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Abstract

We study the empirical performance of Primal-Dual Hybrid Gradient (PDHG) method on different class of
optimization problems arising in machine learning and other areas. We demonstrate numerical superiority of
PDHG in various scenarios. Besides, we compare the performance of PDHG with other gradient type methods.
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1 Introduction

Primal-dual methods are widely used for solving optimization problems with constraints. Encoding such
nonsmooth constrains we replace original problem with the problem of finding saddle points of the Lagrangian.
More precisely we consider the problem of the form

min | f(z) + fa(z) + gHg2(A) |. (1)

Here f and g are convex functions for which the proximal operators are easily computable; A : X — Y is a linear
operator. We assume that we have an access to g* and g5 Fenchel-Legendre conjugates of g and g2 respectively.
Finally, fo and g5 are convex functions with L and Ly« Lipschitz gradients. As it was stated before, we consider
primal-dual methods which are searching for a saddle point of of the Lagrangian, which has the following form

L(z,y) = f(z) + fa(z) + (Az,y) — 9" (y) — 92(y)- (2)
The point (z*,y*) is called a saddle point for the Lagrangian if it satisfies
L(z,y") < L(z*,y") < L(z*,y) VzeX,ye. (3)

We assume throughout the paper that at least one saddle point exists. It can be guaranteed using Slater’s
constraint qualification condition.

There exist different ways to measure the convergence of primal-dual algorithms: duality gap, Karush-Kuhn-
Tacker (KKT) error, metrical subregularity |Rockafellar and Wets| [1998|, smoothed gap |ITran-Dinh et al., 2018|.
Recently Quadratic Error Bound has been introduced in [Fercoq, 2021 which properly reflect the behaviour of
PDHG. This regularity assumption holds for a wide range of problems such as strongly convex-concave problem
or linear programming.

2 Preliminaries
In this section we introduce necessary definitions and notation which will be used throughout the paper.

2.1 Notation

We denote X the primal space, ) the dual space. The proximal operator of a function f is given by proxf(x’ ) =

arg min,, [ f@)+3z—a Hﬂ . We will use the indicator function ¢ of a convex set C' which is defined as

0 ifxed
o=
+oo ifxé¢C.

follows

Besides, Fenchel-Legendre conjugate f* of a function f is defined by

f*(y) = sup [(x,y) — f(2)].

zeX

2.2 Definitions

First we define the epigraph of a function f.
Definition 2.1. Let f : X — RU{+oo}. The epigraph of f, denoted by epi f, is the subset of X X R defined by

epi f={(z,t) e X xR:t> f(x)}.

Knowing what the epigraph is, we can define the definition of convex function.



Definition 2.2. A function f: X — RU{+oc} is convez if its epigraph is a convez set.
More restricted class of convex functions is a class of so called strongly-convex functions.

Definition 2.3. A function f : X — RU {400} is p-strongly convez if f — &||z|* is convez.
Now we define what strongly convex-concave Lagrangian function means.

Definition 2.4. The Lagrangian function is p-strongly convez-concave, if x — L(x,y) is u-strongly convex for
all y, and y — —L(x,y) is p-strongly convez for all x.

Moreover, we will work with L-smooth functions.

Definition 2.5. Let f : X — RU{+4o00} is L-smooth, if it is continuously differentiable and |V f(z) — V f(2')|| <
Lz —2'| for all x,a'.

3 Brief description of existing methods

Now we describe the methods we will compare later in numerical experiments.

3.1 Primal-Dual Hybrid Gradient

We start with Primal-Dual Hybrid Gradient (PDHG) method which is defined by Algorithm |1l This algorithm
was designed to find a saddle point of the Lagrangian (see |Fercoq, [2021] for more detailed description
and convergence theory of the method under different optimality measures). Quadratic Error Bound (QEB)
was introduced in [Fercoq, [2021] which unifies existing optimilaty measures for PDHG analysis like strong
convexity |[Chambolle and Pockl [2011] and metrical subregularity |Liang et al., 2016|. |[Fercoq, 2021] shows linear
convergence of PDHG under Quadratic Error Bound regularity condition.

Algorithm 1 Primal-Dual Hybrid Gradient (PDHG)

1: Parameters: stepsizes 7,0

2: Initialization: zo € X,y9 € Y

3: for £k=0,1,2,...,K do

4 Tyl = Prox,g (xk — 7V fo(2¥) — TATyk)
5: Yk+1 = Prox g« (yk — oV (yk;) + O’Ai‘k_;,_l)
6: Thy1 = Tpp1 — TA (Y1 — Yn)

T Ykl = Ykl

8: end for

9: return (Tg, YK)

3.2 Restarted Averaged Primal-Dual Hybrid Gradient

One of the popular techniques to make the performance of a certain method better is to average all iterates and
issue this mean as the output of averaged method. This technique could be applied on PDHG which lead to
Averaged PDHG (Algorithm . [Fercoq, 2021] suggests to restart APDHG to get even better performance (see
Algorithm . Under certain assumptions (for example, Quadratic Error Bound) restarted ADPHG coverges
linearly (see Proposition 13 from |Fercoq, [2021]).



Algorithm 2 Averaged Primal-Dual Hybrid Gradient (APDHG)

1: Parameters: stepsizes 7,0

2: Initialization: zg € X,yp € Y
3: for k=0,1,2,..., K —1 do
4 Tpy1 = prox, g (zp — 7V fo(a®) — TATy)
5 Ukt1 = ProXggs (Yx — oV fa(yr) + 0 AZpy1)
6 Tpp1 = Tpr1 — TAT (Jrt1 — Yk

7

8

9

Yk+1 = Yk41
: end for
Kl K1
Tk =% > Tip1 Uk =% 2 Uil
=0 1=0
10: return (T, Jx)

Algorithm 3 restarted Averaged Primal-Dual Hybrid Gradient (rAPDHG)

1: Parameters: stepsizes 7, Bk, to € R, integer period K

2: Initialization: zg € X,y € Y

3: for t=0,1,2,...,7T—1 do

4: x(t+1)K = APDHG(xtK, K) run APDHG for K iterations starting from x;x
5: end for

6: return g

3.3 FISTA and its extensions

Next, we consider Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) [Beck and Teboulle, [2009]. This
method was designed to solve problems of the form (so called composite problem)

iy | 0) + 9(0).
where g is convex l.s.c. function with easily computable proximal operator, and f is a convex function with
Lipschitz gradient. |Beck and Teboulle, 2009] shows optimal (’)(k%) convergence of FISTA. Later [Fercoq and Qu,
2019| analyses restarted version of FISTA (rFISTA) and proves optimal linear convergence. Besides, [Chambolle
and Pock, [2016| considers strongly convex case of the composite problem, and proves optimal linear convergence
of FISTA-PC (modification of FISTA for strongly convex composite problem). However, we would like to note
that rFISTA is provably works for more wide class of problems satisfying QEB. All three methods are presented
by Algorithms [4] and For FISTA-PC we use constants i, iy for strong convexity parameters of f and g
respectively.

We would like to point out that FISTA and restarted FISTA provably converge for much wider class of
functions (satisfying Quadratic Error Bound) than FISTA-PC that converges only in strongly convex case.
Besides, in practice it is much difficult to estimate strong convexity parameter than the Lipschitz constant of the

gradient. Thus it could be complicated to find best parameters for appropriate performance of FISTA-PC rather
for rFISTA.

3.4 Primal-dual method with random extrapolation and coordinate descent

In this section we investigate Primal-dual method with random extrapolation and coordinate descent (PURE-
CD) |Alacaoglu et all 2020]. This method was created to solve problems of the form

miy f(x) + g(x) + h(Az)|,



Algorithm 4 Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) and FISTA-PC

1. Parameters: stepsizes 7, B, to € R, ¢ = 7#/1471p,4
2: Initialization: g =x_1 € X

3: for k=0,1,2,..., K —1 do

4 Yk =z + B (T — Tp-1)

5 Tpy1 = proxey (yx — 7V f(yk))

14++/14482 t—1
6: tpy1 = fk, ﬂkJrl = t];;T FISTA update
L—gt7 ++/(1—qt} )2 +4t; to—1 14+7pg—tpp17H
T th+1 = k 5 k k. ﬁ]ﬁ.l = tlz-»—l 19—7'Mf+ FISTA-PC update
8: end for

9: return r g

Algorithm 5 restarted Fast Iterative Shrinkage-Thresholding Algorithm (rFISTA)

1: Parameters: stepsizes 7, Bk, to € R, integer period K

2: Initialization: zo=2x_1 € X

3: for t=0,1,2,....,7—1 do

4: T(+1)K = FISTA({L'tK, K) run FISTA for K iterations starting from x;x
5: end for

6: return x7g

where f,g : X - RU{+o0} and h : ) — R U {+o0} are proper, lower semicontinuous, convex functions,
A: X — Y is a linear operator. We assume that Euclidean spaces X and ) can be represented as X = [ &;
and Y = H;nzl Yj. In the simplest case, when X = R"™ and Y = R™, this is obvouisly true. Moreover, f
is assumed to have coordinatewise Lipschitz continuous gradients and g, h admit easily computable proximal
operators. PURE-CD as PDHG works in X x ). The pseudocode of PURE-CD is represented in Algorithm [0}

In this section we use additional notation. We consider the proximal operator of a function g with respect to
positive semidefinite matrix V'

1
proxy, () = argmin |g(z') + B 2" — xH?/,l
fE,

Here ||u||4 is defined as follows
[ulla =/ (Au, u),

where A is a positive definite matrix. In case of diagonal matrix V' each diagonal entire of V is used as a stepsize
for corresponding coordinate. Moreover, we are required to define the following notation

J(Z) = {j S [’I’)’L] : Aji #+ 0}.
The Lagrangian function of this problem has the form

L(z,y) = f(z) + g(z) + (Az,y) — h*(y).

4 Optimization problems

4.1 Ridge regression

The first problem we consider is Ridge regression. The problem has the following form

|1 2 A 2
Az — b2+ 2
min 2|| =0 +2||x|| ,



Algorithm 6 Primal-Dual method with Random Extrapolation and Coordinate Descent (PURE-CD)
1: Parameters: Diagonal matrices 6, 7,0 > 0
2: Initialization: zo € X,yp € Y
3: for £=0,1,2,..K —1 do
4 Pry1 = ProX, s (yp + o Axy)
Tpy1 = Prox, , (mk -7 (Vf(mk) + ATﬂkH))
sample ix4q € [n] with P (ig4q =) = p;

Tht1 _ =0k41
Tpi1 = T

xi,ﬂ = xi/, YV # Qg1

Ver1 = Vi1 + 0305 (A(zra — 2x)); Vi € J(ins1)
10 Yl =Y Vi & J(iky1)

11: end for

12: return (T, Yr)

where A is positive regularization parameter. Such regularization is used when linear system Ax = b has infinite
number of solutions. We choose the solution with the smallest norm. Usually #» is applied if data suffers from
multicollinearity. Referring to (I), we set g(Az) = § || Az — b||?, ie. g(z) = 2z — b||*, and f(z) = 2||x||?. Other
functions are zero.

First, we need to find g*.

Lemma 4.1. The Fenchel-Legendre conjugate of g = % |z — bH2 is given by

N 1
9" () = 5 lyl* + (v, b)
Proof. We write the definition of the Fenchel-Legendre conjugate
1 2
9" (y) = sup |{y,z) — 5 [l = b7 -
x
This is the strongly convex problem, thus the solution is unique. By the Fermat rule we get

y—z+b=0=x=y+0.

Finally, putting the above into the definition of Fenchel-Legendre conjugate we derive

. 1
g'(w) + (yy+0) = ly+b—bl

1
= S+ ).
O
Now we need to find the explicit form of proximal operators for f and g*.
Lemma 4.2. The prozimal operator of Tf, where f = %Hx”z, is given by
(2) =
rox. ¢(z) = .
PrO¥ry 147X
Proof. We write the definition of a proximal operator
T 1
prox, ¢(x) = arg min ?Hx’HQ +3 |« — xH2 .
J:,
By the Fermat rule we obtain
4 —r=0=a = —
1+7X\
O



Lemma 4.3. The prozimal operator of og*, where g*(y) = %HyH2 + (y,b), is given by

T —ob
140

ProX, g« (r) =

Proof. We write the definition of a proximal operator

ProX g« () :arg;,nin %H:c'H2+U<m',b>+%Hx’—xH2 :

By the Fermat rule we get
x —ob

o' +ob+1z —rz=0=2 = .
1+o

The Lagrangian function of Ridge regression problem has the following problem

A 1
L(e,y) = Gllall® + (Az,5) = Sl — (5.5)

It is A-strongly convex in z and 1-strongly concave in y. Finally, f is L-smooth with L = Apax(A ' A), where
Amax (M) denotes the largest eigenvalue of M.

4.2 Elastic net regression

Now we consider Elastic net regression problem of the form

min | 24z — b + el + 22 el

where A1, Ao are positive regularization constants. Use of ¢o regularization has the same meaning as for Ridge
regression. Besides, we also add thresholding via ¢; regularization. This means that we select only important
features corresponding to large values of x and throw away others. In this case we use the following notation:
F(@) = Mllzlhs falw) = 22 [2]2, and g(=) = 31z — b2, ie. g(Az) = L ]| Az —b|]".

We already now the explicit form of the Fenchel-Legendre conjugate of g (see Lemma . Moreover, we
don’t have to use proximal operator of fo, but fs is L-smooth with L = Ay. The only thing that is still unknown
is the proximal operator of f = || - ;.

Lemma 4.4. The prozimal operator of 7f(x), where f(x) = Ai||z||1, is given by

T, — TN if x> TN
[prox, (z)], = 4 0 if ®i € [—=TA1,TA1] -
T+ TN i < —TM

Proof. Recall that the subdifferntial of |x| can be given in the following way

1 ifx >0
Olz|=¢[-1,1] ifz=0.
-1 ifz <0

Now we write the definition of proximal operator of 7f

prox, ;(x) = argmin |7 [|l2'||1 + % |z’ — acH2 .
x/

7



Note, that the subproblem inside argmin is separable, thus the solution can be found for each component
separately

[profo(x)]i = arg;nin 1|2} + %(wi — z)?
Since both functions in arg min are convex with domain R, then the Fermat rule can be written as follows
0 € TAO|z)| + o} — ;.

Now we consider all three cases. If z > 0, then

O:T)\l—l—:cg—xi:x;::):i—T)\l.
We get that this case could be realized if x; > 7A;. Now let be x; < 0, then

0=—T\ +2} —2; =2, =2+ T)\1.
This case is realized, if x; < —7A;. Finally, if z; = 0, then we obtain

0€ [T, TAM|+0—z; = x; € [-TA1,TA1].

Combining all the above we derive

T, — TN M x; >TN
l’;: 0 if x; € [—T)\l,TAl],
v +TM ifx < —TA

that concludes the proof. O
Note that the result above can be written as follows:
ProX,y, |lz||, (Z) = sign(x) max{|z| — 71,0},
where all functions work element-wise. For example, for € R? we have

sign : R? — RY,  [sign(z)]; = sign(z;) Vi € [d],
d d
|‘R — RY, HJZH@:‘{L‘ZL
max : R? = R? [max{z,0}], = max{x;,0},
where 0 is a vector of zeros. Such explicit form allows efficient implementation of this proximal operator in

practice.
Finally, we write the explicit of form of the Lagrangian function of this problem

A2 1
L(z,y) = Mzl + 5 lel* + (A, y) = Sllyll* = (v, ).

This function is Ag-strongly convex in x and 1-strongly concave in y.



4.3 Logistic regression

Next, we study one of the most popular models in classic machine learning, which is Logistic regression model
for binary classification. This linear classifier returnes the probability that the object belongs to a certain class.
Let {(z;,y:)})Y, be a data set, where each pair consists of a feature vector z; € R% and class label y; € {—1,1}.
We consider 5 regularized problem

N

. A

min [§ 1 log (1 + exp(—yz':r?w)) + 2H$H2] :
1=

where w € R? denotes the parameters of the model. Now we define a function of the form

Zlog 1+ exp(—yizi)) Z h(yizi), z¢€ RY, (4)
=1

where h(t) = log (1 + exp(—t)). Using g we can write the main part in the original problem as g(Xw), where
X = € RVxd

is a feature matrix. We define the regularization term as f, and we already know the explicit form of proximal
operator of 7f. Now we need to find the Fenchel-Legendre conjugate of g.

Lemma 4.5. The Fenchel-Legendre conjugate of g which is defined in has the following form
ads

Proof. We write the definition

g°(¢) = sup | (¢, Zlog 1+ exp(—yizi))
=1

The subproblem inside sup is separable, hence we can solve it componentwise. The i-th component has the form
as follows

9i (pi) = sup [piz; — log (1 + exp(—yiz))],

2

and g*(¢) = Efil 97 (¢i). Let consider the first case y; = —1, then

g; (¢i) = sup [p;z; — log (1 + exp(2;))] -

Zi

Writing the Fermat rule we obtain
ezi 23
; — =0= ;= :
T T e YT T e

We clearly see that g is well defined for ¢; € (0,1). Taking log of both sides we get

log ; = z; — log(1 + *). (5)

Besides, we have
e~ 1

1+es 1+4e%’

l—pi=1-

9



thus we also get
log(1 — ;) = —log(1 + €*). (6)
Subtracting @ from we obtain
log @i —log(1 — i) = 2.

Combining all the above we finally derive
9i (@) = izi —log (1 + exp(z))
= i (log(¢ps) — log(1 — ;) — log (1 + 1 90:0 )

— ¥

= pilogp; + (1 — ;) log(l — ¢;).

Now assume that y; = 1, then
9i (i) = sup [piz; — log (1 + exp(—2y))] -

zi
Writing the Fermat rule again we get

—z —2;

T
P T em YT T e
Taking log of both sides we get
log(—p;) = —z; — log(1 4+ e ). (7)
Besides, we have
lto =1 e 1
i 14+e 7% 14e="
So we also have the equality
log(1+ ;) = —log(1 4+ e *). (8)

Subtracting from we get
log(1 4 ;) — log(—p;) = 2.

Finally, we have
= i (log(1 + i) — log(—¢i)) — log <1 + )

1+
= (14 i) log(1 + pi) — w;log(—pi).

One formula that combines both cases has the form

9; (¢i) = —yipilog (—yipi) + (1 + yiwi) log(1 + yiws).

The whole conjugate of g has the following form

N
g (pi) = > —vipilog (—yips) + (1 + viei) log(1 + yir)- 9)
=1

Now we need to find a proximal operator of g*.

Lemma 4.6. The proximal operator of a function g, which has the form @D, can be written as

SS

10



Proof. We again begin with writing the definition of a proximal operator of g*

N
. 1
Prox,- () = arg min [Z —yigilog (—uigl) + (1 +yidh) log(1 + i) + 5 ||« - ol

¥ i=1

This optimization problem is separable, thus we consider only one component

¥} 2

Writing the Fermat rule we have

0 = —ui(l+4+log(—viv;)) + vi(1+log(1 + yis)) + ¥ — @i

—yi log(—yi;) + yi log(1 + yi}) + ¥ — i

4.4 Support vector machine

The objective of the support vector machine algorithm is to find an optimal hyperplane in an d-dimensional
space, where d is the number of features, that distinctly classifies the data points. The optimilaty is characterized
by the fact that the distance from the closest point to a hyperplane is the largest. Let {(z;, %)}, be a data
set, where x; € R? is a feature vector, and y; € {—1,1} is a class label. From mathematical point of view, ¢;

regularized SVM problem can be formulated as follows
N
Ir%li}n [z; max (0, 1-— xly:w> + )\||w]1] .
1=
We set f(w) = M|wl1, and g (D(y)Xw), where

N
g(z) = Zmax(O, 1—-z) VzeRY,
i=1

and
xlT yv1 0 ... 0
T
T 0 ... 0
x=|?|er ppy=|. # T |ervy,
:c} 0 0 ... yn

Proximal operator of 7f was already found in Lemma Now we need to find the Fenchel-Legendre conjugate

of g.

Lemma 4.7. The Fenchel-Legendre of g has the following form

g () = (e, 1) + t_1 gn ()

N N
Proof. First, note that g(z) = Y max(0,1 — z;) = > I(z). Then we can write the Fenchel-Legendre conjugate
i=1 i=1

of g via
N

g (p) =D I"(p).

i=1

11

. 1
arg min [—yzwé log (—yig;) + (14 yi;) log(1 + yi;) + = (4} — w)ﬂ :

] |



Thus we need to find I*(t)

I*(t) = sup[st —max(0,1— s)]

s

oo Ezrf (st = (1 =s)),sup W

— max [2311) (s(t+ 1) = 1), sup (st)] .

Now we analyse several cases in order to find explicit form for [*. If £ > 0, then st is not upper bounded above
for s > 1, thus I*(t) = +o0. If s < —1, then s(¢ + 1) is not upper bounded above for s < 1, thus I*(t) = +oc0. Let
t € [-1,0], then

supst =t, sups(t+1)—1=¢t.
s>1 s<1

Combining everything, we derive the explicit form of I*(¢)

() =t+ 1)

Finally, we have the following form for ¢*

N

g (@) = _ @i+ y-10(ei) = (0, 1) + /-1 g (), (10)

i=1

where 1 € RY is the vector of ones. O
Knowing the explicit form of g* we are ready to compute a proximal operator for og*.
Lemma 4.8. The proximal operator for og*, where g* is defined in , s given by
pi—o ifpi€[-1+0,0]

[proxgg*(go)]i =10 if i >0
-1 ifo;<—1+0

Proof. We write the definition of a proximal operator
. ’ ’ 1 ’ 2
Prox,g- () = argmin 1o (¢, 1) + 1 gv (¢) + 5 [l = ¢ -
o’

The optimization subproblem inside arg min is separable, hence we can solve it componentwise. We consider the
problem of the form

) 1
arg min [WP; + ‘[71,0](%) + 5(% - 901‘)2} :
Pi

This problem is equivalent to the following one

1
H;%n {USOQ + 5(% - <Pi)2] st @l <0,—1— ¢l <0.

Note, that the function we minimize is a second degree polynomial with positive senior coefficient. Thus we can
easily find a solution of this problem. Note, that if we solve unconstrained problem, then the solution is given by

(‘P;)* = _(;:/;pi) =$i—0.

12



If p; — o € [—1,0], then global solution is also the solution of constrained problem. If ¢; — o > 0, then (¢}), = 0.
If p; — 0 < —1, then (¢}), = —1. Combining all the above we obtain

pi—o ifyp; €[-1+0,0]
(902)*: 0 ifg0i>0'
-1 ifp,<—-1+4+0

The proximal operator of og* can be shortly written as the thresholding function.
Remark 4.9. For clarification, when we work with SVM problem the role of arbitrary matriz A in plays the
matriz D(b)A, since SVM problem is written as

muin g(D(b)Aw) + Allw]|1 |-

Remark 4.10. For PURE-CD method prozimal operators are defined with respect to function and positive definite
matriz. In general, it is not possible to give explicit form of the prozimal operator (for example, if the function is
01 norm). However, for the method itself we only need to know the explicit form of proximal operator with diagonal
matriz. This could be seen as the generalization of all proximal operators we have computed above, but with its
own stepsize T for each coordinate. Since all proximal operators are defined element-wise, this generalization is
straightforward.

5 Experiments

In this section we present experimental results of comparison of the methods described in Section

5.1 Parameters setting and data sets

Rustem: to do

13



6 How to choose stepsizes if strong convexity parameters are unknown?
We work with the problem of the form
L(z,y) = f(x) + (Az,y) — 9" (),

i.e. we assume that fo and go are zero functions.

6.1 Adaptive local estimation
Based on the paper [Vladarean et al., [2021] we propose the following way how to handle the issue of unknown
strong convexity parameters. From the definition of strong convexity
p(@1) = p(x2) + (Vo(2), 21 — 32) + g”xl —a2?
we may estimate local strong convexity parameter that we need to compute xx11 and yx41 as follows

flag) — flag—1) — (Vf(@g-1), 06 — T—1)
sllen — zp ]

k= 9" (yk) — 9" (Ye-1) — (V9" (Yr-1), Y — Y1)

g Hlyk — yr—1]? '

)

iy =

Using these estimators we define constants 74 and oy, in the following way

T pEe 1 U w1
k = MTAN? k = T AN
w5 1Al pg 1Al

or
. pho 1 kot 2 , pk g pb? kst
Th =N Q |~ T [ F s ey 0 ok = ming | o Ok | L g s

6.2 Adaptive restart of PDHG

Definition 6.1. We say that a function f: X — RU{+oo} has a quadratic error bound if there exists n and an
open region R that contains argmin f such that for all x € R,

f(z) > min f + gdist(a;, arg min f)?. (11)

We shall use the acronym f has n-QFEB.

Although this is more general than strong convexity, the quadratic error bound is not enough for saddle point
problems. For example, for a large class of problems with linear constraints (i.e. y — L(z,y) is linear) QEB is
not satisfied in y. To resolve this issue, we may resort to metric regularity.

Definition 6.2. A set-valued function F : Z = Z is metrically subregular at z for b if there exists n > 0 and a
neighbourhood N (z) of z such thatV z' € N(z),

dist(F(2',b)) > ndist(z', F~(b)). (12)

We denote C(z) = [0f(z),dg*(y)] and M(z) = [ATy, —Azx]. The Largrangian’s subgradient is then dL(z) =
(C + M)(z). We put a tulde to emphasize the fact that the dual component if the negative of the subgradient.
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Proposition 6.3. If L is u-strongly convez-concave, then OL us p-metrically sub-reqular at z* for 0, where z* is
the unique saddle point of L.

PDHG can be conveniently seen as a fixed point algorithm zj1 = T'(zx) where T is defined as follows

T = prox, ¢(z — TATy), Y = prox, «(y + 0 Ax)

vt =z-1A (G- y), yt=7

T(z,y) = (z",y"). (13)
In strongly convex-concave case we are able to prove linear convergence of PDHG in the norm || - ||y .

Proposition 6.4. If L is p-strongly convez-concave in the norm || - ||y, then the iterates of PDHG satisfy for all
k,

—1
I
o= < (14 75 ) Do =R (1)

where z* is the unique saddle point of L and I' = (1 — ay)(1 — /7).
For z = (z,y) € Z, we denote ||z]|?, = (77 |z[|2 + o~ !|y||?)}/2. Let stepsizes satisfy v = o7||A[? < 1,

TLe/2 < ap <1, ap = 0Lg/2 < 1, and 0Ly /2 < ay(1 — o7||A|?). Using Propositionwe get another

Proposition.

Proposition 6.5. If L is metrically sub-reqular at z* for 0 and for all z* € Z* with constant n > 0, then
_ . . _ * * * . n

(I —T) is metrically sub-regular at z* for 0 and for all z* € Z* with constant Torrasmalagag]’ and PDHG

r*(1-ap)(1-y/3) ) ‘

(\/§n+2+2\/§ max{ay,ay })2

converges linearly with rate (1 —

Let us assume that f and g* are strongly convex function, but we do not know the strong convexity parameter
of f. In this case L is strongly convex-concave. By Propositions and we get that 0L is p-metrically
sub-regular at z* for 0, and (I — T') is n-metrically sub-regular, where

. 1%
V3 +2+ 2\/§max{0¢g, oef}'

Ui

This implies the following
IT(2) = 2[* = || = " (15)

Moreover, from Lemma 2 of [Fercoq, 2021| we get for 2/ = 2* (note that z* is a fixed point of T')

Mz =T(z) =25 + T < Nz = 215 = IT(2) = T — 20 12 — 217 = 200 |15 — 57117
Mz =TI < llz = 2" (16)

where

)\Zl_af_ag_(lz_,y)O[f_\/(1_af)2ry+((1—’)/)Odf—ag)2/4-

Using the above in Proposition [6.4] we get

—1
ot = o)l < v = < (14 ) = =1

-1
<o (b i) TG - sl (17)

We may use as criterion for restarted PDHG.
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