
M×N X = RM×N

Y = X ×X

u ∈ X u ∇u ∈ Y =
X ×X

(∇u)i,j =
(
(∇u)1i,j , (∇u)2i,j

)

∀i, j ∈ !0, . . . ,M − 1"× !0, . . . , N − 1"

(∇u)1i,j =





ui+1,j − ui,j i < M − 1

0 i = M − 1

(∇u)2i,j =





ui,j+1 − ui,j j < N − 1

0 j = N − 1

p ∈ Y (p = (p1, p2))
: Y → X = −∇! ∇! ∇

( p)i,j =






p1
i,j − p1

i−1,j 0 < i < M − 1
p1

i,j i = 0
−p1

i−1,j i = M − 1
+






p2
i,j − p2

i,j−1 0 < j < N − 1
p2

i,j j = 0
−p2

i,j−1 j = N − 1

〈− p, u〉X = 〈p,∇u〉Y

J(u) =
∑

0<i<M−1
0<j<N−1

|(∇u)i,j |

=
∑

0<i<M−1
0<j<N−1

√(
(∇u)1i,j

)2
+

(
(∇u)2i,j

)2

J J(λu) = λJ(u)

J!(v) = sup
u
〈u, v〉X − J(u)

〈u, v〉X =
∑

i,j

ui,jvi,j

J! K

J!(v) = χK(v) =

{
0 v ∈ K

+∞

J!! = J

BV

K = G1 =
{

ξ : ξ ∈ C1
c (Ω, R2); |ξ(x)| ! 1,∀x ∈ Ω

}

J(u) = sup
ξ

{∫

Ω
u(x) ξ(x)dx : ξ ∈ C1

c (Ω, R2); |ξ(x)| ! 1,∀x ∈ Ω
}

∫
Ω u(x) ξ(x)dx = 〈u, ξ〉X

J(u) = sup
ξ
〈u, ξ〉X

v = ξ

J(u) = sup
v∈K

〈u, v〉X

Extrait de la thèse de Jérôme Gilles (2006)



J(u) = sup
v∈G1

〈v, u〉

G1 = { p; p ∈ Y ; |pi,j | ! 1}

Y p ∈ Y, q ∈ Y
p =

(
p1, p2

)
q =

(
q1, q2

)

〈p, q〉Y =
∑

0<i<M−1
0<j<N−1

(p1
i,jq

1
i,j + p2

i,jq
2
i,j)

min
u∈X

‖u− g‖2

2λ
+ J(u)

g ∈ X λ > 0 ‖.‖ ‖u‖2 = 〈u, u〉X

2(u− g)
2λ

+ ∂J(u) & 0

⇐⇒ u− g + λ∂J(u) & 0

∂J J

w ∈ ∂J(u) ⇐⇒ J(v) " J(u) + 〈w, v − u〉X ∀v

g − u

λ
∈ ∂J(u)

⇐⇒ ∂J!

(
g − u

λ

)
& u

⇐⇒ u

λ
∈ 1

λ
∂J!

(
g − u

λ

)

⇐⇒ g

λ
∈ g − u

λ
+

1
λ

∂J!

(
g − u

λ

)

∥∥w −
( g

λ

)∥∥2

2
+

1
λ

J!(w)

w − g

λ
+

1
λ

∂J!(w) & 0

⇐⇒ w +
1
λ

∂J!(w) & g

λ

w =
g − u

λ

J!(w) = χG1(w) w = PG1

( g
λ

)

G1 J!(w) = 0
∥∥w − g

λ

∥∥

PG1

( g

λ

)
=

g − u

λ

u = g − λPG1

( g

λ

)

PGλ

( g
λ

)
= λPG1

( g
λ

)

u = g − PGλ

( g

λ

)

PGλ(g)

PGλ(g) ⇐⇒ min
p∈Y

{
‖λ (p)− g‖2; |pi,j |2 ! 1 ∀i, j

}

αi,j " 0
∀i, j

− (∇ (λ (p)− g))i,j + αi,jpi,j = 0

αi,j > 0 |pi,j | = 1

αi,j = 0 |pi,j | < 1.

αi,j = 0 (∇ (λ (p)− g))i,j = 0
αi,j += 0

αi,jpi,j = (∇ ( (p)− g))i,j

⇒ |αi,j ||pi,j | =
∣∣∣(∇ ( (p)− g))i,j

∣∣∣



|αi,j | = αi,j αi,j > 0 |pi,j | = 1

αi,j =
∣∣∣(∇ ( (p)− g))i,j

∣∣∣

τ > 0 p0 = 0
n ! 0

pn+1
i,j = pn

i,j + τ

[(
∇

(
(pn)− g

λ

))

i,j
−

∣∣∣∣
(
∇

(
(pn)− g

λ

))

i,j

∣∣∣∣ pn+1
i,j

]

pn+1
i,j =

pn
i,j + τ

(
∇

(
(pn)− g

λ

))
i,j

1 + τ
∣∣∣
(
∇

(
(pn)− g

λ

))
i,j

∣∣∣

τ < 1
8 λ (p n) P G λ(g)

n → +∞

n = 20


