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Discrete Memoryless BC without Feedback
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Capacity Region
» Rates of communication Ry, Ry > 0
» Capacity region: Pairs (Ry, R2) s.t. p(error) arbitrarily small
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Marton's Achievable Region

(R1, R2) achievable if:

R1 S I(U(),Ul;Yl)
Ry < I(Uy, Uy; Ys)
Ry + Ry < I(Uy; Y1|Uo) + I(Us; Ya|Up) + min I(Uo; ;) — I(Uy; U2|Uy)

for some (Uy,U1,Us) s.t.  (Up,Ur,Usz)—o—X——(Y7,Y3)

> In general capacity region unknown

» For some channels Marton's region equals capacity



Rate-Limited Feedback Pipes
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________________________ Receiver 2| Ny

v

Fip=¢ie(Y)) where |Fiq| - |Finl <nRrsi, i=1,2

v

Two-sided feedback: Xy = fi( My, Mo, {1 FLT)

v

One-sided feedback, Rrg 2 = 0: X; = fi(My, Mo, 1)

v

Perfect feedback, Reg 1 = R o = 00:  X; = fi( My, My, Y~ Vih)



Rate-Limited Feedback Pipes

Fy¢
: ________________________ Receiver 1| .
1 My
Y Y1
My, My Transmitt Xy Channel
Pyivy1x
Yot
Receiver 2| Ny
> Fi7t = Qﬁi,t(}/it) where |]:1',1| s |]:1,n| < TLRFBJ', 1= 1, 2

» Two-sided feedback: Xi = fi(My, Mo, F{71 F3 )
» One-sided feedback, Rrg 2 = 0: Xi = fo(My, My, F{71)
> Perfect feedback, Rpg 1 = R o = 00:  X; = fi(My, My, Y~ Vi)



Rate-Limited Feedback Pipes

Fy¢
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Fp=¢i(Y!) where |Fiq|l - |Finl <nReg; i=1,2

» Two-sided feedback: X, = fi(My, Mo, F{=4 F21)
» One-sided feedback, Reg 2 = 0: X; = fi(My, Mo, 1)
> Perfect feedback, Rrg1 = Rpg2 = 00:  X; = fi(My, Mo, Yltfl7 YJ*])



Previous Results for Perfect Feedback

» Capacity region not known in general

» El Gamal’78: No feedback-gain for physically degraded BCs

» Dueck’80, Ozarow'85, Kramer'00, Wang'09, Tassiulas& Georgiadis'10,
Shayevitz&W'10, Maddah-Ali&Tse'10: Feedback-gain for some BCs

» Kramer'00, Shayevitz-W'13, Venkataramanan-Pradhan'13:
achievable region for general memoryless BCs (difficult to evaluate)

» QOuter bound: a genie reveals Y] to Receiver 2 or vice versa

For most BCs: don't know whether feedback helps



First Intuition how Feedback Helps: Dueck's Example

Z ~ B(1/2
\l'( / )/ Receiver 1
NN
U
Bo /
My, Mo Transmitter
- * N,
\ Receiver 2
Z ~ B(1/2)

Without feedback:

» Top and bottom links useless

» Capacity: O0<R;+Rx<1

My



First Intuition how Feedback Helps: Dueck's Example

Z ~ B(1/2)
Voo ]3; """" 7% Receiver 1 My
— 1 yary
U
Bo /
My, Mo Transmitter \
Bs M
-y U
o K N
Receiver 2 W
2
Z ~ B(1/2)

With feedback, Rrg1 =1 or Rrg2 = 1:

» Feedback: F;; =Y,
» Transmitter sends By = Z;—1

» Capacity: 0<R;<land0<Ry<1

= (X,Y1,Ys) determine common update info Z useful to both Rxs



Generalized Scheme for Rrg 1 = Rrg2 = 00

fresh data

fresh data

fresh data

(Shayevitz&W'10)

update info.

update info.

e —

Block 1

Block 2

Block 3

» Block-Markov strategy

fresh data
update info. update info.
Block B Block B+ 1

> Send fresh data M, M2, & update info using Marton's scheme

» Update infos Jg p—1, Jip—1 for Receiver i:

» Indices to compress (U()J)_l, U17b_1, UQ,b_l, Y17b_1, Y'27b_1) for Sl Y;,b—l

» Backward decoding:

1. Use Job, Jib, Yip to reconstruct compression V; 3

2. Decode M; b, Job—1,Ji,p—1 based on improved outputs (Yi s, Vi)



Generalized Scheme for Rrg 1 = Rrg2 = 00

fresh data

fresh data

fresh data

(Shayevitz&W'10)

update info.

update info.

e —

Block 1

Block 2

Block 3

» Block-Markov strategy

fresh data
update info. update info.
Block B Block B+ 1

> Send fresh data M, M2, & update info using Marton's scheme

» Update infos Jg p—1, Jip—1 for Receiver i:

» Indices to compress (U()J)_l, U17b_1, UQ,b_l, Y17b_1, Y'27b_1) for Sl Y;,b—l

» Backward decoding: separate source-channel coding

1. Use Job, Jib, Yip to reconstruct compression V; 3

2. Decode M; b, Job—1,Ji,p—1 based on improved outputs (Yi s, Vi)



Shayevitz-W."10 Region for Perfect Feedback

Achievable Region
(R1, R2) achievable, if for some
PUoUlev PX|U0U1U27 PV0V1V2|U0U1U2:
R1 < I(U()?Ul;Ylv Vi) - I(U07U17 U27}/é; VOv Vleﬁ)
R2 S I(U07U27}/27‘/2) - I(UO7U17 U27Y1; VOv‘é'Yé)
Ry + Ry < I(U1; Y1, Vi|Up) + I1(Us; Yo, Va|Up) + _I?ilé}I(Uo;n,W)
€11,
_I(U17 U2|U0) - ,I?i]‘)é}l(Uov U17U27Y17Yé;‘/()|}/i)
1eql,
R1 + Ry < I(Uy,Up; Y1, V1) + 1(Usz, Up; Y2, Vo) — I(Uy; Uz |Up)
_I(UO7U17U27}/2;V07‘/1|Y1) _I(U07U17U27Y1;‘/07‘/2|}/2)



More Comments on the Shayevitz-W'10 Region

» Achieves capacity of generalized Dueck example

v

Improves over nofeedback capacity for a noisy Blackwell DMBC

v

Recovers BEC-BC capacity results under public erasure events

v

Update info should have common part .Jy ; useful to both rxs

v

Tradeoff: update-info sent at expense of fresh datal

— Identifying good update info/compression is hard in general

Scheme applies to generalized feedback: replace (Y7,Y3) by Y

v



Later Related Works for Channels with Stale State Y = S

» Maddah-Ali&Tse'10:

0 w.p. 1/3 0 f=0 Uo ifQ=0
Q: 1 W.p.1/3, Vo=V = Yi ifQZl, X = Ui IfQZl
2 w.p. 1/3 Yo ifQ=2 Uy ifQ=2

» Yang/Kobayashi/Gesbert/Yi'll: @ ~ Bern(2/3),

Vo=V, =

0 ifQ=0 P U+ Us ifQ=0
(h1,72) Q=1 U +Ui+Us ifQ=0

where Uy — Uy — Us form a Markov chain
» Chen&Elia'13:
Vo=Vi=Va=(M,0%), X =Uy+U +Us,

where U; — Uy — Uy form a Markov chain



Our New Coding Schemes

» Rate-limited and one-sided feedback
> (Even low-rate) Feedback increases capacity of large class of DMBCs

> l|deas:
> identify "resource hole” in Marton’s scheme and occupy it with feedback

> present a way to construct common info. useful for both receivers

— We'll provide an incremental description of our schemes



(Strictly) Less-Noisy DMBCs

Less-Noisy DMBC Y5 =Y,
For every auxiliary U——X ——(Y1, Y2):

1U;Ys2) > I(U;Yh)

» Binary Symmetric BC
» Binary Erasure BC

» Binary Symmetric/Erasure BC for certain parameters



(Strictly) Less-Noisy DMBCs

Strictly Less-Noisy DMBC Y5 > Y]
For every auxiliary U——X —o—(Y7, Y5) with I(U; Y1) > 0:

1(U;Yz) > I1(U; 1)

» Asymmetric Binary Symmetric BC
» Asymmetric Binary Erasure BC

» Binary Symmetric/Erasure BC for certain parameters



No Feedback Capacity of Less-Noisy DMBCs, Y, = Y;
» Capacity: all rate pairs (R, R2) where for some U — X — (Y1, Y3)
Ry <I(U; V1)
Ry < I(X;Y2|U)

> Achieved by superposition coding (degenerate Marton coding)

M2
z™(1,1)
M, z™(2,1)
u" (1) :
u"(2) z" (2" B2 1)
(2

» Rx 2 can decode M; because I(U;Ys2) > I(U; Y1)



No Feedback Capacity of Less-Noisy DMBCs, Y, = Y;
> Capacity: all rate pairs (Ry, R2) where for some U — X — (Y7, Y5)

R1 SI(U,Yl)
Ry <I(X;Y2|U)

> Achieved by superposition coding (degenerate Marton coding)

Mo
@™(1,1)
M, z"(2,1)
" (1) '
u"(2) z" (2" B2 1)
u™ (27 F1)

» If I(U;Y2) > I(U; Y1), Rx 2 can decode extra message in cloud center

» Problem: Rx 1 cannot decode, unless it knows extra message



Feedback-Scheme for BCs Y5 > Y] when Reg; > 0

> Superposition coding with cloud center UN (M 4, Mrg 15 1) and

v

v

satellite XéV(Mz,b|M1,b, ]\'TIFB,LI;fl)

Mrg,1,5 = FY, feedback bits sent by Rx 1

Meg 1, quantizes Y/, for given SI Y, and UJY

Rx 1 decodes M
Rx 2 decodes (M 4, Mrg.15-1)

Rx 2 reconstructs Y/, | and decodes My ;1

Rrg1 > Ry

Ry > I(Y1; V1|UY,)

R < I(U,Yl)
R+ Ry < I(U;Ya)

Ry < I(X; Yy, V1|U)



A New Achievable Region

New achievable region

(R1, R2) achievable, if for some Py Px\u Py,v, 1 x Py, jyy,

R, <I(U; Y1)
R1 < I(U;Y2) — I(Y1; Y1|U, Ya)

and  I(Y;Y1|U,Y2) < Reg 1.

» Always includes nofeedback capacity for Y5 = Y3



A Simpler Achievable Region

Corollary |

(R1, R2) achievable, if for some PUPX|UPY1|UY1:

R1 SI(U,Yl)
Ry < I(X;1Y2|U) = I(X; Ya|U) + I(X; 1 |U, Y2)

and I(Y1; Y1|U,Ya) < min{Reg 1, [(U; Ya) — I(U; Y1)}

» Sending Y is purely beneficial: not bothering Rx 1 and helping Rx 2
» Rate-gain is I(X;V1|U,Y5) with I(Yy;Y;|U,Ys) feedback bits

» Scheme good when Reg 1 ~ (I(U;Y2) — I(U; Y1))



With Coded Time-Sharing and Backward Decoding

» Superposition all codebooks on an IID sequence Q™
> Include @™ in joint typicality checks

» Receiver 2 jointly reconstructs Y7 & decodes cloud center and satellite

New achievable region

(Rl,Rz) achievable, if for some PQPU\QPX|UQPY1Y2|XPY1‘UYIQ:

R, < I(U;11]Q)
Ry + Ry < I(X;Y1,Y2|Q) — I(Y1; Y1U|Y2, Q)
Ri+ Ry < I(U;Y1|Q) +I(X§Y/1Y2|U7Q)

and I(Y17Y71|U7X7Y'27Q) SRFB,l-



If Rrg1 > 0, Feedback Increases Entire Capacity Region
Ro

Enhanced capacity: Rx 2 gets Y7, Ys

Nofeedback capacity

Ry
For Any DMBC Y5 > Y;, when Rrg 1 > 0
Feedback improves all (R; > 0, Ry > 0) of the nofeedback capacity,

unless (Ry, R2) lies on boundary of capacity of enhanced channel

» For most strictly less-noisy BCs: all (R > 0, Rz > 0) increased!

» Ex.: Asymmetric Binary Symmetric, Binary Erasure, Gaussian BC



Proof that Feedback Increases Entire Capacity Region

Achievable with feedback

PUX\Q:UPYﬂYlUQ:l

Pyxig=2 Enhanced capacity: Rx 2 gets Y7, Y2

Nofeedback capacity

Ry
> Q =1: Use PUX|Q:1 and Yfl =V

> Q =2: Use Pyx|g—2 and Y7 =const.

— Pg(1) upper bounded by feedback-rate constraint!



Proof that Feedback Increases Entire Capacity Region

Achievable with feedback

PUX\Q:UPYﬂYlUQ:l

Pyxig=2 Enhanced capacity: Rx 2 gets Y7, Y2

Nofeedback capacity

Ry
> Q =1: Use PUX|Q:1 and Yfl =V

> Q =2: Use Pyx|g—2 and Y7 =const.

— Pg(1) upper bounded by feedback-rate constraint!



Usefulness of Feedback

» Previous result holds for larger class of strictly essentially-less noisy BCs

— only need I(U;Y3) > I(U;Y7) on boundary of Ceg

» Improvement over superposition coding region also when
I(U;Y3) > I(U; Y1) only for some points on its boundary

» Can exchange superposition coding with Marton coding:

— feedback helps if I(Uy;Y2) > I(Uy; Y1) for some points on boundary



Ex 1: Asymmetric Binary Symmetric BC

» Y; = X @ Z; with independent Z; ~Bern(p;) and 0 < ps < p1 < 1/2

—No Feedback
- - -Proposed scheme

0.6

0.5F

0.4r

P2 = 0.1

0.3F

R, (bits)

Res1 =08

0.2

0.1r

0 0.05 0.1 0.15 . 0.2 0.25 0.3 0.35
Rl(blts

» U ~Bern(q) and X = U & W; with Wy ~Bern(r)

> Vi =U @ Y; @ Wa with Wa ~Bern(s)



Ex 2: BSC/BEC-BCwith 1 —e >1— H(p) (Y2 = Y7)

» BSC(p) to Y7 and independent BEC(e) to Y>

Ry < 1—Hy(sxp)
> Without feedback Cnors = | J Ry < (1 —e)Hy(s)
sef0,1/2) | R1+ R < 1—e
» With feedback RFB,l > 0:
Ry < 1 — Hy(s xp)
s> Y Ry < (1—e)Hy(s)+ve(Hy(s * p) — Hy(p))
sef0,1/2] | R1+R2 < 1 —e—vHy(p)

Rrp,1

where v < —E T

v

Crb 2 CNoFB



Ex 2: BSC/BEC-BC for1 —e < 1— H(p)

>

Y1 more capable or essentially less noisy than Y5

< _
Without feedback Cnorg = U {gl > (Olf(i a)fab(_p)e))}
acl0,1] =

With feedback Reg 2 > 0:

{ Ri < a(l = Hy(p))+a(l — e)yHy(p) }
Crg 2 Ry < (1-a)(l—e)
aclo,)] (1 + Ry < 1 — Hy(p) — (1 — a)yHy(e).

R

FB,2
where ¥ < )T

Crb 2 CNoFB
—they have no boundary points (R; > 0, Ry > 0) in common!



Extension to Two-Sided Feedback
» Marton-coding with cloud center
vo,b(Mi,e,p, Macp, Mrg1,5—1, Mr,2,5—1)
> Satellites ul,b(Ml,p,b, Kl,b) and UQ’b(MQJj, Kgyb)

> Feedback messages Mrg 1 and Mrg 2 as before: compress outputs
Yy or You!

Mrg,1,5—1 “transparent” for Receiver 1, Mrg 231 for Receiver 2
— can “double-book" resources in cloud-center

— same resource useful for both receivers



Sliding-Window Decoding or Backward Decoding

Sliding-window decoding:
» Rx 1 decodes cloud center M 5, M2 ¢, MFB’Q’bfl based on Y7,
> Rx 1 compresses Y7, for SI Y2, and Uy, — ]VNIFBJJ,

> Rx 1 jointly reconstructs Y, 1 and decodes M, ,, 51 based on
(Ylj,\lry—l’ Y2,bfl)

Backward decoding:
» Rx 1 compresses Y, for S Yoy, — Meg 1

» Rx 1 reconstructs Y5 and decodes M ¢y, M2 b, MrB,2,0—1, Mi,pp
based on (Y1, Y25).



Achievable Region for Two-Sided Feedback

Achievable Region Sliding-Window Decoding

(R1, R2) achievable, if for some
PQPUOUlUZ\QPYl|Y1U0QPY2|Y2U0Q and f: Z/{O X Ll1 X Ll2 X Q — X

Rl §F+I(U17Y'17YA'2|UO7Q)
Ry <T+1(Us; Yo, Yi|Up, Q)
Rl +R2 S F+I(U17}/17}/2|U07Q) +I(U27}/27Y1|U07Q) - I(U17U2|U07Q)

and
(Y Y1|Uo, Y2, Q) < Rrga
I(}/Q;Y2|U07Y17Q) < RFB’Q
where

I := min{I(Up; Y1|Q) — I(Ya; Y2|[UoY1Q), I(Up; Y2|Q) — I(Y1; Y1|UpY2Q)}



Achievable Region with Backward Decoding

Achievable Region Backward Decoding

(R1, R2) achievable, if for some
PQPU0U1U2\QPY1|Y1QPY2\YQQ and f: Uy X Uy x Uy x Q — X

Ry < I(Uo, U3 11,Y2|Q) — I(Ya; V2|1, Q)

Ry < I(Up, U2; Yo, Y1|Q) — I(Y1;Y1|Y2, Q)

Ri4+ Ry < I(Up, Up; Y1, Y2|Q) — I(Ya; Ya|V1,Q)

+I(Us; Ya, Y1|Uo, Q) — I(Ux; Uz|Up)

Ri+Ry < I(Up, Uz; Y2, 1|Q) — I(Y1; Y1Y2, Q)

+I(U1; Y1, Y2|Us, Q) — I(U; Ua|Up)

Ri+ Ry < I(Up, Up; Y1, Y2|Q) — I(Ya; Ya|V1, Q)
+1(Up, Uz; Ya, Y1|Q) — I(Y1; Y1|Ya, Q) — I(Uy; Ua|Up)

and
I(Y1;Y1|Y2,Q) < Rep 1
I(Y2;Y2|Y1,Q) < Rrgp2



Discussion of our Two-Sided Feedback Schemes

» Can “double-book” resources in cloud center

» Can improve over nofeedback even when I(Up; Y1) = I(Up; Y2)

(e.g., Blackwell BC with states by Kim/Chia/El Gamal'13).
» Encoder only relays feedback info.

seems unable to recover Dueck’s scheme

» Improvement: Encoder could process feedback info:

reconstruct outputs 171,1;, Yz,b and compress (Ug p, Uz p, U27b,1717b, ng)



New

v

v

v

Scheme: Encoder Processes Feedback Info

Marton-coding with cloud centers wg (M1 cp, ngcyb,]\fjfv_b,l)
Satellites U]‘b<i‘?\[1 p,bs [('l‘b) and '11271,(;q'[2‘1,. ]\,,271))

Encoder:

» Obtains MFB,I,b and MFB,27b and reconstructs }71,17,}72,17
» Compress Upp, Ul,b,Uzyb,f/l,b,f@,b into V4, for SI Y1, or Yo, — Mv,bq
Backward Decoding:

» Rx 1 compresses Y1, for S| Upp, U1 b, Usy — Mrg.1b—1

> Rx 1 jointly reconstructs V4, and decodes M .5, M2 c s, Mv,b—l, Mipp



Achievable Region when Encoder Processes Fb Info

Achievable Region for Two-Sided Feedback—Encoder Processes Fb
(R1, R2) achievable, if for some function f: X — Uy x Uy X Us x Q and
some Pq, Puou,0210: ¥, 1vi 01 P v Pvvet, v 12 ¥a

Ry < I(Up,Uy; Y1, Y4, V) — I(V; Uy, Ur, Us, Ya|Y1, Y1)
Ry < I(Up, Us; Ya,Ya, V) — I(V; Uy, Uy, Us, Y1| Y2, Ya)
Ry + Ry < I(Uy, Up; Y1, Y1, V) + I(Uy; Ya, Ya, V|Up)
—I(V; Uy, U1, Us, Ya|Y1, Y1) — I(Uy; Uz|Up)
Ri + Ry < I(Up, Uy; Ya, Yo, V) + I(Uy; Y1, Y1, V|Up)
—I(V; Uy, Uy, Us, Y1|Ya, Ya) — I(Uy; Us|Up)
Ry + Ry < I(Uo,Uy; Y1, Y4, V) — I(V; Uy, Uy, Us, Y2 | Y1, Y1)
+1(Uy, Ua; Ya, Y2, V) — I(V; Uy, Uy, Us, Y1 |Ya, Ya) — I(Uy; Ua|Up)
where - -
I(Y1; Y1|Uo, U1, Uz, Y2) < Reg.1
I(Ya;Y>|Uo, U1, Uz, Y1) < Rrp 2
I(Y1,Y; Y3, Y|Uo, U1, Uz) < Reg.1 + Rrg 2.



In the Limit as RFB,l; RFB'/Q — 00

» Our region improves over the Shayevitz-W'10 region for perfect feedback
specialized to V) =V =V,

» Joint source-channel coding gain (as in Tuncel'06 or
NoisyNetworkCoding):

min{a — ¢,b — d} instead of min{a, b} — max{c,d}



Noisy Feedback Channel (Instead of a Feedback Pipe)

» Feedback in block b: use a capacity Rrg,; achieving code to send
MrB,ip—1

(n)

> Error probability for feedback code in a block — €, ;

» Probability of feedback error in any of the blocks: (e(FQl + e(FQQ)B

(n)

» Overall probability of error at most (e(”) + €rpa T e(F’é{Q)B

Our rates remain achievable for noisy feedback channels of
capacities Rrg 1 and Rrp 2 if receivers can code over feedback links!



First Summary

Rate-limited feedback can:

» allow to exploit unutilized resources in Marton's cloud center

» allow to “double-book” resources in Marton's cloud center

Any positive feedback rate increases capacity of:

» all strictly essentially less-noisy DMBCs

» some more capable DMBCs (BSC/BEC-BC)

Results hold with noisy or noise-free rate-limited feedback channels, if
receivers can code over feedback channels



Part |l

Memoryless Gaussian BC with Perfect

Feedback

joint work with Selma Belhadj Amor and Yossef Steinberg



Scalar Gaussian BC with Perfect Feedback

v

X, Y14, Yo €R

v

Yiie =hi Xy + Zi g,

v

Z1+ and Zy; independent N(0,1)

v

Average block power constraint: E[1 31" | X7] < P

v

Xt - ft(M17 M27}/1t717}/2t71)



Capacity of Scalar Gaussian BC with Feedback

» Capacity region C%. unknown

» Sum-capacity C,‘;bc,z at high SNR: limp_,»(Cgc,s: — Chiigh) = 0
(Gastpar/Lapidoth/Steinberg/W'12)

CCoop,Ey |f|Pz|<1
Chigh = { C1(P) + Co(P), if|p.|=1,h1#hap,
C1(P) if|p.|=1,h1=hap.

p.: noise correlation (only here p, can be # 0)



Achievable Regions with Feedback

v

Ozarow&Leung'84: Schalkwijk-Kailath type scheme

v

Elia'04, Wu et al.'05, Ardenistazadeh et al.’10: control-based scheme

v

Gastpar/Lapidoth /Steinberg /W'12

All these schemes are linear-feedback schemes

v

v

Optimal linear-feedback schemes unknown!



Linear-Feedback Schemes for BC

v

Encoding in two steps:
> (My, M2) — W7 (arbitrary!)

» X" =W" + AlygcY{L + AQ’BCVY%Z (Iinear!)

A1,sc and A; gc strictly lower-triangular

v

Decoding can be arbitrary

Linear-feedback capacity region Cin:

v

set of all rate pairs (R1, R2) achievable with linear-feedback scheme

v

Tricky part: identify optimal A g and A7 gc



Closer Look at Previous Linear-Feedback Schemes for BC

» W = W1@1(M1) + WQ@Q(MQ) 0,0, R
> Xy o Xy + 77Xy

» Ozarow-Leung: X;; is LMMSE of ©; given Y!™!

(inspired by optimal single-user and MAC schemes)

» Elia, Wu etal, Ardestinazadeh etal: X; 1 =0; and X; ;11 =0,X;:+Yi+
— optimal b; found through LQG control

— achieves MAC sum-capacity under sum-power constraint (Duality!)



Scalar Gaussian MAC with Feedback

> Y, = thl,t + hQXQ’t + Zy, where Z; ~ N(O, 1)
> Total power constraint: = > (E[X?,] +E[X3,]) <P

> Linear-feedback encoding:
> M; — W7 (arbitrary!)

> X;n‘ = WZL —+ Ai,MACYn (Iinear!)

» (LMMSE-based) Linear-feedback scheme optimal: Cff,. = Cinfe.=

Ry < %bg (1+hiP(1—p?)),
U U Ry < 3 log (1 4+ m3P(1 - p?)),
<

Py, Py>0: pe[0,1] | Ry + Ro 2log (14 hiPy + h3Ps + 2\/h3h3 P, Pyp)
Pi+P>=P



Scalar MAC-BC Duality for Linear-Feedback Schemes

Linear-Feedback Capacity of Scalar Gaussian BC

linfbo __ ~linfo __ ~fb
CBC - CMAC - CMAC

v

Feedback always increases capacity of scalar Gaussian BC

A; Bc = Ai MAc give same performance on BC and MAC

v

(A: mirror image of A along counter-diagonal)

» = Obtain optimal BC parameters: Afgc = A’ yac = Al uac (Toeplitz)

» =Message-point schemes are also sum-rate optimal for BC



Proof Idea

» Optimal (multi-letter) coding schemes:

> Transform 7 channel uses into new super channel use

— described by ABC,i and AMAC,i

» Code over these n-input/n-output MACs/BCs without using feedback

> For Agc,i = AMAc,i super channels have same nofeedback capacity

> Proof uses nofeedback BC-MAC duality & operations on superchannels



Extension |: One-Sided Feedback

» Feedback only from BC-Receiver 1 or only to MAC-Transmitter 1

Scalar Gaussian MAC-BC Duality with One-Sided Linear-Feedback Schemes

linfb@QRx1 __ »linfb@Tx1
CBC - CMAC

> Cpnfe@Rxl and CiMtb@Tx1 both unknown

» Lapidoth/W'06 achievable region transfers to BC

— One-sided feedback always increases capacity of scalar Gaussian BC

» Bhaskaran'08 and Lapidoth/Steinberg/W'10 regions transfer to MAC



Extension II: K > 3 User BC and MAC

K-User Scalar Gaussian BC-MAC Duality with Linear-Feedback Schemes

linfo  __ plinfb
Cee, k = CMac, K

For equal hy = hs = ... = hg:

> Linear-feedback sum-capacity Ciife x5, and optimal A¥\ac known
(Kramer'00 and Ardestanizadeh etal. 10)

= Obtain C5¢™ 5 and optimal A% ¢

> Cuiac. k.5 = Claac. .z When P sufficiently large (Kramer'00)



Multi-Antenna Gaussian BC

» BC: Xt c RY, Yi,t c R and Yi,t = HlXt + Zi,t;
» MAC: Xi,t S RM" Yt c R¥ and Yt = H-{Xl,t + H-{Xg,t + Zt,
> Z, Z1 4, Zy, independent N (0, 1)

» Total block-power constraints:

l - 2 . l - 2 2
BC: 2 EIXP] < P MAC 3 B[IXuell™+ %) < P

t=1

BC-MAC Duality without Feedback (Vishwanath etal.’04, Weingarten etal.’06)

CNoFB _ CNoFB
BC,MIMO — ¥*MAC,MIMO



MIMO BC-MAC Duality with Linear-Feedback Schemes

Multi-Antenna BC-MAC Duality with Linear-Feedback Schemes

linfb __ plinfb
CBC,MIMO - CMAC,MIMO

linfb — fb : * .
> Cuac.mivo = CMac,mimo and optimal A¥y s known when transmitters
or receiver single-antenna (Jafar etal’06)

= Obtain Cinft 15 and Clinf o and corresponding optimal A} gc



Summary

» New coding schemes for DMBC with rate-limited or noisy feedback

> Feedback allows to occupy unused resources in Marton's cloud center

» Feedback allows to “double-book” resources in Marton's cloud center

» Any positive feedback rate increases capacity for large class of DMBCs

» MIMO BC-MAC duality with linear-feedback schemes
> Can transfer MAC results to BC

> Tells us how to code over Gaussian BC when using feedback linearly
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