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Problem

Minimize the convex function
mliRn f(x) + g(x) + h(Mx)
xeRn
e f, g, h convex
f is differentiable
(I + 70g)~t and (I + cOh*)™! are easy to compute
M :R" — R™ is linear

Equivalent to saddle point problem if 0 € ri(Mdom g — dom h)

min max f(x) + g(x) — h*(y) + (Mx, y)

x€ERM yeRM
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Examples: Lasso

. A o 2
min|[Ax — bl + Allx]lx

o F(x) = [l Ax - bJ3

g(x) = Alix[lx
h(x) =0
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Examples: dual of Support Vector Machines

2
1<~
g > (S v — 330

i=1
st :x € [O, 1]
bTx =0

[ ]
~-

N\ 2 .
() = g (S bAx?) = F L, X0
* g(x) = hoan(x)

h(y) = lp:(y)
e Mx =x
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Examples: L1 + TV regularized regression

min || Ax — b||3 + az|x]||1 + a2||Vx|l21
x€ER"

f(x) = [|Ax — bl|3
g(x) = aallx|lx
V = discrete gradient

h(y) = aallyllas = a2 S50, \/v2 + v2 + vEs
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Part 1: Classical coordinate descent

min £(x) + g(x)

[ ] h e O
e g is separable

e f has a coordinate-wise Lipschitz gradient:
Vx e R"Vie{l,... n},Vt € R,

Vif(x + te;) — Vif(x)| < Bj]1]
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Coordinate descent

At iteration k:
1. Choose randomly a coordinate iy
2. )_(k+1 = (/ + T@g)_l(xk — TVf(Xk))

if i = i

)—(i
3. Update: xp ;=< K1
P ki {X;( if i i

Remarks

e As g is separable, one only needs to compute )'(,'fﬁ

1 .
e Convergence if — < % for all i [Richtdrik, Takag, 2011]
7—.

1
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Part 2: Stochastic primal-dual
coordinate descent

min f(x) + g(x) + h(Mx)

x€eRn"

e Vfis L(Vf)-Lipschitz
e g and h need not be separable
PY M E Rm)(n
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Vii-Condat'’s algorithm

[Vii + Condat, 2013]

Vir1 = (I + 00h*) 7t (yk + al\/lxk)
Xk+1 = (/ + T@g)’l (Xk — TM*(2_yk+1 — yk) - TVf(Xk))

e Generalizes Chambolle-Pock, ADMM and proximal
gradient

e Converges to a saddle point of the Lagrangian

e Proof: fixed point algorithm for a firmly nonexpansive
operator
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Vii-Condat's algorithm

Vg1 = (I +o0h*)™1 (yk + UMXk)
Xki1 = (/ —+ Tag)il (Xk — TM*(2yk+1 — yk) — TVf(Xk))

P!

e The fixed point operator is:

Ve

(I +00h*) 7 (y + o Mx)

)

T(Y) =
<X> ((I +70g) " (x — TM*(2y — y) — TVf(x))
— o < L0

e Convergence as soon as —
T
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Coordinate descent
for firmly nonexpansive operators

[Bianchi, Hachem & lutzeler + Combettes & Pesquet, 2014]
At iteration k:

1. Choose randomly a (block of) coordinate iy, 1

2. Ek—i-l = T(Zk)

z if i =iy
3. Update:  z1 = I;H .,
z, if i % ki1

Convergence: if T = aR + (1 — «)l where a € (0,1) and
R is nonexpansive in a separable norm
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Primal-dual coordinate descent
We take Vii-Condat’s fixed point operator

y

N
~ Y

. (y) (I +00h*) 7 (y + o Mx)

(I +70g) Y (x — TM*(2y — y) — TV (x))
Assume that M is block diagonal and define blocks of
primal-dual variables z = (y, x) accordingly

The algorithm is
{Ti(zk) if i = i
Zk41 =

z if 77 kg1
1 L(Vf
Convergence as soon as — — o||M||? < %
T
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Speed of convergence

Theorem
Assume that for all i € {1,... n}, pj = P(ix;1 =) > 0 and
Tt > o||M|? 4 5.

Denote X1 = %(zﬁll x;) and Yir1 = k(Z/+1 i)-
Then for all (y,x) € R™ x R",

E[‘C(;_(k-i-la y) — L(x, )A/k+1)]

<1 (11+(1 1
— Max —
- 2k ’ K

~D1=1/9) 12wl

1
where ki = (7~ — o|M|2)/L(VF) > 1 and P = {T / ’V’}

MT o1
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Duplication trick

My 0 0

0 M, 0

Mg Mo, O 0 I\/l172 0

M= 0 M, 0| — K= 2,2

Msi Msy M Mo 00

3,1 3,2 3,3 0 M. 0

0 0 Mss
120000 2 00
DefineS=({0 0 1 0 0 O and D(m)={(0 1 0
ooo01i 1! 003

We have D(m)SK = M. We define h = ho (D(m)S) :

prox,, 7+ (¥) = (L, @prox( ). (S(¥)), - - -, 1, @ prox®). (S(y)))
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Part 3: Stochastic primal-dual
coordinate descent with long steps
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Comparison of coordinate descent algorithms

Classical Primal-dual
F(x) + 27 &i(x7) f(x) + &(x) + h(Kx)
g separable g and h non-separable ¢/

M: additional coupling v/

|Vif(x + te;) — V,;f(x)| < 3;|t] | Bases on operator T:
Longer steps ¢/ B = L(Vf)
Speed in O(1/k) v/ Speed in O(1/k) v/
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Combine advantages of both approaches

min f(x) + g(x) + h(Mx)

x€eRn"

e f has a coordinate-wise Lipschitz gradient:
Vx e R"Vie{l,...,n},Vt € R,

|Vif(x + te;) — Vif(x)] < B;|t]

e g and h need not be separable
PY M E Ran
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Iterates need not be feasible

Example:

o f(x) = 3|Ix[?

2
(x) 0 if x! = x?
X) =
g +oo if xt #£ x?
h=0

e Start with xo = [1, 1] (feasible):
° )_(1 = [O, 0]

o Let ij =1, we get x; = [0, 1] (unfeasible)
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Distance to optimum may not change

f(x):%(xl—l—xz—l)z, L(Vf)=2, B;=1
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Distance to optimum may not change

f(x) = %(x1 +x — 1)2 L(VF)=2, B;=1

X0 X1

Elllxi —x[’] = 3 = IIxo — x|
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Distance to optimum may increase

1
f(X):E(X1+Xz+X3—1)2, L(Vf)=3 B;=1

\

X0 X1
Ellxa = x[’] = 5 > lIxo — x|
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Distance to optimum may increase a lot

f(x) = %(Zx,-— 1%, L(Vf)=n, B;=1

\\

X0 X1

Bl — %% = 325 > lo — x| =
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New algorithm

[Suppose that M is block diagonal (duplication trick available)]

At iteration k:

1.

Yi41 = ProX, pe(yx + D(0) Mxy)
Xi+1 = prox, g (xx — D(T)(Vf (%) + M*(2y 11— yx)))

For i = ix41 and Vj : M., # 0, update:

XISI-&)-l = 7&11
YIEQ :ygj-l

Otherwise, set x,E"J)rl = X,Ei), yﬂl = y,Ej)
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Convergence

Theorem
If for all i € {1,...,n}, P(ik.1 = 1) =1/n and

1
Bi+p (ZjeJ(i) OJMﬁiMJJ>

T <

then there exists a saddle point (x*,y*) of L such that

lim (Xk,y%) ::(X#ay4)

k— 00

Proof: We consider the Lyapunov function
1
Sk = f(Xk) — f(X*) — <Vf(X*),Xk — X*> + §||Zk — Z*Hp
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Dual SVM
MaXycrn —%||AD(b)x||§ +eTx — lg.cpr(x) = Ipe(x)
RCV1 dataset: A = 47,236 x 20,242 matrix, n = 47,236
C=0.1

2000 . .
—Vu-Condat
—Bianchi et al

1800+ —SDCA
—primal-dual CD

Primal value
= = =
N AN (o]
o o o
o o o

1000 ¢

800 : : : :
0 2 4 6 8
Passes on the data
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Ly + TV regularized least squares

Chambolle-Pock

mingern 3[|Ax — b||3 + a(r||x[|1 + (1 — r)||Vx||2,1) | — Fista
A: 768 x 65,280 dense matrix s
V: 195,840 x 65,280 sparse matrix (3D gradient) | —

dupl_prim_dual_cd

o =0.001,r=0.5

FISTA: alpha=0.001,I1_ratio=0.5,nvoxels=652804>
’ 9500

- 0.015
1 0.010
i 0.005 9000
i 0.000
- . —0.00
E -0.01 8500
-0.01

—0.02 8000

50 100 150 200 250 300
time (s)

Lightly regularized problem
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Ly + TV regularized least squares

minxegn 5/|Ax = bl + a(rlx|1 + (1= r)[Vxll21)
A: 768 x 65,280 dense matrix
V: 195,840 x 65,280 sparse matrix (3D gradient)

Chambolle-Pock
FISTA

L-BFGS-B
Vu-Condat
dupl_prim_dual_cd

a=0.01,r=0.5

FISTA: alpha=0.01,11_ratio=0.5,nvoxels=65289 5o 9800

0.045 9600
0.030 9400
0.015 9200

0.000
Z0.01 9000

_0.03 8800
-0.04 8600
—0.06 8400

50 100

Mediumly regularized problem

150

200 250 300

time (s)
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Ly + TV regularized least squares

Chambolle-Pock

minxege 11 Ax — b2 + a(rllxlls + (L — [ Vxll21) | — rera
A: 768 x 65,280 dense matrix s

V: 195,840 x 65,280 sparse matrix (3D gradient)

dupl_prim_dual_cd

a=0.1r=0.1
FISTA: alpha=0.1,I1_ratio=0.1,nvoxels=65280 9860F ‘ ‘ ‘ ‘
0.006
0.004 9840}
a - 0.002
0.000 9820}
-0.002
-0.004 9800
-0.006

9780} ) —
50 100 150 200 250 300
time (s)

Strongly TV-regularized problem
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Ly + TV regularized least squares

Chambolle-Pock

minxege 11 Ax — b2 + a(rllxlls + (L — [ Vxll21) | — rera
A: 768 x 65,280 dense matrix s

V: 195,840 x 65,280 sparse matrix (3D gradient)

dupl_prim_dual_cd

a=0.1r=09

FISTA: alpha=0.1,I1_ratio=0.9,nvoxels=65280 9850[
0.100

0.075 9800

0.050 g750
0.025
0.000 9700
-0.02
—0l05 9650F

-0.07 9600}

-0.10
9550}

50 100 150 200 250 300
time (s)

Strongly L;-regularized problem
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=0.001

alpha
®
G
S
S

L1 4+ TV regularized least squares

minxern 5/|Ax = bl + a(rlx|1 + (1= r)[Vx|l21)

A: 768 x 65,280 dense matrix

V: 195,840 x 65,280 sparse matrix (3D gradient)

Chambolle-Pock
FISTA

L-BFGS-B
Vu-Condat
dupl_prim_dual_cd

11_ratio=0.1 11_ratio=0.5 11_ratio=0.9
9500 4 9500
9000 -4 9000
8500 4 8500
8000 4 8000
9800
9600 1 9500
9400 1
9200 1 9000
| 9000 4
1 8800 —
8600 | 8500
8400 N
T T T T T ™ 9860F T T 7 9850F T
9840+ 1 9800
9820| | 9750
9700
9800 1 96501\
A 97801 1 9600|
—
L 9760F ) ey | 9550

o ——
50 100 150 200
time (s)

250

300

50 100 150 200 250 300
time (s)

50

100 150 200 250

time (s) 27/28
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Conclusion

Summary

e Genuine coordinate descent method with non-separable
and non-smooth convex function

e Promising numerical results

Open questions
e Long steps
- Non uniform probabilities
- Speed of convergence

- Replace §; by 3;/2
¢ Non-ergodic speed of convergence
e Longer steps for non-separable proximal operators:
eg. MISO, projection on {x : x! =...=x"}
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