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Fast Algorithms for Low-Level Vision 

RACHID DERICHE 

Abstract-We propose in this paper a recursive filtering structure 
that drastically reduces the computational effort required for smooth- 
ing, performing the first and second directional derivatives or carrying 
out the Laplacian of an image. These operations are done with a fixed 
number of multiplications and additions per output point indepen- 
dently of the size of the neighborhood considered. The key to our ap- 
proach is first the use of an exponentially based filter family and second 
the use of the recursive filtering. Applications to edge detection prob- 
lems and multiresolution techniques are considered and a new edge 
detector allowing the extraction of zero-crossings of an image with only 
14 operations per output element at any resolution is proposed. Var- 
ious experimental results are shown. 

Zndex Terms-Computer vision, edge detection, multiscale represen- 
tation, recursive filtering. 

I .  INTRODUCTION 
In the fields of image processing and computer vision, a large 

amount of research has focused on the use of multiresolution tech- 
niques. The main idea is to convolve the image with operators of 
increasing width, sorting out the relevant changes at each resolu- 
tion and combining them into a representation that can be used 
effectively by later processes [l] ,  [3], [6], [8]. The multiply sized 
convolution masks required makes all these approaches computa- 
tionally very time consuming and has led some authors to address 
this problem [5], [8], [9]. This correspondence presents a recursive 
filtering structure that drastically reduces this computational effort. 
Smoothing, performing the first and second directional derivatives, 
and carrying out the Laplacian of an image are done with a fixed 
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number of operations per output points independently of the oper- 
ator width used. The key to our approach is first the use of an 
exponentially based filter family and second the use of the recur- 
sive filtering which we found extremely useful in some of our pre- 
vious work due to its reduced computational complexity over that 
of nonrecursive filter form. It is computationally efficient and re- 
quires many orders of magnitude fewer computational steps than 
direct or frequency domain using the fast Fourier transform. 

This correspondence is organized as follows. Section I1 intro- 
duces the recursive filtering. Section I11 presents the exponentially 
based filters family and their recursive implementation. Among the 
considered filters, the smoothing and derivative filters described in 
Sections 111-A and D have already been used in one of our previous 
works [ 111, while the operators described in Sections 111-B and E 
and Section 111-F are proposed for the first time. Section IV pre- 
sents the two-dimensional version of the operators proposed and 
the original recursive filtering structure derived in order to effi- 
ciently implement these filters. Section V presents an application 
of such filters to the problem of edge detection. It is shown in par- 
ticular, how first or second derivatives based edge detectors can be 
implemented using the original recursive filtering structure pre- 
sented in Section IV-B. A very fast and original edge detector fol- 
lowing a zero crossing scheme is first presented in Section V-A, 
while in Section V-B, we briefly summarize an optimal first deriv- 
ative edge detector. Section V-C deals with an analysis of the com- 
putational cost and some considerations on multiscale edge detec- 
tion. Experimental results are shown in Section VI and the last 
section presents the conclusion. 

11. RECURSIVE FILTERING 
In this section, we introduce the problem of recursive filtering. 

Consider the convolution operation relating the input sequence x ( i ) 
to the output sequence y ( i  ): 

N- I 

y ( i )  = C h ( k ) x ( i  - k ) .  (1)  
k = O  

The transfer function of this stable, causal, and nonrecursive 
digital system is given to be: 

N- I 

H(z-1) = c h(n)zP. ( 2 )  
n = O  

The number of operations required to calculate each output ele- 
ment y ( i  ) can be excessive if we deal with large length N .  For 
example, dealing with a half Gaussian filter requires roughly a value 
of 4a for N .  The problem of recursive filtering design deals with 
the determination of the coefficients a; s and b; s of a rational trans- 
fer function of the form: 

m - l  
b -(k-l) kz 

(3) k = O  
~ O ( 2 - l )  = n 

1 + c akZ-k 
k =  I 

which characterizes the following recursive system of order n: 

so that the rational transfer function H,(z-’) is exactly, or best 
approximates in accordance with certain error criterion H( z-’ ), 
the transfer function of the nonrecursive system given by 2 .  The 
most widely used criterion is that in which the corresponding im- 
pulse responses are compared by a least-square criterion that is 
minimizing E such that: 

+m 

E = ( h ( k )  - h.(k))z ( 5 )  
k = O  
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where h, ( k )  denotes the impulse response of the system described 
by the transfer function (3) and given to be: 

+m 

H,(z-') = c h,(n)z-k. (6 )  
n = O  

Dealing with the causal recursive system given by 4 instead of 
the nonrecursive system, 1 reduces the number of operations per 
output element from N to n + m. We have presented in [12] a 
procedure to determine the b;s and ais coefficients for the most 
commonly used filters in edge detection: the 2-D Gaussian filter, 
its first and second directional derivatives, and its 2-D Laplacian 
using a least square criterion and an efficient separable and recur- 
sive implementation. We have shown in particular that these filters 
can be efficiently implemented in a recursive way with only third 
order recursive filters. However, a design step is required for each 
value of U .  In this correspondence, instead of dealing with such 
Gaussian filters which cannot be exactly implemented in a recur- 
sive manner and which require a design step, we propose to replace 
them by the use of a family of filters derived from our previous 
work on edge detection [13] but not presented there. It has to be 
clear that these filters have not been designed and will not be used 
in order to approximate the Gaussian filters. We propose to use 
them because they have been designed in order to present good 
theoretical performances on noise suppression, detection, and lo- 
calization of edges in noisy signals. These filters have the big ad- 
vantage to be exactly implemented in a recursive manner. No de- 
sign step is required to determine their coefficients. The purpose of 
the next section is to present these filters and the way to determine 
their b; s and a; s coefficients analytically. 

111. ONE-DIMENSIONAL RECURSIVE OPERATORS 
In this section, we introduce the one-dimensional smoothing, 

first and second derivative operators we propose to use in low-level 
image processing and computer vision problems and develop the 
procedure to exactly implement these filters recursively. 

A .  Smoothing Using a Second Order Recursive Filter 
The smoothing operator we propose to use is given by: 

~ ( n )  = k(a(n1 + l)e-' 'n'. ( 7 )  
This operator is the integral of the optimal edge detector derived 

in (1 11 according to Canny's criteria [4] for infinite extent filters. 
Here, we made use of the fact that the convolution of a signal with 
a given filter is equivalent to the derivative of the smoothing result 
obtained through the convolution of the signal with the integral of 
the filter. This smoothing filter is normalized by selecting k so that 
its response to a signal of unit amplitude is itself a signal of unit 
amplitude. This is be expressed by the following normalization re- 
quirement: 

+ W  

c S ( n )  = 1. (8) 
n = --o 

We can readily show that this requires: 

( 9 )  

A second order recursive realization of the smoothing filter S(n) 
may be derived by the following way. Note that the two-sided se- 
quence S(n) is the superposition of a causal sequence S - ( n )  and 
an anticausal sequence S+(n): 

S-(n) = k ( a n  + l)e-"" for n > = 0 and 0 otherwise 

( 10) 

(11)  

( 1 2 )  

S+(n) = k (  -an + l ) eun  for n < 0 and 0 otherwise 

S(n) = S-(n) + S + ( n )  for n = --03 . . . + 03. 

The region of convergence for the causal sequence 10 whose 
z-transform is given to be: 

is the region e-" < lz1 corresponding to the interior of a circle 
centered at the origin in the z-plane with a radius equal to 1. 

The region of convergence for the anticausal sequence 1 1  whose 
z-transform is given to be: 

is the region 1 z 1 < e" corresponding to the exterior of a circle 
centered at the origin in the z-plane with a radius equal to 1 .  

These two z-transforms, then, correspond to two rational system 
transfer functions of stable second-order filters recursing from the 
left to the right for the causal sequence 10, from the right to the 
left for the anticausal sequence 11 and describable in the time-do- 
main by the following second order difference equations: 

y,(n) = k [ x ( n )  + e P ( a  - l ) n ( n  - . I ) ]  + 2e-"y,(n - 1)  

- e-2*yl(n - 2)  for n = 1, . . , M .  (15)  
Assuming that the original signal is null for n < 0 leads to use 

the following boundary conditions x ( 0 )  = 0, y l ( 0 )  = yl( - 1 )  = 
0. 

+ 2e-"y2(n + 1) - e-'"y?(n + 2)  

f o r n = M ; . .  , 1 .  (16) 
Assuming that the original signal x (  n) is null for n > M leads 

to the following boundary conditions 

n ( M  + 1) = x ( M  + 2 )  = 0, 

y2(M + 1) = yz(M + 2) = 0 

where y l ( n )  and y2(n) are the M-output sequences in response to 
x (  n) as input to the systems whose impulse responses are, respec- 
tively, S-(n) and S + ( n ) .  

In particular, the M-output sequence y (n) in response to x ( n  ) 
as input to a system whose impulse response is S(n) can be ob- 
tained according to: 

(17) 
Relationships (15)-(17) give a very efficient procedure for cal- 

culating the convolution operation of the input sequence x (n) with 
the smoothing filter S(n). 

By adjusting the parameter a ,  we can effectively control the size 
of our operator and thus the amount of noise suppression without 
increasing the number of operations per output. This shows the 
main advantage accrued in using the recursive implementation. A 
computer program may be written to implement this recursive pro- 
cedure using only 8 multiplications and 7 additions per output ele- 
ment. Using a nonrecursive implementation, a number directly 
proportional to the filter size would have been required to compute 
the convolution operation. As an example for a = 0.5, a 16 bit 
direct convolution will require roughly 57 operations. For a = 
0.25, the computational effort increases to 113 operations per out- 
put element while it does not change for the recursive implemen- 
tation. 

B. Smoothing Using a First Order Recursive Filter 
It is worthwhile to note that an approach slightly simpler to im- 

plement and computationally more efficient results if we deal with 
the following one-dimensional exponential smoothing operator in- 
stead of the operator given by (7): 

~ ( n )  = koe-OLln1. (18) 

y(n )  = yl(n) + y 2 ( n )  for n = 1, . . . , M .  
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ko is given through the normalization step as: 

1 - e-" 
1 + e-"' 

ko = ~ 

This operator is in fact the one used by Shen and Castan [14] in 
order to approximate the Laplacian of an image. This normalized 
smoothing filter can be exactly implemented with only three oper- 
ations per output element as follows: 

y l ( n )  = x ( n )  + e - " y , ( n  - 1 )  f o r n = l ; . * , N  

Note that this implementation is not identical to the one pro- 
posed in [14], where the second pass is done on the results of the 
first pass. We will use this implementation in Section V-A in order 
to calculate the exact Laplacian of an image. 

C. Comparison Between the First and Second Order Recursive 
Smoothing Filters 

For comparison purposes of the smoothing operators 7 and 18, 
a measure of how effectively a low pass-pass digital filter h ( n )  
removes an additive noise is used. It is obtained by evaluating the 
variance-reduction ratio defined by the ratio of the noise variance 
of response signal to the noise variance of input signal. Dealing 
wth normalized filters leads to a noise variance of the input signal 
equal to one, and therefore a variance-reduction ratio given by: 

+m 

R = C h2(n) .  ( 2 3 )  
n =  --m 

This ratio indicates how the system has reduced the noise level 
from the input to the output signal. For R < 1,  a noise reduction 
occurs, whereas R > 1 implies an increase in output noise level. 
It allows us to compare objectively the smoothing operators 7 and 
18. R1 and R 2 ,  the variance-reduction ratio of the smoothing filters 
given by 7 and 18, respectively, can easily be shown to be given 
by : 

We normalize this operator by selecting k in order that its re- 
sponse to a constant signal is null. It is easy to verify that this 
requires: 

A recursive realization of the derivative filter 26 may be derived 
following the procedure developed in Section 111-A. This leads to 
the following time-domain difference equations to obtain the 
M-output sequence y (  n )  in response to x ( n )  as input to a system 
whose impulse response is ( 2 6 ) :  

y l ( n )  = x ( n  - 1 )  + 2e-"y , (n  - 1 )  - e-2"yl (n  - 2 )  

fo rn  = 1 ,  . * .  , M ( 2 8 )  

( 2 9 )  

y 2 ( n )  = x ( n  + 1) + 2e-"y2(n + 1)  - e-'"y2(n + 2 )  

fo rn  = M ,  a * *  , 1 

y ( n )  = k e - " [ y , ( n )  - y 2 ( n ) ]  fo rn  = 1 ,  . . * , M .  (30) 

Relationships (28) - (30)  give a very efficient procedure for cal- 
culating the first derivative of x (  n )  with only 5 operations per out- 
put points at any resolution a. 

E. First Derivative Using a First Order Recursive Filter 

by the following normalized antisymmetrical filter: 
Considering that the first derivative of the operator (18) is given 

D ( n )  = ( 0 fo rn  = 0; ( 3 1 )  

This normalized derivative filter can be exactly implemented with 

y l ( n )  = x ( n  - 1 )  + e-".y , (n - 1) 

only three operations per output element as follows: 

fo rn  = 1, * * , N 

( 3 2 )  

Because of the normalization step, these two ratios are smaller 
than one for any value of a. Both filters then very effectively sup- 
presses the additive noise with the property that decreasing a will 
yield better signal to noise ratio. However, the operator 7 presents 
a better variance reduction ratio. This can be seen from the fact 
that R1 is smaller than R 2  for any value of a. Another and impor- 
tant reason for the choice of 7 instead of 18 as the smoothing op- 
erator for our applications comes from the fact that the derivative 
filter of 7 presents optimal index of performances in term of detec- 
tion and localization of edges in noisy signal [ 1 11. 

D .  First Derivative Using a Second Order Recursive Filter 
Another operation which occurs frequently in low level vision 

is the derivation. This step often occurs after smoothing. By the 
derivative rule of convolution, this can be done in one step by con- 
volving the input signal with the first derivative of the smoothing 
operator given to be: 

D ( n )  = kne-"I"l. ( 2 6 )  

y 2 ( n )  = - x ( n  + 1) + e-"y2(n + 1) fo rn  = N ,  . . . , 1 

(33) 

( 3 4 )  

y ( n )  = -(1 - e - " ) ( y , ( n )  + y z ( n ) )  fo rn  = 1 ,  . . , N .  

F. Second Derivative Using a Second Order Recursive Filter 
By the derivative rule of convolution, the second derivative of 

a smoothed one-dimensional signal can be computed directly by 
convolving the input signal with the second derivative of the 
smoothing operator given to be: 

L ( n )  = k ( 1  - a(n()e-OLln1.  

L ( n )  = ( 1  - k a l n ) ) e - a l n l  

( 3 5 )  
In order to have a null response to a constant signal, we have to 

slightly modify this operator and rewrite it as follows: 

( 3 6 )  
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where k is chosen to satisfy the required constraint: 
Crn 

A recursive realization of (35) may be derived following the pro- 
cedure developed in Section 111-A. This leads to the following time- 
domain difference equations: 

y l ( n )  = x(n )  - e-"(ka + l ) x ( n  - 1)  + fe-"y,(n - 1 )  

- e-2"yl(n - 2)  for n = 1, . . , M (39)  

+ 2e-"y2(n + I )  - e-2ay2(n + 2) 

y 2 ( n )  = e-"(1 - k a ) x ( n  + 1 )  - e-2"x(n + 2)  

fo rn  = M ,  - e - ,  1 (40) 

(41)  y(n)  = yl(n) + y2(n) for n = 1, * . . , M .  

Relationships (39)-(4 1) compute the second derivative of x ( n )  
with only 7 operations per output element at any resolution a.  

IV. TWO-DIMENSIONAL RECURSIVE OPERATORS 
In this section, we generalize to the two-dimensional case the 

operators presented in Section I11 and present a general recursive 
filtering structure that allows us to implement these filters and cany 
out the Laplacian of an image with a fixed number of operations 
per output element. 

A .  2 - 0  Smoothing and Derivatives Operators 
The generalization is made in a separable way in order to deal 

with highly efficient recursive implementation. This leads to a 2-D 
smoothing filter given by: 

(42) 
where k is the normalization constant given by (9). 

Another operation which occurs frequently in low level com- 
puter vision is to derive directionally in x and y the smoothed image 
noted R(m,  n). By the derivative rule for convolution, the direc- 
tional x and y derivatives R,(m, n )  and R Y (  m, n )  of the smoothed 
image can be computed directly by convolving the input image I (  m, 
n ) with the following directional derivative filters: 

SS(m,  n )  = k ( a ( m (  + 1) e - a l m l k ( a l n l  + l ) e - a ln l  

ss,(m, n) = klme-almlk(a 1 n 1 + l)e-alnl  

SSy(m, n )  = k ( a ( m (  + l)e-"lmikfne-"lnl 

(43) 

(44) 
where k and k' are given by (9) and (27), respectively. 

B.  A General Recursive Filtering Structure 
To convolve an M * N input image x ( m ,  n) with one of the filters 

presented, we first perform a recursive filtering in the x-direction 
to obtain r ( m ,  n ) :  

y,(m, n )  = alx(m,  n) + u2x(m, n - 1)  

+ blyl(m, n - 1)  + b2yI(m, n - 2)  

f o r n =  l ; . * , N a n d r n = l ; - * , M  (45) 

with the following boundary conditions 

x ( m ,  0 )  = 0, 

yl(m, 0 )  = y,(m,  -1) = 0 

y2(rn, n )  = a,x(m, n + I )  + a4x(m, n + 2)  

for m = 1 ,  . . . , M 

+ bly2(m, n + 1)  + b,y,(m, n + 2)  

fo rn  = N ,  . . .  , l a n d f o r m  = 1, . . .  , M  
(46)  

with the following boundary conditions 

x ( m ,  N + 1)  = x ( m ,  N + 2)  = 0 and yz(m, N + 1)  

= yz(m, N + 2)  = 0 for m = 1, . . , M 

r ( m ,  n )  = CI( Yl(W + Y 2 ( W  .)) 
fo rn  = 1 ,  e . .  , N a n d f o r m  = 1, . * *  , M  

(47)  
and then apply to the result r ( m ,  n), the second filter in the vertical 
direction to obtain the final result y (m,  n ) .  

yl(m, n )  = a5r(m, n )  + a6r(m - 1, n )  

+ blyl(m - 1, n )  + b 2 ~ 1 ( m  - 2, n )  

form = 1, , M a n d f o r n  = 1, . . *  , N  

(48)  
with the following boundary conditions 

r ( 0 ,  n )  = 0, 

y,(O, n )  = yI( - 1 ,  n )  = 0 

y2(m, n )  = a7r(m + 1, n )  + a8r (m + 2, n )  

for n = 1 ,  * . , N 

+ bly2(m + 1, n )  + b2~2(m + 2, n )  

f o r m = M ; * . , l a n d f o r n = l ; - * , N  

(49)  
with the following boundary conditions 

r ( M  + 1, n )  = r ( M  + 2, n )  = 0 and 

y2(M + 1 ,  n )  = y 2 ( M  + 2, n )  = 0 

. 

for n = 1, . * * , N 

y (m,  n )  = c 2 ( Y I h  n )  + Yz(m, n ) )  

f o r n = l ; . . , N a n d f o r m = l , . . . , M .  

( 5 0 )  
By making use of their separability and the recursive implemen- 

tation of the one-dimensional filters derived and presented in Sec- 
tion 111, a convolution operation with the filters S S ( m ,  n ) ,  SS,(m,  
n )  and SS,(m, n )  can easily be implemented using the following 
2-D recursive filter structure. 

Dealing with the normalized 2-D smoothing filter given by 42 
leads to the choice of the coefficients as follows: 

a ,  = a5 = k; a2 = a6 = k e P ( a  - 1);  

u3 = a, = ke-"(a + 1 ) ;  a4 = as = -ke-2"; 

CI = c2 = 1. (51)  

Recursively computing the first directional x-derivative through 
the use of the filter given by 43 can be done with the following 
coefficients: 

a ,  = 0; a2 = 1; a3 = - 1 ;  a - - 0;  cI = - ( I  - 

( 5 2 )  

a8 = -ke-2"; c2 = 1; ( 5 3  1 
a5 = k; a6 = ke-*(a - 1);  a, = ke-a(a + 1);  

while the first directional y-derivative can be calculated by swap- 
ping a, with alr4 and c1 with c,. 

For all these applications, the coefficients b,, b2, and k are com- 
puted as follows: 
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The generalization to the 2-D case of the exponential filter pre- 
sented in Section 111-B results in a normalized 2-D smoothing filter 
that can be implemented following a computational effort of only 
6 multiplications. This can be done with the following set of coef- 
ficients: 

al = as = 1; a2 = a6 = 0 ;  a3 = a7 = e-";  a4 = ax = 0; 

cI = c2 = k,; b, = e-"; b2 = 0 .  ( 5 5 )  
The first derivative in x can be camed out efficiently with only 6 
operations per output element using the following set of coeffi- 
cients; 

al = 0; a2 = 1; a3 = -1; a4 = 0; c1 = - (1  - e - " ) ;  

b, = e-";  b2 = 0; 

as = 1 ;  a6 = 0; a7 = e-"; ax = 0;  c2 = k,; 

bl = e-"; b2 = 0 .  ( 5 7 )  
It is easy to see that swapping ai with ai+4 and c1 with c2 allows 

us to perform the first directional derivative in y .  

V. APPLICATION TO EDGE DETECTION 
The importance of the edges has led to extensive research on 

their detection, description, and use in computer vision systems. 
Several methods have been proposed and most of them consider 
estimates of the first or second derivative over some support as the 
appropriate quantity to characterize step edges. Respectively, peak 
and zero-crossings detections are then performed for the extraction 
step [ lo] ,  [2], [7]. This section deals with the application of the 
operators proposed to the problem of edge detection. First a new 
zero-crossing based edge detector that uses the general recursive 
filtering structure is presented. Second, Section V-B briefly re- 
sumes a first derivative based edge detector previously developed 
[ I l l .  

A .  Edges from the Zero-Crossings 

By the derivative rule of convolution, smoothing the input image 
with the operator S S ( m ,  n )  and calculating the Laplacian of the 
smoothed result can be done in one step by convolving the input 
image with the following filter: 

U ( m ,  n )  = SS,(m, n )  + SS,(m, n )  

= L ( m )  S ( n )  + S ( m )  L ( n )  ( 5 8 )  
where SS,,(m, n )  and SSyy(m, n )  are the second directional deriv- 
atives in x and y ,  respectively, of the smoothing filter S S ( m ,  n ) .  
The filters S ( n )  and L ( n )  are given by (7) and (35). Developing 
and simplifying, it can be shown that up to a multiplicative con- 
stant, we obtain: 

n )  = . e-"lnl  - ka Im 1 e-'lml 

. ka In I (59) 

Fixing k such that the output of the Laplacian to a constant input 

1 - e-2" 

2ae-"  ' 

is null requires: 

k = -  (60) 

Calculating the Laplacian of the input image x ( m ,  n )  through 
the convolution operation with LL(m,  n )  can be done in a very 
efficient way by using the following threefold algorithm. 

1 )  The convolution of x ( m ,  n )  with the first term of the two- 
dimensional Laplacian filter LL( m,  n ) ,  that corresponds to the sep- 
arable smoothing exponential filter, can be exactly implemented in 
a recursive way as described in Section IV with the set of coeffi- 
cients 55 and k ,  = 1 .  This leads to a computational effort of only 
4 multiplications and 6 additions per output element to obtain the 
image we denote r l ( m ,  n ) .  

2) The convolution of the input image x ( m ,  n )  with the second 
term of LL(m,  n )  can be done by applying the recursive filtering 
structure (45)-(50) to the input image x ( m ,  n )  with the following 
set of coefficients to obtain the image r 2  ( m ,  n ) :  

a ,  = a5 = 0; a2 = a6 = 1; a3 = a7 = 1 ;  a4 = ax = 0; 

( 6 1 )  

3) The Laplacian of the input image x (m, n )  has to be computed 
by subtracting r 2 ( m ,  n )  from r l ( m ,  n ) .  The Laplacian is camed 
out very simply and efficiently utilizing this algorithm. It requires 
only 14 multiplications and 16 additions per output element inde- 
pendently of the size of the neighborhood considered and specified 
by the parameter a.  In particular, this allows to extract zero-cross- 
ings of an image and to carry out a multi-scale edge representation 
in a very efficient way. 

Note that an approximation of this Laplacian can be obtained by 
recursively smoothing the input image using (45)-(50) with the set 
of coefficients given by (5 1) and then just take the 3 by 3 Laplacian. 
This will require a total of 16 multiplications and 14 additions in 
order to smooth and 4 additions and a shift for the Laplacian. Tak- 
ing into account that this direct method uses a 3 by 3 approximation 
mask for the Laplacian, this clearly shows that the proposed three- 
fold algorithm has to be preferred. 

B .  Edges from the First Derivatives 
We use the directional masks given by (43) and (44) to calculate 

the first directional derivatives I , ( i ,  j )  and I , ( i ,  j )  of the image 
Z ( i ,  j )  from where the edges has to be extracted. This is done 
following the highly efficient recursive algorithm described by (45)- 
(50) with the set of coefficients given by (52) and (53). The local 
orientation of an edge is then taken to be the direction of the tan- 
gent along the contour in the image plane, and can be computed 
from the first directional derivatives I, ( i ,  j ) and I,  ( i ,  j ). The gra- 
dient magnitude image is then nonmaxima suppressed in the exact 
gradient direction and thresholded with hysterisis, i.e., if any part 
of a contour is above a high threshold t h , ,  that point is immediately 
output, as is the entire segment of the contour which contains the 
point and which lies above a low threshold th2. The nonmaxima 
suppression scheme uses a nine-pixel neighborhood and requires 
three points, one of which will be the current point, and the other 
two should be estimates of the gradient magnitude at points dis- 
placed from the current point by the vector normal to the edge di- 
rection. This step requires in our implementation 6 multiplications 
and 4 additions per input element. This is not excessive and has 
been found to perform much better than a simpler scheme which 
uses two neighbors. 

It is worthwhile to note that while the operators used in [ 131 are 
different from those used in [ l l ] ,  they can also be implemented 
using the general recursive filtering structure presented in this cor- 
respondence. 

C. On the Computational Effort and Multiscale Edge Detection 
An issue that is often raised in the evaluation of edge detection 

methods is their computational complexity. Following our recur- 
sive implementation, the total number of operations required to ob- 
tain the directional derivatives in x and y is 26 multiplications and 
24 additions. Using any separable filter of size N and taking into 
account the symmetry of the smoothing filter and the antisymmetry 
of the detector filter, one obtains 2 * N operations per output ele- 
ment. From these results, it is clear that in a finite impulse response 
(FIR) implementation, the computational effort is directly propor- 
tional to the size of the neighborhood considered. The extent of the 
computational advantage depends however on the resolution at 
which we operate, i.e., the parameter a. While for small N both 
approaches, FIR and IIR, seem to deal with the same number of 
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operations per input element, it is easy to see how well our ap- 
proach can be used in schemes where N can be very large. 

Detecting edges at multiple resolutions is a typical application 
where large filters are required. It is our belief that the use of the 
general recursive filtering structure we presented is very useful in 
such a context. It is only necessary to change one parameter a to 
deal with large operators without changing time execution. Of 
course, the important problem of sorting out the relevant changes 
at each resolution and combining them into a representation that 
can be used effectively by later processes is not addressed here. 
Many papers have been devoted to this probem 131, [6], [2] [8]. 
Burt [5] has defined a multiresolution technique of regularly spaced 
resolution levels and considered some applications on motion, tex- 
ture, and edge detection analysis. Crowey [8] proposed a represen- 
tation based on the difference of low-pass transform of an image. 
It is constructed by detecting peaks and ridges in each bandpass 
images and in the entire 3-D space defined by the dfference of the 
low-pass transform. This representation has been applied effi- 
ciently to the task of comparing the structure of two shapes to de- 
termine the correspondence of their components Witkin [3] pro- 
posed to convolve the original image with a Gaussian filter over a 
continuum of scales and to use the map describing the displacement 
of the zero crossings over the scales as an effective description of 
the original image. 

The low level vision algorithms described here can also be com- 
puted in the spectral domain through the use of the fast Fourier 
transform and the convolution theorem. An interesting point, then, 
is to compare the spectral domain approach to the one proposed 
here. As the filters used are separable, the comparison can be made 
only in the one-dimensional case since the one-dimensional filter 
is convolved twice, once oriented horizontally and once vertically. 
Using the FFT approach, the 2-D convolution would be performed 
by Fourier transforming the input image, multiplying the result by 
the Fourier transform of the 2-D filter considered and back trans- 
forming the product to obtain the result required. Since the pro- 
posed filters can be Fourier transformed analytically, only two 
FFT’s are required. Dealing with an input image of size M * N 
pixels leads to a total number of real multiplications of roughly 2 
* M * N * log, (M * N )  taking into account that the input image 
is real and performing the 2-D FFT on the M * N basis. It should 
be noted however that to avoid wrap-around errors due to the fact 
that the image and 2-D filter are not periodic, we have to extend 
the image so that the 2-D FFT is calculated on a basis K * L such 
that K > =  M + m - 1 a n d L  > =  N + n - 1 ( m  * n  is thesize 
of the 2-D filter) and K and L power of 2 .  The number of operations 
required and given below therefore somewhat underestimates the 
computational effort required and must be corrected. Assuming that 
the 2-D FFT are performed on the 2 * M * 2 * N basis results then 
in a real number of real multiplications of roughly 4 * M * N * log, 
( 4  * M * N ) .  This has to be compared to 16 * M * N and 13 * M 
* N for the recursive implementation of the 2-D smoothing and 
directional derivative in x or y filter and 12 * M * N for the 2-D 
Laplacian. Thus, it is clear that it is still best to use the recursive 
filtering to carry out the smoothing or the derivative step. It should 
be pointed out that the above comparisons assume that the image 
can be stored in memory. This is usually not practical for a large 
image. The Fourier transformation of a large image on disk is time 
consuming because a transposition step is required. Also, a large 
disk area is required to store the image and the intermediates re- 
sults. Recursive filtering of order two overcomes both of these 
problems because only three image lines need to be read to calcu- 
late each output image row. This is an important practical advan- 
tage which should be considered. 

VI. EXPERIMENTAL RESULTS 
The algorithms presented have been tested on different types of 

images. Various real world images, typical indoor scenes and noisy 
images, were selected and the presented algorithms provided very 
good results for all types. 

Fig. 1 .  Shapes of the recursive smoothing operator (solid line) and 
Gaussian filter (dashed line). 
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Fig. 2 .  Shapes of the recursive derivative operator (solid line) and the first 
derivative of the Gaussian filter (dashed line). 

For comparison purposes, Fig. 1 gives the shape of the smooth- 
ing filter S( n )  (solid line) and compares it to the Gaussian smooth- 
ing filter (dashed line) while Fig. 2 deals with the derivative filter 
D ( n )  (solid line) and the first derivative of a Gaussian (dashed 
line). For the sake of the comparison, the operators have been 
scaled to have the same maximum amplitude. Choosing the param- 
eters a and a in such a way that both smoothing filters have the 
same total energy leads to the following condition: 

In order to have smooth curves, we used the following values in 
the figures ( a  = 10 and 01 = 0.14). Note that the shapes of S ( n )  
and D (n) shown by the figures are the discrete impulses responses 
using the actual recursive filters. To obtain S ( n )  and D ( n ) ,  we 
used (15)-(17) and (28)-(30), respectively, with the following in- 
p u t s i g n a l x ( n ) = O f o r n =  l;.. , 1 0 1 e x c e p t x ( 5 5 ) =  1. 

For people more familiarized with the Gaussian filtering, an ap- 
propriate value for the parameter Q can be found through the use 
of (62). It gives the relation between the parameter a and a. Typ- 
ical values for the parameter a are between 0.5 and 1.5 when we 
deal with images not very noisy. 

Figs. 3 and 4 provide first a demonstration for the need of small 
a (i.e., large size operator) when dealing with very noisy data and 
show the capabilities of the derivative operator in such cases. Fig. 
3 upper left shows a simple step edge, to which a Gaussian noise 
of zero mean have been added. The signal-to-noise ratio (SNR), 
defined as the ratio of the edge contrast to the standard deviation 
of the added noise, has been set to 5. In upper right to lower right, 
are the outputs of the three step edges recursively convolved with 
our derivative operator using a = 1, 01 = 0.5, and a = 0.25, 



84 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 12, NO. I .  JANUARY 1990 

m m  
mJE1:- tep lwpB 

Fig. 3.  Detection of a noisy step edge. Upper left: Original noisy step with 
SNR = 5 .  Upper right: Detection with (Y = 1 .  Lower left: Detection 
with (Y = 0.5. Lower right: Detection with (Y = 0.25. 

respectively, with the same computational effort of 5 operations per 
input point. In Fig. 4 ,  the SNR has been set to 1. 

For an SNR of 5 ,  all values of CY are capabale of detecting the 
primary edge and respond more strongly to this edge than those 
due to the added noise. However, the smallest operator (biggest 
CY) breaks down very fast, and for a SNR of 1, is unable to detect 
the primary edge behind the noise. The largest operator, here cor- 
responding to the smallest a, is capable of responding more strongly 
to the underlying edge even in the presence of large amounts of 
noise. 

Figs. 5 and 6 show original indoor scenes which we are working 
with. Figs. 7 and 8 show all the local maxima extracted from the 
original images using the algorithm described in Section V-B. Figs. 
9 and 10 show the zero-crossing obtained from the original images 
using the very fast recursive Laplacian described in Section V-A. 
Thresholding with hysterisis the local maxima and zero-crossings 
shown by Figs. 7-10 lead to the edges shown in Figs. 11-14, re- 
spectively. 

Features such as zero-crossings contours when derived with the 
use of the Laplacian generally form closed contours, while features 

obtained with directional derivatives generally do not have such 
special geometric properties. From our experimental work, we ob- 
served that the Laplacian, even when used in an FIR implementa- 
tion with a Gaussian smoothing filter does not correctly capture the 
intensity changes that we want to detect in areas where the orien- 
tation of an edge is changing rapidly in the image. This is well 
shown in Figs. 13 and 14, where we can observe that for edges 
whose orientation is stable, the edges extracted coincide with those 
shown in Fig. 12, while in areas around a comer they do not. While 
the use of the Laplacian is simpler and requires less computation 
than the use of nonmaximum suppression which uses directional 
derivatives, the last one, however, yields better localization of the 
position of intensity changes near of the comers and presents less 
sensitivity to noise. 

In order to detect edges at different resolutions, we have used 
the recursive Laplacian with different a. The results obtained with 
the same computational effort of 14 operations per output element 
are shown in Fig. 15. An important problem not addressed in this 
correspondence is then to find a way to combine the extracted edges 
into a representation that can be used effectively by later processes. 
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Fig. 4 .  Detection of a noise step edge. Upper lefi: Original noisy step with 
SNR = 1. Upper right: Detection with CY = 1. Lower left: Detection 
with CY = 0.5. Lower right: Detection with CY = 0.25. 

Fig. 5 .  Original indoor scene. Fig. 6 .  Original corridor scene 



86 It t  t I K.ANSACTIOUS OK Pi\TTFRN 

Fig. 7 .  Indoor scene: local maxima extracted using the recursive first de- 
rivatives. 

Fig. 10. Comdor scene: zero-crossings extracted using the recursive La- 
placian. 

Fig. 8 .  Corridor scene: local maxima extracted using the recursive first 
derivatives. 

Fig. 1 1 .  Indoor scene: edges using the first derivatives and an hy5teriais 
thresholding 

Fig. 9 .  Indoor scene: zero-crossings extracted using the recursive Lapla- 
cian. 

VII. CONCLUSION 
In this correspondence, we examined the use of recursive filter- 

ing in low level image processing and computer vision and various 
recursive filtering procedures have been described in particular to 
deal with the problem of edge detection. We have shown that the 
recursive filtering appears as a promising tool for efficient imple- 
mentation of multiscale edge detection schemes and a new edge 
detector based on a zero-crossing scheme has been proposed. It is 

Fig. 1 2 .  Corridor scene: edges using the first derivatives and an hysterisis 
thresholding. 

hoped that this correspondence will encourage the wider use of thij 
filtering technique. 
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Fig, 13, ~~d~~~ scene: edges using the recursive Laplacia,, and an hyster. 
isis thresholding. 

Fig. 14. Corridor scene: edges using the recursive Laplacian and an hys- 
terisis thresholding. 

Feature Point Correspondence in the Presence of 
Occlusion 

V SALARI ALII ISHWAR K SETHI 

Abstract-Occlusion and poor feature point detection are two main 
difficulties in the use of multiple frames for establishing correspon- 
dence of feature points. A new formulation of the correspondence 
problem as an optimization problem is discussed to handle these diffi- 
culties. Modifications to an existing iterative optimization procedure 
are discussed to solve the new formulation of the correspondence proh- 

Fig. 15. Multiscale edge detection using the recursive Laplacian. Upper 
le@: Zero-crossings with (Y = I .  Upper righr: Zero-crossings with 01 = 
0.75. Lower l e f ;  Zero-crossing? with CY = 0.5.  Lower right: Zero-cross- 
ings with a = 0 .25 .  
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