDDjFIOYDiSPOKPGSveeW+uVK57rzUFWiZ+TCuRo9Mpf3X7CshilYYJq3fG91AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZnzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2N+lzhcyIsSWUKW5vJWxIFWXGplOyIfjLL6+SVtX1a2717qJSv87jKMIJnMI5+HAJdbiFBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPVgSNJw==</latexit>

0.3
<latexit sha1_base64="ExIavLgE2/BqG1YXBJkcfN4qKxc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddwlghYWARvLiCYGkiPsbeaSJXt7x+6eEEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeWEquDae9+0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVDukGgWX2DTcCGynCmkcCnwMRzcz//EJleaJfDDjFIOYDiSPOKPGSveeW+uVK57rzUFWiZ+TCuRo9Mpf3X7CshilYYJq3fG91AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZnzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2N+lzhcyIsSWUKW5vJWxIFWXGplOyIfjLL6+SVtX1a2717qJSv87jKMIJnMI5+HAJdbiFBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPVgSNJw==</latexit>0.5

<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

0.3
<latexit sha1_base64="ExIavLgE2/BqG1YXBJkcfN4qKxc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddwlghYWARvLiCYGkiPsbeaSJXt7x+6eEEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeWEquDae9+0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVDukGgWX2DTcCGynCmkcCnwMRzcz//EJleaJfDDjFIOYDiSPOKPGSveeW+uVK57rzUFWiZ+TCuRo9Mpf3X7CshilYYJq3fG91AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZnzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2N+lzhcyIsSWUKW5vJWxIFWXGplOyIfjLL6+SVtX1a2717qJSv87jKMIJnMI5+HAJdbiFBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPVgSNJw==</latexit>

0.2
<latexit sha1_base64="9U4Hi3GWV+t4IjeRRdoKGYbu4pY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddxFQQuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvDCVwqDnfTuFtfWNza3idmlnd2//oHx41DRJphlvsEQmuh1Sw6VQvIECJW+nmtM4lLwVjm5nfuuJayMS9YjjlAcxHSgRCUbRSg+eW+2VK57rzUFWiZ+TCuSo98pf3X7CspgrZJIa0/G9FIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuqUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//M6GUbXwUSoNEOu2GJRlEmCCZn9TfpCc4ZybAllWthbCRtSTRnadEo2BH/55VXSrLr+hVu9v6zUbvI4inACp3AOPlxBDe6gDg1gMIBneIU3RzovzrvzsWgtOPnMMfyB8/kDVICNJg==</latexit>

0.1
<latexit sha1_base64="eGcxlriD2WUBcSPwNcy/svrFidk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddxFQQuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvDCVwqDnfTuFtfWNza3idmlnd2//oHx41DRJphlvsEQmuh1Sw6VQvIECJW+nmtM4lLwVjm5nfuuJayMS9YjjlAcxHSgRCUbRSg+e6/fKFc/15iCrxM9JBXLUe+Wvbj9hWcwVMkmN6fheisGEahRM8mmpmxmeUjaiA96xVNGYm2AyP3VKzqzSJ1GibSkkc/X3xITGxozj0HbGFIdm2ZuJ/3mdDKPrYCJUmiFXbLEoyiTBhMz+Jn2hOUM5toQyLeythA2ppgxtOiUbgr/88ippVl3/wq3eX1ZqN3kcRTiBUzgHH66gBndQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBUvyNJQ==</latexit>

Internet
<latexit sha1_base64="d/mLM8MWDMGsGdhwePn33jnMVaA=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioYVFwEa7COYDkiPsbeaSJXt75+6eEI78CRsLRWz9O3b+GzfJFZr4YODx3gwz84JEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxjczv/2ESvNYPphJgn5Eh5KHnFFjpc6dNKgkmn654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqymwKumRD8JZfXiWtWtW7qNbua5X6dR5HEU7gFM7Bg0uowy00oAkMBDzDK7w5j86L8+58LFoLTj5zDH/gfP4AN5+QDw==</latexit>

Wigger — Sequential Decision Processes, Master MICAS, Part I 7/15



Describing a Homogeneous Markov Chain with its Transition Matrix

Transition matrix W: each row and each column is associated with a state
! W is square of dimension |X |⇥ |X |

W =

0

BBBBBB@

W (a|a) W (b|a) W (c|a) · · · W (z |a)
W (a|b) W (b|b) W (c|b) · · · W (z |b)

... · · ·
. . . · · ·

W (a|z) W (b|z)
| {z }

W:,b

· · · · · · W (z |z)

1

CCCCCCA

Each row of W sums to 1 ! a (right) stochastic matrix

For any state b:

PX1(b) =
X

x2X

PX0(x)W (b|x) = ⇡0 ·W:,b

where ⇡k = (PXk (a),PXk (b), . . . ,PXk (z)).

Summary for all b 2 X :
⇡1 = ⇡0W.
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The Markov Process in Matrix Notation

Let ⇡k = (PXk (a),PXk (b), . . . ,PXk (z)). Then:

⇡1 = ⇡0 ·W
⇡2 = ⇡1 ·W = ⇡0 ·W ·W

...

⇡k = ⇡0 ·Wk .

! the statistics is determined by ⇡0 and W
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Transient and Recurrent States

Definition (Recurrent State Class)

Consider a homogeneous Markov process. A class of states S ✓ X is called
recurrent, if the following two conditions hold:

1 For any two states a, b 2 S there are positive integers k, i , j such that

Pr[Xk+i = b|Xk = a] > 0 and Pr[Xk+j = a|Xk = b] > 0.

(We say that states a and b communicate.)

2 For any states a 2 S and b 2 X\S and for all k, i > 0:

Pr[Xk+i = b|Xk = a] > 0.

If X is a recurrent class, the Markov process {Xk}k�0 is said irreducible.

Definition (Recurrent and Transient States)

A state a 2 X that belongs to some recurrent class is called recurrent. A state
that does not belong to any recurrent class is called transient. For any
transient state a:

lim
i!1

Pr[Xk+i = a|Xk = a] = 0

Wigger — Sequential Decision Processes, Master MICAS, Part I 10/15



Periodicity of States And Aperiodic Chains

Definition (Periods of a states)

The period d(x) of a state x is the smallest positive integer such that
irrespective of the starting distribution Pr[X`+k = x |Xk = x ] = 0 if ` is not a
multiple of d(x).

1 s2 s1 s2s
s1 s2

s3
period of states:

Definition (Aperiodic Markov Chains)

A Markov chain {Xk} is said aperiodic if d(x) = 1 for all states x 2 X .
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A Stationary Process
Definition (Stationary Process)

A stochastic process {Xk}k�0 is called stationary, if for all integers k, n � 0:

PXk ,Xk+1,...,Xk+n (a, b, . . . , z) = PX0,X1,...,Xn (a, b, . . . , z), 8a, b, . . . , z 2 X .

Theorem

A Markov process {Xk}k�0 with transition matrix W and initial distribution ⇡0

is stationary if, and only if,
⇡0 = ⇡0 ·W.

Proof: The “only if” direction is trivial because ⇡1 = ⇡0 ·W.
To see the “if”-direction, notice that for any k � 1:

⇡k = ⇡0 ·Wk = ⇡0 ·W| {z }
=⇡0

·Wk�1 = ⇡0 ·Wk�1 = ⇡0 ·W| {z }
=⇡0

·Wk�2 = · · · = ⇡0 ·W = ⇡0

and thus by Bayes’ rule and the Markov property:

PXk ,Xk+1,...,Xk+n (a, b, . . . , z) = PXk (a)PXk+1|Xk
(b|a) · · ·PXk+n|Xk+n�1

(z |y)
= ⇡0(a) ·W (b|a) ·W (c|b) · · ·W (z |y) = PX0(a)PX1|X0(b|a) · · ·PXn|Xn�1(z |y)
= PX0,X1,...,Xn (a, b, . . . , z)
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More on Stationary Distributions

Consider a Markov chain {Xk}k�0 with transition matrix W.

Any distribution ⇡ satisfying the fix-point equation

⇡ = ⇡ ·W

is called a stationary distribution of this Markov chain.

Any such ⇡ is an eigenvector of W corresponding to eigenvalue 1.

Aperiodic and irreducible Markov chains have a unique stationary
distribution ⇡⇤.

Transient states have 0 probability under ⇡⇤.
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Convergence of the Transition Matrix

Theorem

The following limit exists
W⇤ := lim

N!1
WN ,

and W⇤ is a stochastic matrix.
For an irreducibile and aperiodic Markov chain:

W⇤ = 1T⇡⇤,

where ⇡⇤ is the unique stationary distribution.

Proof.

Omitted.
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Convergence to A Stationary Process

Theorem

If the Markov chain {Xk}k�0 is aperiodic and irreducible, then for any initial
distribution ⇡0:

lim
N!1

⇡N ! ⇡⇤,

where ⇡⇤ is the only stationary distribution of the Markov chain.

Proof:

lim
N!1

⇡N = lim
N!1

(⇡0 ·WN) = ⇡0 · lim
N!1

WN = ⇡0 · 1T

| {z }
=1

⇡⇤.
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Lecture 2 – Markov Decision Processes and Dynamic

Programming over a Finite Horizon
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A Discrete-Time Dynamic System Model

State evolution

Xk+1 = fk(Xk ,Uk ,Wk), k = 0, 1, 2, . . . ,

Xk is the time-k state over a state space X

Uk is the time-k (control) action over a space U

Wk the random disturbance
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Markov Decision Process (MDP) —A Markov Chain with Actions

The discrete-time dynamic system is a Markov decision process if

the sequence {Wk} is memoryless; and

a reward Ru(x , x 0
) is associated to each action u and pair of states

x , x 0 2 X

! Generalization of a Markov chain to incorporate actions and where the

transition law depends on these actions:

PXk+1|Xk ,...,X0,Uk ,...,U0(a|b, . . . , z , u, . . . , v) = PXk+1|Xk ,Uk
(a|b, u),

8a, b, . . . , z 2 X , u, v 2 U .
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An MDP Example with Graph Representation

Policies

• The goal of the agent is to find a way of behaving, called a policy
(plan or strategy) that maximizes the expected value of the return,
E[Rt], �t

• A policy is a way of choosing actions based on the state:
– Stochastic policy: in a given state, the agent can “roll a die” and

choose different actions

� : S � A � [0, 1], �(s, a) = P (at = a|st = s)

– Deterministic policy: in each state the agent chooses a unique
action
� : S � A, �(s) = a

McGill University, COMP-424, Lecture 14 - March 9, 2010 17

Example: Career Options
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What is the best policy?
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Boxes are states; labels on arrows designate actions and transition

probabilities. E.g.:

Pr[Xk+1 = “I”|Xk = “U”,Uk = “i”] = 0.6.

Wigger — Sequential Decision Processes, Master MICAS, Part I 5/16



Finite-Horizon Dynamic Programming Problem Setup

(Slightly more general than introduced for MDPs)

Discrete-time dynamic system:

Xk+1 = fk(Xk ,Uk ,Wk), k = 0, 1, 2, . . . ,N � 1

where given (Xk ,Uk) the noise Wk is conditionally independent of

(X0, . . . ,Xk�1,U1, . . . ,Uk�1,W1, . . . ,Wk�1)

N is called the horizon of the control problem

Admissible control sets {Uk(a)}a2X for action Uk = µk(Xk)

! The set of functions µ0, . . . , µN�1 is called a policy ⇡

Additive expected cost

E

"
gN(XN)+

N�1X

k=0

gk(Xk ,Uk ,Wk)

#
= E{Wk}

"
gN(XN)+

N�1X

k=0

gk(Xk , µk(Xk),Wk)

#

where gN(XN) denotes a terminal cost
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Decomposition of Expected Cost
Expected time i-to-j cost starting from state a 2 X :

Ji!j,⇡(a) = E

"
jX

k=i

gk(Xk , µk(Xk),Wk)

�����Xi = a

#
, 0  i < j  N,

where gN(XN , µN(XN),WN) := gN(XN).

Decomposition of finite-horizon expected cost for i < j  N:

Ji!N,⇡(a) = E

"
gN(XN) +

N�1X

k=i

gk (Xk , µk (Xk ),Wk )

�����Xj = b,Xi = a

#

=
X

b2X
Pr[Xj = b|Xi = a]E

"
gN(XN) +

N�1X

k=i

gk (Xk , µk (Xk ),Wk )

�����Xj = b,Xi = a

#

=
X

b2X
Pr[Xj = b|Xi = a]E

"
gN(XN) +

N�1X

k=j

gk (Xk , µk (Xk ),Wk )

�����Xj = b,Xi = a

#

+
X

b2X
Pr[Xj = b|Xi = a]E

" j�1X

k=i

gk (Xk , µk (Xk ),Wk )

�����Xj = b,Xi = a

#

=
X

b2X
Pr[Xj = b|Xi = a]Jj!N,⇡(b) + Ji!j�1,⇡(a)
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Minimizing the Expected Finite-Horizon Cost

Minimize expected cost for a 2 X : J⇤
0!N(a) = min⇡ J0!N,⇡(a)

Decomposition of optimization problem:

min
⇡

J0!N,⇡(a) = min
µ0

2

4J0!0,µ0 (a) + min
µ1,...,µN�1

X

b2X
Pr[X1 = b|X0 = a]J1!N,⇡(b)

3

5

� min
µ0

2

4J0!0,µ0 (a) +
X

b2X
Pr[X1 = b|X0 = a] min

µb,1,...,µb,N�1
J1!N,⇡b

(b)

3

5

where equality holds when optimal policies µb,1, . . . , µb,N�1 don’t depend on b.

min
⇡

J1!N,⇡(b) � min
µ1

2

4J1!1,µ1 (b) +
X

c2X
Pr[X2 = c|X1 = b] min

µc,2,...,µc,N�1
J2!N,⇡c (c)

3

5
...

min
⇡

JN�1!N,⇡(x) � min
µN�2


JN�1!N�1,µN�1

(x)

+
X

y2X
Pr[XN = y |XN�1 = x] min

µy,N�1
JN!N,⇡y (y)

�

Will see: optimal µa,i , . . . , µa,N�1 don’t depend on a ) Ineq. are equalities

Find the optimal solution starting backwards!!
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Optimal Dynamic Programming Algorithm

For each xN 2 X initialize J⇤
N!N(xN) = gN(xN)

! trivially the same µN achieves optimal J⇤
N!N(xN) for all xN 2 X

For each i = N � 1, . . . , 0 calculcate for each xi 2 X :

J⇤
i!N(xi )

:= min
µi

2

4Ji!i,µi (xi ) +
X

xi+12X

Pr[Xi+1 = xi+1|Xi = xi ]J
⇤
i+1!N(xi+1)

3

5

= min
µi

⇥
EWi

⇥
gi (xi , µi (xi ),Wi ) + J⇤

i+1!N(Xi+1)

���Xi = xi
⇤⇤

! If optimal policies µ⇤
i+1, . . . , µ

⇤
N for J⇤

i+1!N(xi+1) don’t depend on xi+1 2 X ,

then optimal policies µ⇤
i , µi+1, . . . , µ

⇤
N for J⇤

i!N(xi ) don’t depend on xi !
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Optimality Principle for Finite-Horizon Dynamic Programming

Theorem (Optimality Principle)

Let ⇡⇤
= (µ⇤

0 , µ
⇤
1 , µ

⇤
2 , . . . , µ

⇤
N�1) be an optimal policy for J0!N,⇡:

J0!N,⇡⇤(a) = min
⇡

J0!N,⇡(a) =: J⇤
0!N(a), 8a 2 X .

Then 8b 2 X the truncated policy ⇡⇤
i!N := (µ⇤

i , . . . , µ
⇤
N�1) minimizes the

sub-problem Ji!N,⇡:

Ji!N,⇡⇤
i!N

(b) = min
⇡

Ji!N,⇡(b) =: J⇤
i!N(b), 8b 2 X .

Proof by Contradiction: Given policy ⇡i!N = (µ0, µ1, . . . , µN�1) satisfying

Ji!N,⇡(b) < Ji!N,⇡⇤(b), 8b 2 X .

Then for all a 2 X and policy ⇡̃ = (µ⇤
0 , µ

⇤
1 , . . . , µ

⇤
i�1, µi , . . . , µN�1):

J0!N,⇡⇤(a) =
X

b2X

Pr[Xi = b|X0 = a]Ji!N,⇡⇤(b) + J0!i�1,⇡⇤(a)

>
X

b2X

Pr[Xi = b|X0 = a]Ji!N,⇡(b) + J0!i�1,⇡⇤(a)

= J0!N,⇡̃(a)
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Example: Inventory Control

state xk : stock at the beginning of period k

action uk : stock order (and delivery) at the beginning of period k

disturbance wk : random demand during period k

state evolution:

xk+1 = f (xk , uk ,wk) = xk + uk � wk .

cost gk(xk , uk ,wk) in period k consists of inventory cost/penalty r(xk) and
purchase cost cuk :

gk(xk , uk ,wk) = r(xk) + c · uk

Wish to minimize total expected cost over horizon N:

J0!N,⇡ = E

"
NX

k=0

r(xk) +
N�1X

k=0

c · uk

�����X0 = a

#
, a � 0.
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Optimal DP Algorithm for the Inventory Control Example

Initialize J⇤
N!N(xN) = r(xN)

First iteration:

J⇤
N�1!N(xN�1) = min

uN�1

{r(xN�1) + cuN�1 + E[r(XN)]}

= r(xN�1) + min
uN�1

�
cuN�1 + EWN�1 [r(xN�1 + uN�1 +WN�1)]

 

Second iteration:

J⇤
N�2!N = min

uN�2

{r(xN�2) + cuN�2 + E[J⇤
N�1!N(XN�1)]}

= r(xN�2) + min
uN�2

�
cuN�2 + EWN�2 [J

⇤
N�1!N(xN�2 + uN�2 +WN�2)]

 

i-th iteration:

J⇤
N�i!N = r(xN�i ) + min

uN�i

�
cuN�i + EWN�i [J

⇤
N�i�1!N(xN�i + uN�i +WN�i )]

 

Solution obtained after N iterations: J⇤
0!N
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Deterministic MDPs and Shortest-Path Problems

No disturbance ! state evolution xk+1 = f (xk , uk) and cost gk(xk , uk)

Graph representation:

At each stage k = 1, 2, . . . ,N there is a node for each xk 2 X

Arrows indicate transitions for di↵erent actions ! label arrows with actions
uk and costs gk (xk , uk )

Total cost J0!N,⇡ is the sum of the costs on the path indicated by ⇡

Finding minimum total cost J0!N,⇡ equivalent to finding “shortest path”

! DP algorithm can be run in reverse order
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Travelling Salesman Problem and Label Correcting Method

State space depends on stage k

Initialize d1 = 0 and

d2 = · · · = dt = 1

Dijkstra’s method always chooses the node in OPEN with smallest di .
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Dynamic Programming in a Hidden Markov Model

In a Hidden Markov Model (HMM) or Partially Observable Markov
Process (POMP), an observer does not observe the state sequences

X0,X1, . . . ,XN directly but a related sequence Z1, . . . ,ZN , where

PX0,X1,...,XN ,Z1,...,ZN = PX0 ·
NY

k=1

PXk |Xk�1
· PZk |Xk ,Xk�1

.

Observe z1, . . . , zN and solve

min
x0,x1,...,xN

� logPX0,X1,...,XN ,Z1,...,ZN (x0, x1, . . . , xN , z1, . . . , zN)

= min
x0,x1,...,xN

⇥
� logPX0(x0)�

NX

k=1

logPXk |Xk�1
(xk |xk�1)PZk |Xk ,Xk�1

(zk |xk , xk�1)
⇤

! Apply Forward DP algorithm on a Trellis
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The Viterbi Algorithm

Trellis:

Edges from s to x0 are labeled with PX0 , edges from xN to t by 0 and

edges from xk�1 to xk by � logPXk |Xk�1
(xk |xk�1)PZk |Xk ,Xk�1

(zk |xk , xk�1)

Shortest Path from s to t solves minimization problem

Apply forward DP algorithm and cut the branches that are suboptimal
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Lecture 3 – Dynamic Programming over an Infinite

Horizon: The Discounted Case
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Review of Lecture 2: Finite Horizon and Decomposition of the Cost
Discrete-time dynamic system:

Xk+1 = fk(Xk , µk(Xk),Wk), k = 0, 1, 2, . . . ,N � 1

{Wk} is independent and identically distributed (i.i.d.)

Minimize total cost for given initial state a 2 X :

J⇤
0!N(a) := min

⇡
E

"
N�1X

k=0

gk(Xk , µk(Xk),Wk) + gN(XN)

�����X0 = a

#

| {z }
=:J0!N,⇡(a)

Optimal Backward DP Algorithm: Initialize J⇤
N!N(xN) := gN(xN) and

compute for i = N � 1, . . . , 0

J⇤
i!N(xi ) = min

µi

⇣
E
h
gi (xi , µi (xi ),Wi ) +

X

xi+12X

Pr[Xi+1 = xi+1|Xi = xi ]J
⇤
i+1!N

�
xi+1

�⌘

= min
µi

EWi

h
gi (xi , µi (xi ),Wi ) + J⇤

i+1!N

⇣
fi
�
xi , µi (xi ),Wi

�⌘i

For deterministic problems optimal DP algorithm can be run forwards
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Optimality of Memoryless Policies

Restriction to memoryless policies ui = µi (xi ) is without loss of optimality.
(I.e., there is no need to consider policies of the form
ui = µi (x0, . . . , xi , u1, . . . , ui�1).)

Recall

J⇤
i!N(xi ) = min

µi

⇣
E
h
gi (xi , µi (xi ),Wi ) +

X

xi+12X

Pr[Xi+1 = xi+1|Xi = xi ]J
⇤
i+1!N

�
xi+1

�⌘

J⇤
i!N(xi ) only depends on PXi+1|Xi

and PXiUi ! introducing memory would
have no e↵ect at all on the value of J⇤

i!N(xi ).

Deterministic policies su�ce because the minimum has a deterministic
solution
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Infinite-Horizon Dynamic Programming with Discounted Costs

Time-invariant discrete-time dynamic system:

Xk+1 = f (Xk ,Uk ,Wk), k = 0, 1, 2, . . . ,

Bounded time-invariant cost function g(x , u,w) 2 [�M,M]

Definition (Optimal Discounted Cost)

Given a discounting factor � > 0, the discounted expected cost for policy
⇡ = (µ0, µ1, . . . , ) is:

J⇡(a) := E{Wk}

" 1X

k=0

�kg(Xk , µk(Xk),Wk)

�����X0 = a

#

The optimal infinite-horizon discounted cost is J⇤(a) := min⇡J⇡(a)
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A Closer Look at the Finite-Horizon Discounted Cost Problem

The finite-horizon cost for our problem and policy ⇡. 8L < N:

J0!N,⇡(a)

= E|X0=a

 L�1X

k=0

�kg(Xk , µk(Xk),Wk) +
N�1X

k=L

�kg(Xk , µk(Xk),Wk) + �NgN(XN)

�

 E|X0=a

 L�1X

k=0

�kg(Xk , µk(Xk),Wk)

�
+ �LgL(XL) +

NX

k=L

�kM � �LgL(XL)

 J0!L,⇡(a) +M�L

✓
1 +

1� �N�L+1

1� �

◆

Let N ! 1 and take min⇡ on both sides:

J⇤(a) := min
⇡

lim
N!1

J0!N,⇡(a)  min
⇡

J0!L,⇡(a) +M�L 2� �
1� �

Similarly, we obtain

J⇤(a) � J⇤
0!L(a)�M�L 2� �

1� �
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Optimal Infinite-Horizon Discounted Cost as a Limit

By a sandwiching argument and L ! 1:

Theorem

The Optimal Infinite-Horizon Discounted Cost can be obtained as:

J⇤(a) = lim
L!1

J⇤
0!L(a), 8a 2 X ,

irrespective of the termination costs {�LgL(XL)}.

Is there a way to e�ciently compute this limit?
! Yes, because of time-invariance and since the starting point does not
matter!
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Rephrasing the Finite-Horizon Cost
Finite-horizon Optimal DP algorithm:

J⇤
i!N(a) := min

µ
EWi

⇥
� ig(a, µ(a),Wi ) + J⇤

i+1!N(f (a, µ(a),Wi ))
⇤
,

for starting condition J⇤
N!N(a) := �NgN(a) for all a 2 X .

For i < N define VN�i (a) := 1
� i J

⇤
i!N(a) and W 0

N�i := Wi , and k = N � i :

V0(a) = J⇤
N!N(a)

Vk(a) = min
µ

EW 0
k

⇥
g(a, µ(a),W 0

k) + �Vk�1(f (a, µ(a),W
0
k))], k = 1, . . . ,N

Recursion independent of N and 8N: VN(a) = J⇤
0!N(a)! (with same gN .)

Lemma

J⇤(a) = lim
N!1

VN(a),

where
Vk = min

µ
E[g + �Vk�1], k = 1, 2, . . . ,

and starting vector V0 can be arbitrary.
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The Value-Iteration Algorithm for Dynamic Programming

Finds an approximation to the solution vector J⇤ for an infinite-horizon
DP problem with discounted and bounded costs

Algorithm:

Select an arbitrary starting vector V0 2 R|X|

For k = 1, 2, . . . , calculate for each a 2 X :

Vk (a) = min
µ

EW [g(a, µ(a),W ) + �Vk�1(f (a, µ(a),W )].

Stop according to some convergence criterion, for example when the value
on each component does not change more than a given value ✏.

How fast does it converge? Error bounds?

Attention: In the literature V is often also called J
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Exponential Decay on Di↵erence of Iterations

Lemma

Given two bounded initial vectors V0 and V 0
0 such that

max
a2X

|V0(a)� V 0
0(a)|  c.

If V1, . . . ,Vk and V 0
1 , . . . ,V

0
k are obtained from the DP recursion for V0 and

V 0
0 , respectively:

max
a2X

|Vk(a)� V 0
k(a)|  ↵k max

a2X
|V0(a)� V 0

0(a)|.

Proof: By induction:

V1(a) = min
µ

EW [g(a, µ(a),W ) + �V0(f (a, µ(a),W ))]

 min
µ

EW [g(a, µ(a),W ) + �V 0
0(f (a, µ(a),W ))] + �c = V 0

1(a) + �c

Vk(a) = min
µ

EW [g(a, µ(a),W ) + �Vk�1(f (a, µ(a),W ))]

 min
µ

EW [g(a, µ(a),W ) + �V 0
k�1(f (a, µ(a),W ))] + ��k�1c = V 0

k(a) + �kc

Similarly, V1(a) � V 0
1(a)� �c and Vk(a) � V 0

k(a)� �kc
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Error Bounds on the Value-Iteration Algorithm

By Bellman’s equation ahead, V 0
0 = J⇤ implies V 0

1 = · · ·V 0
k = J⇤ and thus

max
a2X

|Vk(a)� J⇤(a)|  ↵k max
a2X

|V0(a)� J⇤(a)|.

The error in the value-iteration algorithm vanishes exponentially fast with
each iteration
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The Operator Interpretation

Operator T (or Tf ,g,�) acts on vector V 2 R|X| componentwise as:

(TV )(a) = min
µ

EW [g(a, µ(a),W ) + �V (f (a, µ(a),W ))], 8a 2 X .

Optimal DP iteration is described as: Vk+1 = TVk .

The operator T is contracting since 9⇢ 2 (0, 1):

kT(J)� T(J 0)k  ⇢kJ � J 0k, 8J, J 0,

where here k · k denotes the infinity norm (i.e., the maximum component)

Irrespective of V , as k ! 1 the operator TkV = T(T(· · ·T
| {z }

k applications of T

(V )))

converges to a unique J⇤ that satisfies the fix-point equation

J⇤ = TJ⇤
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Bellman’s Equation

Theorem

The cost vector J⇤ is optimal if, and only if, it satisfies

J⇤(a) = min
µ

EW [g(a, µ(a),W ) + �J⇤(f (a, µ(a),W ))], 8a 2 X .

There is a unique finite cost-vector J⇤ satisfying above equation.

Proof: “If”-direction: Set J⇤ as starting vector in iteration.
“Only if”-direction uses the previous bounds. 8a 2 X :

J⇤(a)�M�L+1 2� �
1� �

 VL+1 = min
µ

EW [g(a, µ(a),W ) + �VL(f (a, µ(a),W ))]

 min
µ

EW [g(a, µ(a),W ) + �J⇤(f (a, µ(a),W ))] +M�L 2� �
1� �

.

Similarly:

J⇤(a) +M�L+1 2� �
1� �

� min
µ

EW [g(a, µ(a),W ) + �J⇤(f (a, µ(a),W ))]�M�L 2� �
1� �

.

Taking L ! 1 by sandwiching argument proves “only-if” direction.
Uniqueness follows by convergence of {Vk}k�0 irrespective of V0.
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About Stationary Policies

A policy of the form ⇡ = (µ, µ, µ, . . .) is called stationary.

For any stationary policy µ and arbitrary initial vector V0:

Vk,µ(a) = EW [g(a, µ(a),W ) + �Vk�1,µ(f (a, µ(a),W ))]

converges for each a 2 X . Call the convergence point Jµ(a).

If V1,µ(a)  V0,µ(a) for all a 2 X , then Vk,µ is a decreasing sequence

Lemma (Optimality of Stationary Policies)

A stationary policy µ⇤ is optimal if, and only if,

EW [g(a, µ⇤(a),W ) + �J⇤(f (a, µ⇤(a),W ))]

= min
µ

EW [g(a, µ(a),W ) + �J⇤(f (a, µ(a),W ))], 8a 2 X .

Proof: Follows essentially from Bellman’s equation and the uniqueness of the
solution J⇤.
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Finding an Improved Stationary Policy

Theorem

Let µ and µ̄ be stationary policies satisfying 8a 2 X :

EW [g(a, µ̄(a),W ) + �Jµ(a, µ̄(a),W )] = min
u

EW [g(a, u) + �Jµ(f (a, u,W ))] .

Then,
Jµ̄(a)  Jµ(a), 8a 2 X ,

where inequality is strict for at least one a 2 X whenever µ is not optimal.

Proof:

Jµ(a)| {z }
V0,µ̄

= E[g(a, µ(a),W ) + �Jµ(a)(f (a, µ(a),W ))]

� E[g(a, µ̄(a),W ) + �Jµ(a)(f (a, µ̄(a),W ))]
| {z }

V1,µ̄

� V2,µ̄ � V3,µ̄ � . . .

� Jµ̄(a).
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Policy Iteration Algorithm

Finds the exact solution vector J⇤ for an infinite-horizon DP problem with
discounted and bounded costs

Algorithm:
Select an arbitrary policy µ0 and find Jµ0 by solving the linear system of
equations:

Jµ0 (a) = E[g(a, µ0(a),W )] + �E[Jµ0 (f (a, µ0(a),W ))], a 2 X .

For k = 1, 2, . . . solve the minimization problem

µk (a) := argminu2UEW [g(a, u,W ) + �Jµk�1 (f (a, u,W )], a 2 X .

and find Jµk by solving the linear system of equations:

Jµk (a) = E[g(a, µk (a),W )] + �E[Jµk (f (a, µk (a),W ))], a 2 X .

Stop when µk = µk�1 and produce J⇤ = Jµk�1

Advantage: There is only a finite number of stationary policies and thus
the algorithm finds the exact optimal discounted cost J⇤.
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A Simple Binary Example
Let X = {a, b} and U = {1, 2}. Moreover, Wi ⇠ B(1/4) and � = 0.9.

Transition function: f (x , u,w) = a if (u = 1,w = 1) or (u2 = 2,w = 0),
and f (x , u,w) = b else

Cost function: EW [g(a, 1,W )] = 2, EW [g(a, 2,W )] = 0.5,
EW [g(b, 1,W )] = 1, EW [g(b, 2,W )] = 3.

Value iteration algorithm with starting point V0 = (0, 0)T:

V1(a) = min
µ

�
E[g(a, µ(a),W )] + E[�V0(f (a, µ(a),W ))]

�

= min
u2{1,2}

E[g(a, u,W )] = min{2, 0.5} = 0.5.

V1(b) = min
u2{1,2}

E[g(a, u,W )] = min{1, 3} = 1.

V2(a) = min
�

E[g(a, 1,W ) + �V1(f (a, 1,W ))],E[g(a, 2,W ) + �V1(f (a, 2,W ))]
 

= min{2 + 0.9 · (0.5 · 3/4 + 1 · 1/4), 0.5 + 0.9 · (0.5 · 1/4 + 1 · 3/4)}
= min{2 + 0.9 · 5/8, 0.5 + 0.9 · 7/8} = 0.5 + 0.9 · 7/8 = 1.2875

V2(b) = min{1 + 0.9 · 5/8, 3 + 0.9 · 7/8} = 1 + 0.9 · 5/8 = 1.5625
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Example Continued

Value iteration algorithm continued:

V3(a) = 1.844 V3(b) = 2.220

V4(a) = 2.414 V4(b) = 2.745

V5(a) = 2.896 V5(b) = 3.247
...

...

V15(a) = 5.783 V15(b) = 6.128

Policy iteration algorithm with initial policy µ0(a) = 1 and µ0(b) = 2:
Policy evaluation to determine Jµ0 :

Jµ0 (a) = 2 + 0.9 · (Jµ0 (a) · 3/4 + Jµ0 (b) · 1/4)
Jµ0 (b) = 3 + 0.9 · (Jµ0 (a) · 1/4 + Jµ0 (b) · 3/4)

) Jµ0 =

✓
2
3

◆
+

✓
0.9 · 3/4 0.9 · 1/4
0.9 · 1/4 0.9 · 3/4

◆

| {z }
state transition matrix
Pµ0 from X0 to X1

Jµ0 =

✓
24.091
25.909

◆
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Example Continued II
Policy improvement to determine µ1:

µ1(a) = 1 +
�

EW [g(a, 1,W ) + �Jµ0(f (a, 1,W )]

> EW [g(a, 2,W ) + �Jµ0(f (a, 2,W )]
 

= 1 +
�
2 + 0.9 · 3/4 · 24.091 + 0.9 · 1/4 · 25.909
> 0.5 + 0.9 · 1/4 · 24.091 + 0.9 · 3/4 · 25.909

 

= 1 +
�
24.909 > 23.409

 
= 2

µ1(b) = 1 +
�
1 + 0.9 · 3/4 · 24.091 + 0.9 · 1/4 · 25.909
> 3 + 0.9 · 1/4 · 24.091 + 0.9 · 3/4 · 25.909

 

= 1 +
�
22.909 > 25.909

 
= 1

Policy evaluation to determine Jµ1 :

Jµ1(a) = 0.5 + 0.9 · (Jµ1(a) · 1/4 + Jµ1(b) · 3/4)
Jµ1(b) = 1 + 0.9 · (Jµ1(a) · 3/4 + Jµ1(b) · 1/4)

) Jµ1 =

✓
0.5
1

◆
+

✓
0.9 · 1/4 0.9 · 3/4
0.9 · 3/4 0.9 · 1/4

◆

| {z }
state transition matrix
Pµ1 from X1 to X2

Jµ1 =

✓
7.3276
7.6724

◆
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Example Continued III

Policy improvement to determine µ2:

µ2(a) = 1 +
�

EW [g(a, 1,W ) + �Jµ1(f (a, 1,W )]

> EW [g(a, 2,W ) + �Jµ1(f (a, 2,W )]
 

= 1 +
�
2 + 0.9 · 3/4 · 27.3276 + 0.9 · 1/4 · 7.6724
> 0.5 + 0.9 · 1/4 · 7.3276 + 0.9 · 3/4 · 7.6724

 

= 1 +
�
8, 6724 > 7.3276

 
= 2

µ2(b) = 1 +
�
1 + 0.9 · 3/4 · 7.3276 + 0.9 · 1/4 · 7.6724
> 3 + 0.9 · 1/4 · 7.3276 + 0.9 · 3/4 · 7.6724

 

= 1 +
�
7.6724 > 9.8276

 
= 1

Notice that policy µ2 = µ1! So, we terminate.

µ1, µ2 are optimal policies and J⇤ = Jµ1
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Lecture 4– LP Approach to Discounted Infinite-Horizon

Dynamic Programming
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Review of Lecture 3: The Discounted Case

Time-invariant discrete-time dynamic system:

Xk+1 = f (Xk ,Uk ,Wk), k = 0, 1, 2, . . . ,

Bounded time-invariant cost function g(x , u,w) 2 [�M,M]

Optimal discounted infinite-horizon cost:

J⇤
(a) := min

⇡
E{Wk}

" 1X

k=0

�kg(Xk , µk(Xk),Wk)

�����X0 = a

#

Bellman’s Equation: Optimal cost function J⇤
(a) satisfies

J⇤
(a) = min

µ
EW [g(a, µ(a),W ) + �J⇤

(f (a, µ(a),W ))], 8a 2 X .
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Review of Lecture 3, continued

Value iteration algorithm based on the fact:

lim
k!1

Vk(a) = J⇤
(a),

for any starting vector V0 and

Vk+1(a) = min
µ

EW [g(a, µ(a),W ) + �Vk(f (a, µ(a),W ))], k = 0, 1, 2, . . .

(1)

! Start with V0 = 0 and apply iteration (1) until satisfied with precision

Policy iteration algorithm based on the following fact: If

EW [g(a, µk+1(a),W )+�Jµk (a, µk+1(a),W )] = min
u

EW [g(a, u) + �Jµk (f (a, u,W ))] ,

(2)

then Jµk+1(a)  Jµk (a), 8a 2 X .

! Start with any policy µ0, and apply policy iteration in (2)
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Dynamic Programming Operator and Monotonicity

Definition (Dynamic Programming Operator)

Operator T (or Tf ,g,�) acts on vector V 2 R|X|
componentwise as:

(TV )(a) := min
µ

EW [g(a, µ(a),W ) + �V (f (a, µ(a),W ))], 8a 2 X .

Monotonicity of T: If V (a)  (TV (a) for all a 2 X , then

V (a)  (TV )(a)  (T2V )(a)  · · · J⇤
(a) (3)

The optimal cost vector J⇤
satisfies (3) by Bellman’s equation: (TJ⇤

) = J⇤

Thus J⇤
is the largest vector satisfying V (a)  (TV )(a) for all a 2 X .

Since T contains a min, V (a)  (TV )(a) is equivalent to:

V (a)  EW [g(a, µ(a),W ) + �V (f (a, µ(a),W ))], 8a 2 X , and 8µ.
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Linear Programming Approach to find Vector J⇤

Let X = {1, . . . ,m} and J(i) = Ji .

Pick positive weights p0(1), . . . , p0(m) summing to 1 and solve

Linear Programming Optimization Problem

max
J1,...,Jm

(1� �)
mX

i=1

p0(i)Ji

subject to:

Ji  EW

⇥
g(i , u,W )

⇤
+ � ·

mX

j=1

Pu,ijJj , 8i , u

where Pu,ij := Pr[f (i , u,W ) = j ]

(Indices i and j were mixed up in the previous version of the slides!
Also, we used policy µ instead of action u. We can use a single action u
because for each i the constraint only depends on the single action in state i)

Problem: the number of constraints can be huge.

Wigger — Sequential Decision Processes, Master MICAS, Part I 6/16



Basic Optimization Theory: Primal-Dual LP Problems

Primal Problem

max
x1,...,xn

nX

j=1

cjxj

subject to

nX

j=1

ai,jxj  bi , i = 1, . . . ,m

Dual Problem

min
�1,...,�m

mX

i=1

bi�i

subject to

mX

i=1

ai,j�i = cj , j = 1, . . . , n

�i � 0, i = 1, . . . ,m

Solution has at most L non-degenerate components (i.e., components

satisfying the constraints with strict inequalities)

Wigger — Sequential Decision Processes, Master MICAS, Part I 7/16



The Dual Optimization Problem to the LP on the Previous Slide

Dual Problem

min
{⇢(i,u)}

mX

i=1

X

u

EW

⇥
g(i , u,W )

⇤
· ⇢(i , u)

subject to:

X

u

⇢(i , u)�
mX

j=1

X

u

�Pu,ij · ⇢(j , u) = (1� �)p0(i), 8i = 1, . . . ,m (4)

where Pu,ij := Pr[f (i , u,W ) = j ] and ⇢(i , u) � 0 for all i , u.

Solutions of linear programs are at the extreme points (corner points) of

the intersection plane defined by the m constraints (4)

! 9 an optimal solution ⇢⇤(i , u) with only m components ⇢⇤(i , u) > 0

If ⇢(i , u) = 0 8u for a specific i , then (4) cannot be satisfied for this i
(the two sides (4) have di↵erent signs for constraint i)

) For each i = 1, . . . ,m there is exactly one ⇢⇤(i , u) > 0

There exists an optimal stationary deterministic policy µ⇤
(u|i) = ⇢⇤(i,u)P

v ⇢⇤(i,v)
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The Dual Optimization Problem to the LP on the Previous Slide

Dual Problem

min
{⇢(i,u)}

mX

i=1

X

u

EW

⇥
g(i , u,W )

⇤
· ⇢(i , u)

subject to:

X

u

⇢(i , u)�
mX

j=1

X

u

�Pu,ij · ⇢(j , u) = (1� �)p0(i), 8i = 1, . . . ,m (4)

where Pu,ij := Pr[f (i , u,W ) = j ] and ⇢(i , u) � 0 for all i , u.

Summing both sides of (4) over i = 1, . . . ,m shows that for any feasible

⇢(i , u):
mX

i=1

X

u

⇢(i , u) =
mX

i=1

p0(i) = 1,

So any feasible ⇢(i , u) can be a probability distribution over the states and

actions.
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Randomized Policies

A stationary randomized policy µ chooses action Uk = u with probability

µ(u|i) when Xk = i

We start with a random initial state X0 ⇠ p0 and calculate the expected
discounted cost of this randomized policy

Jµ(p0) := lim
N!1

NX

k=0

�kE
h
g(Xk , µ(Xk),W )

i

= lim
N!1

NX

k=0

X

w

mX

i=1

X

u

�kg(i , u,w)µ(u|i)PXk (i)PW (w),

whre PXk (i) depends on the initial distribution p0, and of course the

stationary randomized policy µ and the state-transition function f (·, ·, ·).
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State-Action Frequencies (also called Occupation Measures)

Given an infinite-horizon policy ⇡ and initial state-distribution

p0(i) = Pr[X0 = i ], define the state-action frequency:

⇢⇡p0(i , u) := (1� �)
1X

k=0

�kP⇡
p0,k(i , u), i = 1, . . . ,m,

where P⇡
p0,k(i , u) = Pr[Xk = i ,Uk = u] under policy ⇡ and initial

state-distribution p0.

Define the state-frequency

⇢⇡p0(i) :=
X

u

⇢⇡p0(i , u) = (1� �)
1X

k=0

�kP⇡
p0,k(i), i = 1, . . . ,m,

Under policy ⇡ and initial state-distribution p0:

= (1� �)J⇡(p0) =(1� �)
1X

k=0

�kE[g(Xk ,Uk ,Wk)]

= (1� �)
1X

k=0

�k
X

i,u

E[g(i , u,Wk)]P
⇡
p0,k(i , u)

= (1� �)
X

i,u

E[g(i , u,Wk)]

1X

k=0

�kP⇡
p0,k(i , u)=

X

i,u

E[g(i , u,Wk)]⇢
⇡
p0(i , u).
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Stationary Randomized Policy Deduced from State-Action Frequencies

Given ⇡, define a stationary randomized policy ⇡̃ = (µ⇡
p0 , µ

⇡
p0 , . . . , ) as

µ⇡
p0(u|i) :=

⇢⇡p0(i , u)

⇢⇡p0(i)
, if ⇢⇡p0(i) > 0,

and µ⇡
p0(u|i) arbitrary if ⇢⇡p0(i) = 0. (From any state-action frequencies

⇢(i , u) > 0 one can derive a stationary policy.)

Under policy µ = µ⇡
p0 (proof on next slide):

⇢µp0(i , u) = ⇢⇡p0(i , u), 8i , u

Therefore:

(1� �)Jµ(p0) =
X

i,u

E[g(i , u,Wk)]⇢
µ
p0(i , u)

=

X

i,u

E[g(i , u,Wk)]⇢
⇡
p0(i , u) = (1� �)J⇡(p0)

) For any ⇡ there is an equally-good stationary randomized policy µ
) Without loss in performance one can restrict to stationary policies
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Proof that ⇢µp0(i , u) = ⇢⇡p0(i , u)

(1� �)�1⇢⇡p0(i)

=

1X

k=0

�kP⇡
p0,k(i) = p0(i) +

1X

k=1

�kP⇡
p0,k(i)

k0=k�1
= p0(i) + �

1X

k0=0

�k0P⇡
p0,k0+1(i)

= p0(i) + �
1X

k0=0

�k0
Pr[Xk0+1 = i ]

= p0(i) + �
1X

k0=0

�k0
X

j,u

Pr⇡[Xk0 = j ,Uk0 = u] · Pr[Xk0+1 = i |Xk0 = j ,Uk0 = u]

= p0(i) + �
X

j,u

1X

k0=0

�k0
Pr⇡[Xk0 = j ,Uk0 = u] · Pu,ji

= p0(i) +
�

1� �

X

j,u

⇢⇡p0(j , u) · Pu,ji (5)

= p0(i) +
�

1� �

X

j

⇢⇡p0(j) ·
X

u

µ(u|j) · Pu,ji

| {z }
=Pµ,ji

= p0(i) +
�

1� �

X

j

⇢⇡p0(j) · Pµ,ji
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Proof that ⇢µp0(i , u) = ⇢⇡p0(i , u) continued

Vectors ⇢⇡
p0

:= (⇢⇡p0(1), . . . , ⇢
⇡
p0(m)) and p0 := (p0(1), . . . , p0(m))

(Attention: changed to row-vectors for simplicity.)

Pµ the matrix with row-j and column-i entry equal to Pµ,ji

Then:

⇢⇡
p0

= (1� �)p0 + �⇢⇡
p0
Pµ

Therefore:

⇢⇡
p0

= (1��)p0

⇣
I��Pµ

⌘�1
= (1��)p0·

1X

k=0

�k
P
k
µ = (1��)

1X

k=0

�k
P

µ
p0,k

= ⇢µ
p0
,

where P
µ
p0,k

is the vector with i-th entry equal to Pµ
p0,k

(i).
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Proof that ⇢µp0(i , u) = ⇢⇡p0(i , u) continued II

At the end of the previous slide we proved that the policies ⇡ and µ have

same state-frequencies:

⇢⇡p0(i) = ⇢µp0(i), 8i .

We now prove that the two policies also have same state-action

frequencies:

⇢⇡p0(i , u) = ⇢⇡p0(i)µ(u|i) = ⇢µp0(i)µ(u|i)

= (1� �)
1X

k=0

�k
Prµ[Xk = i ]µ(u|i)

= (1� �)
1X

k=0

�k
Prµ[Xk = i ,Uk = u] = ⇢µp0(i , u)
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State-Action Frequencies are the Variables in the Dual Problem, Slide 7

For any stationary policy µ, the state-action frequencies are feasible variables

for the dual problem on slide 7 because ⇢µp0(i , u) > 0 and by eq. (5) on slide 11:

X

u

⇢µp0(i , u)

| {z }
=⇢µp0 (i)

�
mX

j=1

X

u

�⇢µp0(j , u)Pu,ji = (1� �)p0(i), 8i , (6)

Moreover,

(1� �)Jµ(p0) =
X

i,u

E[g(i , u,W )]⇢µp0(i , u)

and thus minimizing above right-hand side over all ⇢(i , u) satisfying (6) yields

the minimum discounted infinite-horizon cost J⇤
(p0). (Recall that for any

⇢(i , u) > 0 satisfying (6), it is possible to find a corresponding stationary policy

µ s.t., ⇢(i , u) are the state-action frequencies of µ.)

Dual variables can be interpreted as the state-action frequencies!
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Adding Constraints

Can add a constraints on the cost to the linear programme on slide 6!

Determininistic policies might not be optimal anymore, but randomized

policies can have better performances.
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Problems with Retirement Option

Consider an infinite-horizon problem with bounded cost-per-stage

|g(a, u,w)|  M, where at each stage k one can retire at cost �k ·M1.

Let J⇤
ret(a,M1) be the optimal cost function for this problem. It satisfies

the modified Bellman equation:

J⇤
ret(a,M1) = min

n
M1,min

µ
EW

h
g(a, µ(a),W )+�J⇤

ret

⇣
f (a, µ(a),W ),M1

⌘io
.

If M1 � 1
1��M, then never retire

If M1  � 1
1��M, then retire immediately
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Optimal Policy under a Retirement Option

M�
<latexit sha1_base64="aIY7Mq/JZ5umfuiaR191Lu1YaHQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kWoYD+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrBxwn3I/oQIlQMIpWerzrZV2hQhxPeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unpBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBLdShAQwUPMMrvDnGeXHenY9564qTzxzBHzifP9+OkQw=</latexit>

J�
ret(a, M�)

<latexit sha1_base64="yZHtJmOkQZii9kTEq/SZU7nWAEw=">AAACDXicbVBNS8NAEN3U7/pV9eglWIUqUhIV9Ch6EUGoYK3QxrLZTtrFzSbsTsQS8ge8+Fe8eFDEq3dv/hu3bQ5+PRh4vDfDzDw/Flyj43xahbHxicmp6Zni7Nz8wmJpaflSR4liUGeRiNSVTzUILqGOHAVcxQpo6Ato+DfHA79xC0rzSF5gPwYvpF3JA84oGqldWj9tpy2EO5SRCqlIFWCWXW9V6PaZMbgMsJ9ttktlp+oMYf8lbk7KJEetXfpodSKWhCCRCap103Vi9FKqkDMBWbGVaIgpu6FdaBoqaQjaS4ffZPaGUTp2EClTEu2h+n0ipaHW/dA3nSHFnv7tDcT/vGaCwYGXchknCJKNFgWJsDGyB9HYHa6AoegbQpni5lab9aiiDE2ARROC+/vlv+Ryp+ruVnfO98qHR3kc02SVrJEKcck+OSQnpEbqhJF78kieyYv1YD1Zr9bbqLVg5TMr5Aes9y8gDJw1</latexit>

M

1 � �
<latexit sha1_base64="Lo/8t8rVHu41ehi7WAGeJMEFR+4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwYkmqoAcPBS9ehAr2A5pQNttNu3Q3CbsbsYT8FS8eFPHqH/Hmv3Hb5qCtDwYe780wMy9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEpCWyTmsewGWFHOItrSTHPaTSTFIuC0E4xvpn7nkUrF4uhBTxLqCzyMWMgI1kbq2xUvlJhkd3nmnnlDLATO+3bVqTkzoGXiFqQKBZp9+8sbxCQVNNKEY6V6rpNoP8NSM8JpXvZSRRNMxnhIe4ZGWFDlZ7Pbc3RilAEKY2kq0mim/p7IsFBqIgLTKbAeqUVvKv7n9VIdXvkZi5JU04jMF4UpRzpG0yDQgElKNJ8Ygolk5lZERtiEoU1cZROCu/jyMmnXa+55rX5/UW1cF3GU4AiO4RRcuIQG3EITWkDgCZ7hFd6s3Hqx3q2PeeuKVcwcwh9Ynz/eZZRP</latexit>

� M

1 � �
<latexit sha1_base64="c3mrRoAH2wM/69MoOgsTbtu7wJ4=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgpiWpgi5cFNy4ESrYBzShTKaTdujMJMxMhBDir7hxoYhbP8Sdf+O0zUJbD1w4nHMv994TxIwq7TjfVmltfWNzq7xd2dnd2z+wD4+6KkokJh0csUj2A6QIo4J0NNWM9GNJEA8Y6QXTm5nfeyRS0Ug86DQmPkdjQUOKkTbS0K7WvVAinN3lmVv3xohzlA/tmtNw5oCrxC1IDRRoD+0vbxThhBOhMUNKDVwn1n6GpKaYkbziJYrECE/RmAwMFYgT5Wfz43N4apQRDCNpSmg4V39PZIgrlfLAdHKkJ2rZm4n/eYNEh1d+RkWcaCLwYlGYMKgjOEsCjqgkWLPUEIQlNbdCPEEmDG3yqpgQ3OWXV0m32XDPG837i1rruoijDI7BCTgDLrgELXAL2qADMEjBM3gFb9aT9WK9Wx+L1pJVzFTBH1ifP0r3lIY=</latexit>

J�
ret(a, M�) = M�

<latexit sha1_base64="fwc7+Xt3G2901IS5mJFGiY1cCPY=">AAACGHicbZBNS8NAEIY39bt+RT16CRZBRWqigh4UBC8iCBWsFdpaNttJu7jZhN2JWEJ+hhf/ihcPinjtzX/jthbU1oGFh/edYXZePxZco+t+Wrmx8YnJqemZ/Ozc/MKivbR8raNEMSizSETqxqcaBJdQRo4CbmIFNPQFVPy7055fuQeleSSvsBNDPaQtyQPOKBqpYe+cN9IawgPKSIVUpAowy263Nuj2hTG4DLCTbR7/cMMuuEW3X84oeAMokEGVGna31oxYEoJEJqjWVc+NsZ5ShZwJyPK1RENM2R1tQdWgpCHoeto/LHPWjdJ0gkiZJ9Hpq78nUhpq3Ql90xlSbOthryf+51UTDA7rKZdxgiDZ96IgEQ5GTi8lp8kVMBQdA5Qpbv7qsDZVlKHJMm9C8IZPHoXr3aK3V9y93C+cHA3imCarZI1sEI8ckBNyRkqkTBh5JM/klbxZT9aL9W59fLfmrMHMCvlTVvcLFKihBA==</latexit>

J�(a)
<latexit sha1_base64="1FOIUYHp55TJ/xmzvptiIwHUM7I=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMQLcJdFLSwCNiIVQTzAckZ9jZ7yZq93WN3TwhH/oONhSK2/h87/42b5AqNPhh4vDfDzLwg5kwb1/1yckvLK6tr+fXCxubW9k5xd6+pZaIIbRDJpWoHWFPOBG0YZjhtx4riKOC0FYyupn7rkSrNpLgz45j6ER4IFjKCjZWaN/cnZXzcK5bcijsD+ku8jJQgQ71X/Oz2JUkiKgzhWOuO58bGT7EyjHA6KXQTTWNMRnhAO5YKHFHtp7NrJ+jIKn0USmVLGDRTf06kONJ6HAW2M8JmqBe9qfif10lMeOGnTMSJoYLMF4UJR0ai6euozxQlho8twUQxeysiQ6wwMTaggg3BW3z5L2lWK95ppXp7VqpdZnHk4QAOoQwenEMNrqEODSDwAE/wAq+OdJ6dN+d93ppzspl9+AXn4xs4t444</latexit>

m(a)
<latexit sha1_base64="M/wTpwV7AYSh7KxEOeLk8mtDHlE=">AAAB63icdVBNS8NAEJ3Ur1q/oh69LBahXkpSi9Zb0YvHCvYD2lA22027dHcTdjdCCf0LXjwo4tU/5M1/Y9JWrKIPBh7vzTAzz48408ZxPqzcyura+kZ+s7C1vbO7Z+8ftHQYK0KbJOSh6vhYU84kbRpmOO1EimLhc9r2x9eZ376nSrNQ3plJRD2Bh5IFjGCTSaKET/t20S07MyDnm7jn7mWtir6sIizQ6NvvvUFIYkGlIRxr3XWdyHgJVoYRTqeFXqxphMkYD2k3pRILqr1kdusUnaTKAAWhSksaNFOXJxIstJ4IP+0U2Iz0by8T//K6sQlqXsJkFBsqyXxREHNkQpQ9jgZMUWL4JCWYKJbeisgIK0xMGk9hOYT/SatSds/KldtqsX61iCMPR3AMJXDhAupwAw1oAoERPMATPFvCerRerNd5a85azBzCD1hvn3/QjeM=</latexit>

Define

m(a) := max
�
M 0

: J⇤
ret(a,M

0
) = M 0 

Optimal Policy

Assume at stage k we have Xk = a.
Retire if

m(a) � M1,

If m(a) < M1, then play the optimal policy from Bellman’s equation

Wigger — Sequential Decision Processes, Master MICAS, Part I 4/16



Multi-Armed Bandits with Known Behaviours/Scheduling Projects

Consider now L di↵erent DP problems X `
0 ,X

`
1 ,X

`
2 , . . . with di↵erent state

evolution and cost functions f `(a, u,w) and g `
(a, u,w), for ` = 1, . . . , L

At each stage k one can retire at cost �k ·M1

Initial state x0 = (x1
0 , x

2
0 , . . . , x

L
0 )

At each stage k, retire or choose a project `⇤k 2 {1, . . . , L} and an action

u. If you don’t retire:

X
`⇤k
k+1 = f `

⇤
k
�
X `⇤

k , u,W
�

and X `
k+1 = X `

k , 8` 2 {1, . . . , L}\{`⇤k},

and the stage-k cost is given by

g(x1, . . . , xL, (u, `
⇤
k ),W ) = g `⇤k (x`⇤ , u,W ).

Wish to maximize the infinite-horizon discounted cost until retirement (if

the player retires at all)
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Optimal Scheduling Policy for Multi-Armed Bandit Problems

Calculate the retirement threshold m`
(a) for each project ` = 1, . . . , L and

state a 2 X as explained before

Optimal Policy

Assume that at time k the states of the L projects are x1, . . . , xL.

Retire if

m`
(x`) � M1, 8` 2 {1, . . . , L}.

Otherwise choose (ties can be split arbitrary)

`⇤k = argmin` m`
(x`)

and play the optimal policy for this project `⇤k according to Bellman’s

equation.
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Unbounded but Positive Costs

Positive (possibly unbounded) costs g(x , u,w) 2 [0,1)

Discount factor � < 1

Bellman’s equation remains valid:

J⇤
= TJ⇤.

But the solution might not be unique.

The optimal cost function is given by the smallest fix-point!

Value-iteration algorithm still works and provides optimal cost and optimal

stationary policy!

! finite-horizon solutions converge to the infinite-horizon solutions

Policy iteration algorithm does not necessarily converge to optimal solution
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The Quadratic Gaussian Case

Vector states x0, x1, x2, . . . 2 Rn
and actions u0, u1, u2, . . . 2 Rm

i.i.d. Gaussian noise vectors Wk of covariance matrix Kw

State evolution when noise Wk = wk and controls u0, u1, u2, . . . ,

xk+1 = f (xk , uk ,wk) = Axk + Buk + wk , k = 0, 1, 2, . . .

for given matrices A and B.

Deterministic cost function

1X

k=0

�kg(xk , uk ,wk) =

1X

k=0

�k
⇣
xTkQxk + uT

kRuk

⌘
.

Let R and Q be positive semi-definite.
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Value-Iteration Algorithm on the Quadratic Gaussian Case

Value-Iteration update rule for k = 1, 2, . . .

Vk(x) = min
µ

EW

h
g(x, µ(x),W) + �Vk�1

�
f (x, µ(x),W)

�i

= min
u

⇥
xTQx+ uT

Ru+ �E
h
Vk�1

�
Ax+ Bu+W

�i

Start with V0(x) = 0, for all vectors x

Notice that because R is positive semi-definite, uT
Ru � 0 with equality for

u = 0. Thus:
V1(x) = min

u
xTQx+ uT

Ru = xTQx.

For k = 2:

V2(x) = min
u

h
xTQx+ uT

Ru+ �EW

⇥
(xTAT

+ uBT
+WT

)Q(W + Bu+ Ax)
⇤i

= xTQx+ �E
⇥
WT

QW
⇤
+min

u

h
uT

Ru+ �(xTAT
+ uBT

)Q(Bu+ Ax)
⇤i

= xT (Q + A
T
QA)

| {z }
positive semidefinite

x+ �E
⇥
WT

QW
⇤

+min
u

h
uT

(R + �BT
QB)

| {z }
positive semidefinite

u+ 2�xTAT
QBu

i
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Minimizing Quadratic Forms

Consider the quadratic form in u:

f (u) =
1

2
uT

Mu+ cTu,

where c is an arbitrary vector and M is a positive semidefinite matrix.

(This latter assumption is need to ensure convexity of the function f .)

The gradient of f with respect to u is:

rf (u) = Mx+ c.

The function f is minimized for

u⇤
= �M

�1c

and the minimum value of f is

fmin := min
u

f (u) = �1

2
cTM�1c.
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Quadratic Gaussian Example continued

We obtain for k = 2:

V2(x) = xT(Q + �AT
QA)x+ �E

⇥
WT

QW
⇤
� �2xTAT

QB(R + �BT
QB)

�1
B

T
QAx

= �E
⇥
WT

QW
⇤
+ xT

⇣
Q+ �AT

QA� �2
A

T
QB(R + �BT

QB)
�1

B
T
QA

⌘

| {z }
=:M2

x

The optimal control is linear:

u⇤
= ��(R + �BT

QB)
�1

B
T
QAx

V2 has a similar form to V1 but with M2 (which is positive semi-definite,

see slide 12) instead of Q, and there is an additional summand �tr(KWQ)

Can obtain V3 following the same reasoning, but exchanging Q with M2

and adding � · �E
⇥
WT

QW
⇤
to the cost
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Semi-positivity of matrix M2

By standard manipulations on matrices:

� := �AT
QA� �2

A
T
QB(R + �BT

QB)
�1

B
T
QA

= �AT
⇣
Q� �QB(R + �BT

QB)
�1

B
T
Q

⌘
A

= �AT
⇣
QB(B

T
QB)

�1
B

T
Q� �QB(R + �BT

QB)
�1

B
T
Q

⌘
A

= �AT
QB

⇣
(B

T
QB)

�1 � �(R + �BT
QB)

�1
⌘
B

T
QA

= �AT
QB

⇣
(B

T
QB)

�1
(R + �BT

QB)(R + �BT
QB)

�1

�(B
T
QB)

�1
(B

T
QB)�(R + �BT

QB)
�1
⌘
B

T
QA

= �AT
QB(B

T
QB)

�1
⇣
(R + �BT

QB)� �(BT
QB)

⌘
(R + �BT

QB)
�1

B
T
QA

= �AT
QB(B

T
QB)

�1
R(R + �BT

QB)
�1

B
T
QA

� ⌫ 0 is positive semidefinite because: - Q,R are positive semidefinite and

for any positive semidefinite matrices M,N and arbitrary matrix S:

M+N ⌫ 0, M ·N ⌫ 0, M�1 ⌫ 0, ST
MS ⌫ 0 are also positive semidefinite.

By the same reasons, also M2 = �+Q is positive semidefinite
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Quadratic Gaussian Example continued II

We obtain for k = 3:

V3(x) = min
u

h
xTQx+ uT

Ru+ �EW

⇥
(xTAT

+ uBT
+WT

)M2(W + Bu+ Ax)
⇤i

+�2E
⇥
WT

QW
⇤

= xT(Q + �AT
M2A)x+ �2E

⇥
WT

QW
⇤
+ �E

⇥
WT

M2W
⇤

+min
u

h
uT

(R + �BT
M2B)u+ 2�xTAT

M2Bu
i

= �2E
⇥
WT

QW
⇤
+ �E

⇥
WT

M2W
⇤

+xT
⇣
Q+ �AT

M2A� �2
A

T
M2B(R + �BT

M2B)
�1

B
T
M2A

⌘

| {z }
=:M3

x

The optimal control is linear:

u⇤
= ��(R + �BT

M2B)
�1

B
T
M2Ax

Can obtain V4 following the same reasoning, but exchanging M2 with M3

and adding � ·
�
�2E

⇥
WT

QW
⇤
+ �E

⇥
WT

M2W
⇤�

to the cost. ETC.

Wigger — Sequential Decision Processes, Master MICAS, Part I 13/16



Quadratic Gaussian Example continued III

Continuing along the same lines, we observe:

Vk(x) =
k�1X

`=1

�k�`E
h
WT

M`W
i
+ xTMkx,

where M1 = Q and for k = 2, 3, ...:

Mk = Q+ �AT
Mk�1A� �2

A
T
Mk�1B(R + �BT

Mk�1B)
�1

B
T
Mk�1A

= Q+ Ã
T
Mk�1Ã� Ã

T
Mk�1B̃(R + B̃

T
Mk�1B̃)

�1
B̃

T
Mk�1Ã,

where Ã :=
p
�A and B̃ :=

p
�B

It can again be shown that Mk ⌫ 0 is positive semidefinite.

The sequence Mk is known to converge to M
⇤
the solution of the

Algebraic Riccatti Equation (important in control theory)

M = Q+ Ã
T
MÃ� Ã

T
MB̃(R + B̃

T
MB̃)

�1
B̃

T
MÃ

whenever the pair (Ã, B̃) is controllable and (Ã, C̃) is observable, where
Q = C

T
C.
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Controllability and Observability

Definition (Controllability)

A pair (A,B), where A is an n ⇥ n matrix and B a n ⇥m matrix, is said

controllable if the n ⇥ nm matrix

[B,AB,A2
B, . . .An�1

B]

has full rank

Definition (Observability)

A pair (A,C) is said observable if the pair (A
T,CT

) is controllable.
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The Solution of the Quadratic Gaussian Example

Since M` converges, also the weighted sum of the noise-terms converges.

Using the geometric sum formula:

lim
k!1

k�1X

`=1

�k�`E
h
WT

M`W
i
=

1

1� �
E
h
WT

M
⇤W

i

where M
⇤
is the solution to the Algebraic Riccatti equation

M = Q+ Ã
T
MÃ� Ã

T
MB̃(R + B̃

T
MB̃)

�1
B̃

T
MÃ (1)

Optimal Infinite cost J⇤
(x)

For any state vector x:

J⇤
(x) =

1

1� �
E
h
WT

M
⇤W

i
+ xTM⇤x.

where M
⇤
is the solution to (1)
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Outlook Today

Time-invariant discrete-time dynamic system:

Xk+1 = f (Xk ,Uk ,Wk), k = 0, 1, 2, . . . ,

disturbance {Wk} i.i.d.

Bounded time-invariant cost function g(x , u,w) 2 [�M,M]

Optimal discounted infinite-horizon cost:

J̄⇤
(p0) := min

⇡
lim

N!1
EX0,{Wk}

"
N�1X

k=0

�kg(Xk , µk(Xk),Wk)

#

Today we add cost constraints: A policy ⇡ is admissible only if

E⇡
X0,{Wk}

" 1X

k=0

�kd`(Xk , µk(Xk),Wk)

#
 D`, ` = 1, . . . , L.

Wigger — Sequential Decision Processes, Master MICAS, Part I 3/24



Outlook Today

Time-invariant discrete-time dynamic system:

Xk+1 = f (Xk ,Uk ,Wk), k = 0, 1, 2, . . . ,

disturbance {Wk} i.i.d.

Bounded time-invariant cost function g(x , u,w) 2 [�M,M]

Optimal average infinite-horizon cost:

J̄⇤
(p0) := min

⇡
lim

N!1
EX0,{Wk}

"
N�1X

k=0

1

N
g(Xk , µk(Xk),Wk)

#
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Review of Lecture 4: LP Programming Approach

Primal Problem

max
J1,...,Jm

(1� �)
mX

i=1

p0(i)Ji

subject to:

Ji  EW

⇥
g(i , u,W )

⇤
+ � ·

mX

j=1

Pu,ijJj , 8i , u

where Pu,ij := Pr[f (i , u,W ) = j ]
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Review of Lecture 4: LP Programming Approach

Dual Problem

min
{⇢(i,u)}

mX

i=1

X

u

EW

⇥
g(i , u,W )

⇤
· ⇢(i , u)

subject to:

X

u

⇢(i , u)�
mX

j=1

X

u

�Pu,ij · ⇢(j , u) = (1� �)p0(i), i = 1, . . . ,m

where Pu,ij := Pr[f (i , u,W ) = j ] and ⇢(i , u) � 0 for all i , u.

State-action frequencies/occupation measures ⇢(i , u) form a pmf and

determine a randomized stationary policy µ(u|i) = ⇢(i,u)P
u ⇢(i,u)

9 an optimal ⇢⇤(i , u) > 0 with only m components, one for each state i
=) Deterministic stationary policies are optimal!
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Constrained Discounted Infinite-Horizon Problems

Time-invariant discrete-time dynamic system:

Xk+1 = f (Xk ,Uk ,Wk), k = 0, 1, 2, . . . ,

Bounded time-invariant cost function g(x , u,w) 2 [�M,M] and

constraint-cost functions d`(x , u,w), for ` = 1, . . . , L, as well as maximum

constraints D1, . . . ,DL

Optimal discounted infinite-horizon cost:

J⇤
(a) := min

⇡
lim

N!1
EX0,{Wk}

"
NX

k=0

�kg(Xk , µk(Xk),Wk)

#

where minimum is over all policies ⇡ = (µ1, µ2, . . .) satisfying

lim
N!1

EX0,{Wk}

"
NX

k=0

�kd`(Xk , µk(Xk),Wk)

#
 D`, ` = 1, . . . , L.
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Can express constraints using State-Action Frequencies

For all ` = 1, . . . , L:

(1� �)EX0,{Wk}

 1X

k=0

�kd`(Xk , µk(Xk),Wk)

�

= (1� �)
1X

k=0

�k
X

i,u

E
⇥
d`(i , u,Wk)

⇤
Pr[Xk = i , µk(i) = u]

=

X

i,u

E
⇥
d`(i , u,W )

⇤
(1� �)

1X

k=0

�k
Pr[Xk = i , µk(i) = u]

=

X

i,u

E[d`(i , u,W )]⇢(i , u)

 (1� �)D`.
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Dual Linear Programming Problem with Constraints

Dual Linear Programming Problem for Constrained Optimization Problem

J⇤
(p0) = min

⇢(i,u)�0

mX

i=1

X

u

EW

⇥
g(i , u,W )

⇤
· ⇢(i , u)

subject to:

X

u

⇢(i , u)�
mX

j=1

X

u

�Pu,ij · ⇢(j , u) = (1� �)p0(i), i = 1, . . . ,m,

and X

i,u

E[d`(i , u,W )]⇢(i , u)  (1� �)D`, ` = 1, . . . , L.

Optimal policy is generally stationary with  L randomized actions
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Dual Problem with Constraints ! Lagrange Multipliers

Dual Problem for Constrained Optimization Problem

J⇤
(p0) = min

⇢(i,u)�0

mX

i=1

X

u

EW

⇥
g(i , u,W )
| {z }

⇤
· ⇢(i , u)

subject to:

X

u

⇢(i , u)�
mX

j=1

X

u

�Pu,ij · ⇢(j , u) = (1� �)p0(i), i = 1, . . . ,m,

and X

i,u

E[d`(i , u,W )]⇢(i , u)  (1� �)D`, ` = 1, . . . , L.

Add additional constraints using Lagrange Multipliers �1, . . . ,�L!
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Dual Problem with Constraints ! Lagrange Multipliers

Dual Problem for Constrained Optimization Problem

J⇤
(p0) = min

⇢(i,u)�0
sup

�1,...,�L�0

mX

i=1

X

u

EW

⇥
g(i , u,W )+

LX

`=1

�`d`(i , u,W )

| {z }

⇤
· ⇢(i , u)

�
LX

`=1

�`D`

subject to:

X

u

⇢(i , u)�
mX

j=1

X

u

�Pu,ij · ⇢(j , u) = (1� �)p0(i), i = 1, . . . ,m,

Add additional constraints using Lagrange Multipliers �1, . . . ,�L!
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Dual Problem with Constraints ! Lagrange Multipliers

Dual Problem for Constrained Optimization Problem

J⇤
(p0) = sup

�1,...,�L�0
min

⇢(i,u)�0

mX

i=1

X

u

EW

⇥
g(i , u,W )+

LX

`=1

�`d`(i , u,W )

| {z }

⇤
· ⇢(i , u)

�
LX

`=1

�`D`

subject to:

X

u

⇢(i , u)�
mX

j=1

X

u

�Pu,ij · ⇢(j , u) = (1� �)p0(i), i = 1, . . . ,m,

Add additional constraints using Lagrange Multipliers �1, . . . ,�L!

Strong duality holds by standard arguments
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Dual Problem with Constraints ! Lagrange Multipliers

Dual Problem for Constrained Optimization Problem

J⇤
(p0) = sup

�1,...,�L�0
min

⇢(i,u)�0

mX

i=1

X

u

EW

⇥
g(i , u,W )+

LX

`=1

�`d`(i , u,W )

| {z }
new cost function g̃(i,u,W )

⇤
· ⇢(i , u)

�
LX

`=1

�`D`

subject to:

X

u

⇢(i , u)�
mX

j=1

X

u

�Pu,ij · ⇢(j , u) = (1� �)p0(i), i = 1, . . . ,m,

Add additional constraints using Lagrange Multipliers �1, . . . ,�L!

Strong duality holds by standard arguments

For each �1, . . . ,�L: solve for the new cost function g̃
! minimum achieved by a deterministic stationary policy (proof as before)
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Optimal Average Cost Problems

Optimal average infinite horizon cost:

J̄⇤
(p0) := min

⇡
J̄⇡

(p0)

where for a given policy ⇡:

J̄⇡
(p0) := lim

N!1

1

N
EX0,{Wk}

"
N�1X

k=0

g(Xk ,Uk ,Wk)

#

We can again restrict to Markov policies because objective function only

depends on {PXk ,Uk }k�0 as in the discounted case
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Unichain Assumption

For a stationary policy µ, the induced Markov chain has transition matrix

Pµ(i , j) := Pr[Xk+1 = j |Xk = i ] =
X

u

µ(u|i)Pr[f (i , u,W ) = j ].

Recall: If a Markov chain is irreducible (i.e., X is a recurrent class) and

aperiodic, its state-distribution tends to the unique stationary distribution,

irrespective of the X0-distribution.

If the Markov chain is periodic, the distribution can ”toggle” between

di↵erent distributions

The same holds also when there is an additional set of transient states.

(At some point the Markov chain will end in the recurrent class and

converge (or toggle).)

Definition (Unichain)

A Dynamic Programming Problem is called Unichain if the state space can be

decomposed into S [ T = X , with S \ T = ;, so that for all stationary policies

µ,the set S forms a recurrent class and T is a set of transient states.
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Expressing the Cost-Function in State-Action Frequencies

For a given policy ⇡:

J̄⇡
(p0) := lim

N!1

1

N
EX0,{Wk}

"
N�1X

k=0

g(Xk , µk(Xk),Wk)

#

= lim
N!1

X

i,u

E[g(i , u,W )] · 1

N

N�1X

k=0

Pr[Xk = i , µk(i) = u]

= lim
N!1

X

i,u

E[g(i , u,W )] · ⌫⇡
N (i , u)

N-horizon state-action frequency

⌫⇡
N (i , u) :=

1

N

N�1X

k=0

Pr[Xk = i , µk(i) = u]

N-horizon state-action frequency (occupation measure) ⌫⇡
N (i , u) describes

the probability of observing the state-action pair (i , u) at a random time T
which is uniform over {0, 1, ...,N � 1}
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Convergence of ⌫⇡N(i , u)

Depending on the policy ⇡, the sequences {⌫⇡
N (i , u)}N�1 might diverge to

various accumulation points! ! therefore use limsup!

Let ⌫⇡
be an accumulation point of {⌫⇡

N (i , u)}N�1. Then (see next slide):

X

u

⌫⇡
(i , u) =

X

j,u

⌫⇡
(j , u)Pu,ji

Under the unichain assumption and stationary policy µ, the sequences

{⌫µ
N (i , u)}N�1 converge to the (infinite-horizon) state-action frequencies

⌫µ
1(i , u) := lim

N!1
⌫µ
N (i , u) = ⇠µ(i) · µ(u|i),

irrespective of p0, and where ⇠µ = (⇠µ(1), . . . , ⇠µ(m)) is the stationary

distribution of the Markov chain Pµ.

Proof: Apply Césaro’s mean theorem and the limit Pr[Xk = i ] ! ⇠µ(i)
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Proof that
P

u v
⇡(i , u) =

P
j ,u v

⇡(j , u)Pu,ji

Consider any initial distribution p(0) and increasing sequence {Nl}l�0 such that

⌫⇡
Nl
(i , u) converges to v⇡

(i , u) as l ! 1 for all u, i .
For any l > 0:

X

v

⌫⇡
Nl
(i , v)� 1

Nl
p(0)

=

X

v

1

Nl

Nl�1X

k=1

Pr[Xk = i , µk(i) = v ] =
1

Nl

Nl�1X

k=1

Pr[Xk = i ]

=
1

Nl

Nl�1X

k=1

X

j,u

Pr[Xk�1 = j ,Uk�1 = u]Pu,ji

=
1

Nl

Nl�2X

k0=0

X

j,u

Pr[Xk0 = j ,Uk0 = u]Pu,ji

=
1

Nl

Nl�1X

k0=0

X

j,u

Pr[Xk0 = j ,Uk0 = u]Pu,ji �
1

Nl
Pr[XNl�1 = j ,UNl�1 = u]Pu,ji

Taking limits l ! 1 and thus Nl ! 1 on both sides, yields the desired

expressions because the sums and the limit can be exchanged
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Can restrict to Stationary Policies

Given any policy ⇡ and accumulation point ⌫⇡
(i , u).

Choose a stationary policy µ with

µ(u|i) = ⌫µ
(i , u)P

v ⌫
µ(i , v)

.

⇡ and µ have same state-action frequencies:

⌫⇡
(i , u) = µ(u|i) ·

⇣X

v

⌫µ
(i , v)

⌘
= µ(u|i)⇠µ(i)

| {z }
=⌫µ

1(i,u)

·
P

v ⌫
µ
(i , v)

⇠µ(i)
| {z }
=1, see next slide

= ⌫µ
1(i , u)

) Cost function of µ at least as good as for ⇡:

J̄⇡ �
X

i,u

E[g(i , u,W )] · ⌫⇡
(i , u) =

X

i,u

E[g(i , u,W )] · ⌫µ
1(i , u) = J̄µ

Can restrict to (randomized) stationary policies µ
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Proof that
P

v ⌫
µ(i , v) = ⇠µ(i)

We have

⌫⇡
(i) :=

X

u

⌫⇡
(i , u) =

X

j,u

⌫⇡
(j , u)Pu,ji =

X

j

⌫⇡
(i)

X

u

µ(u|j)Pu,ji

=

X

j

⌫⇡
(j)Pµ,ji ,

Therefore ⌫⇡
equals the unique stationary distribution ⇠µ

of the MC Pµ

induced by action policy µ.
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Linear Programme Solution based on State-Action Frequencies
Since we can restrict to stationary distributions:

“Dual Problem” for Average Costs

J̄⇤
= min

⌫(i,u)�0

mX

i=1

X

u

EW

⇥
g(i , u,W )

⇤
· ⌫(i , u)

subject to:

X

v

⌫(i , v) =
mX

j=1

X

u

⌫(j , u)Pu,ji i = 1, . . . ,m, (1)

X

i,u

⌫(i , u) = 1.

m constraints are linearly dependent because both sides of (1) sum to 1.

! Optimal ⌫⇤
(i , u) > 0 for at most m pairs (i , u) (m lin. indep. constr.)

Deterministic stationary policy µ⇤
(u|i) = ⌫⇤(i,u)P

v ⌫⇤(i,v) is optimal

Wigger — Sequential Decision Processes, Master MICAS, Part I 16/24



Value-Iteration Algorithm to Find Optimal Average Cost

Modified update operator Tavg : V 7! minµ

⇥
EW [g(i , µ(i),W )] + PµV

⇤

A modified Bellman’s equation holds

For any initial vector V:

1

N
TN
avgV ! J̄⇤

as N ! 1.

Value-iteration algorithm: Pick an arbitrary initial vector J0 and iterate

until convergence:

Jk+1 =
k

k + 1
TavgJk , k = 0, 1, . . . ,
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Policy- Iteration Algorithm to Find Optimal Average Cost
Modified operators Tavg and Tavg,µ : V 7!

⇥
EW [g(i , µ(i),W )] + PµV

⇤

Policy-iteration algorithm: use above operators and slightly modified

policy evaluation step.

Start with arbitrary initial policy µ0 and iterate for k = 0, 1, . . . until
µk+1 = µk :

1 Policy evaluation: Find average and di↵erential costs Jk 2 R and hk 2 Rm

satisfying for i = 1, . . . ,m:

Jk + hk (i) = E[g(i , µk (i),W )] +
mX

j=1

Pµk ,ij hk (j).

(Jk + hk (i) = Tavg,µk hk )

2 Policy improvement: Find new policy µk+1 satisfying for i = 1, . . . ,m:

µk+1(i) +
mX

j=1

Pµk+1,ij hk (j) = minu2U
h
EW [g(i , u,W )] +

mX

j=1

Pu,ij hk (j)
i
.

(Tavg,µk+1hk = Tavghk )
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Average Infinite-Cost Case with L Cost-Constraints

Optimal average infinite horizon cost:

J̄⇤
(p0) := min

⇡
J̄⇡

(p0)

where minimum is only over policies ⇡ satisfying

lim
N!1

1

N
EX0,{Wk}

"
N�1X

k=0

d`(Xk , µk(Xk),Wk)

#
 D`, ` = 1, . . . , L.

Similar to before we can prove that we can restrict to stationary policies

where the limsups are proper limits.

Can express the average cost and the constraints with the state-action

frequencies ⌫µ
1(i , u) of the stationary policies µ
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Linear Programme for Optimal Average Cost with Constraints

“Dual Problem” for Average Costs and Constraints

J̄⇤
= min

⌫(i,u)�0

mX

i=1

X

u

EW [g(i , u,W )] · ⌫(i , u)

subject to: X

v

⌫(i , v) =
mX

j=1

X

u

Pu,ij · ⌫(j , u), i = 1, . . . ,m,

X

i,u

⌫(i , u) = 1,

mX

i=1

X

u

EW [d`(i , u,W )] · ⌫(i , u)  D`, ` = 1, . . . , L.

Optimal ⇢⇤(i , u) > 0 for at most m + L pairs (i , u)
(since there are m + L lin. ind. constraints)

Maybe randomized actions in optimal policy µ⇤
=

⌫⇤(i,u)P
v ⌫⇤(i,v)
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Optimal Policy has L Randomization Points

Randomized stationary policies with L randomization points optimal

Consider L = 1 and optimal ⌫⇤
with m + 1 positive entries:

⌫⇤
(1, u1), ⌫

⇤
(2, u2), ⌫

⇤
(3, u3), . . . , ⌫

⇤
(m, um) > 0

and for some j 2 {1, . . . ,m} and u0
j 6= uj :

⌫⇤
(j , u0

j ) > 0.

All other entries ⌫⇤
(i , u) = 0.
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Initial Randomization Su�ces

Idea: Randomize only at the beginning!

Create the m-ary state-action frequencies

⌫1(i , u) =

8
><

>:

⌫⇤
(j , uj) + ⌫⇤

(j , u0
j ) i = j , u = uj

0 i = j , u = u0
j

µ⇤
(i , u), otherwise.

⌫2(i , u) =

8
><

>:

0 i = j , u = uj

⌫⇤
(j , uj) + ⌫⇤

(j , u0
j ) i = j , u = u0

j

µ⇤
(i , u), otherwise.

Construct the deterministic stationary policies

µ1(u|i) =
⌫1(i , u)P
v ⌫1(i , v)

µ2(u|i) =
⌫2(i , u)P
v ⌫2(i , v)

At the beginning play each deterministic policy µl with prob. ql , l = 1, 2,

q1 :=
⌫⇤

(j , u)
⌫⇤(j , uj) + ⌫⇤(j , u0

j )
q2 :=

⌫⇤
(j , u0

)

⌫⇤(j , uj) + ⌫⇤(j , u0
j )
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Initial Randomization Su�ces, continued
The expected cost of this mixed strategy is:

q1J̄
µ1 + q2J̄

µ2 = q1
X

i,u

E[g(i , u,W )]⌫µ1
1 (i , u) + q2

X

i,u

E[g(i , u,W )]⌫µ2
1 (i , u)

= q1
X

i,u

E[g(i , u,W )]⌫1(i , u) + q2
X

i,u

E[g(i , u,W )]⌫2(i , u)

=

X

i,u

E[g(i , u,W )] (q1 · ⌫1(i , u) + q2 · ⌫2(i , u))

=

X

i,u

E[g(i , u,W )]⌫⇤
(i , u) = J̄⇤

The mixed strategy also satisfies the constraints for each ` = 1, . . . , L:

q1
X

i,u

E[d`(i , u,W )]⌫1(i , u) + q2
X

i,u

E[d`(i , u,W )]⌫2(i , u)

=

X

i,u

E[d`(i , u,W )] (q1 · ⌫1(i , u) + q2 · ⌫2(i , u))

=

X

i,u

E[d`(i , u,W )]⌫⇤
(i , u)  Dl l

Optimal strategy: Randomly play one of L deterministic policies
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Average Infinite-Cost Case with Constraints and Lagrange Multipliers

“Dual Problem” for Average Costs and Constraints with Lagrange Multipliers

J̄⇤
= sup

�1,...,�L�0
min

⌫(i,u)�0

mX

i=1

X

u

EW

⇥
g(i , u,W ) +

X

`

�`d`(i , u,W )
⇤
· ⌫(i , u)

�
LX

`=1

�`D`

subject to: X

v

⌫(i , v) =
mX

j=1

X

u

Pu,ij · ⌫(j , u) i = 1, . . . ,m,

X

i,u

⌫(i , u) = 1.

For each �1, . . . ,�L a deterministic policy µ is optimal.
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Lecture 7 – Algorithmic Dynamic Programming
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Algorithmic Paradigms

Greedy Algorithm

Construct solution incrementally

Greedily choose the “right” subproblem by optimizing a local criterion

Divide and Conquer

Divide a problem into non-overlapping subproblems

Solve each subproblem (in any order)

Combine solutions of subproblems to obtain solution to initial problem

Top-down approach
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Dynamic Programming (Bellman) Principle

Breaking the problem into overlaping subproblems

Calculate and store optimal solutions to subproblems

Combine solutions to subproblems to solve the initial problem

Solutions can be cached (stored) and reused

Top-down: Memoization Bottom-up: Tabulation

-
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Example: Binomial Coe�cient C k
n =

�
n

k

�
=

n!
k!(n�k)!

Recursive formula:

C
k

n =

(�
n�1
k�1

�
+

�
n�1
k

�
0 < k < n

1 otherwise

Divide and Conquer Approach:

Function C(n, k)

1. if (k = 0) or (k = n) return 1;

2. else return

C(n � 1, k � 1) + C(n � 1, k);

Time complexity:

Exponential number of recursive calls: O

⇣�
n

k

�⌘
⇡ 2

�
n

k

�
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Example: Binomial Coe�cient, continued

Pascal-triangle approach: Dynamic Programming with memoization based on

2-dimensional table

Function C-mem(n, k)

1. for (i = 0; i  n; i ++ )

2. for (j = 0; j  min(i , k); j ++ )

3. if (i = 0) or (j = i),

T [i ][j ] = 1;

4. else

T [i ][j ] = T [i�1][j�1]+T [i�1][j ];

5. return T [n][k]; Top -Down Approach

Auxiliary space O(nk) and time-complexity O(nk).
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Example: Binomial Coe�cient (3)

Dynamic programming solution: Tabulation

Create table with 1 dimension to compute small numbers

Compute next row of pascal triangle using previous row

Function C-dyn(n, k)

1. T [0] = 1;
2. for (i = 0; i  n; i ++ )
3. for (j = min(i , k); j > 0; j �� ) do T [j ] = T [j ] + T [j � 1];
4. return T [k];

Time complexity:

Table of k elements ) Auxiliary space O(k)
Time complexity: O(nk)

Optimized-space bottom-up DP approach
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How to design Dynamic Programming Solution

Define subproblems

Identify recursive relation between subproblems

Avoid similar computation

Resolve original problem by combining solutions of subproblems

Tabulation approach:

Recognize and solve the base cases

Deduce dynamic programming algorithm in a bottom-up way

Memoization approach:

Deduce dynamic programming algorithm in a top-down way
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Lecture 7 – Some Shortest Paths Algorithms
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Deterministic MDPs and Shortest-Path Problems

No disturbance ! state evolution xk+1 = f (xk , uk) and cost gk(xk , uk)

Graph representation:

At each stage k = 1, 2, . . . ,N there is a node for each xk 2 X

Arrows indicate transitions for di↵erent actions ! label arrows with actions
uk and costs gk (xk , uk )

Total cost J0!N,⇡ is the sum of the costs on the path indicated by ⇡

Finding minimum total cost J0!N,⇡ equivalent to finding “shortest path”

! DP algorithm can be run in reverse order
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Travelling Salesman Problem and Label Correcting Method

State space depends on stage k

Initialize ds = 0 and

d2 = · · · = dt = upper = 1

Dijkstra’s method always chooses the node in OPEN with smallest di .

Bellman-Ford algorithm chooses the node in OPEN as first-in first-out.
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The Branch-and-Bound Algorithm

Wish to minimize cost function f (·) over all elements of X

Find functions f and f over subsets Y ✓ X such that :

f (Y)  min
x2Y

f (x)  f (Y), 8Y ✓ X .

Construct a tree with subsets of X
! including all singletons!

If Yi ✓ Y ) Y is a parent of Yi

Label branch from Y to Yi by

f (Yi )� f (Y) ) path length from

X to Y equals f (Y)
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