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IGM, Université Paris-Est, Marne-la-Vallée,

published in

On the equivalence and conjugacy of weighted automata.

in Proc. of CSR’06, LNCS 3967.



Part I

Finite automata and rational languages



A first example

p q
b

a

b

a

b



A first example

p q
b

a

b

a

b

b ab



A first example

p q
b

a

b

a

b

b ab

p
b−−→p

a−−→ p
b−−→ q

p
b−−→q

a−−→ q
b−−→ q



A first example

p q
b

a

b

a

b

b ab

p
b−−→p

a−−→ p
b−−→ q

p
b−−→q

a−−→ q
b−−→ q

L(A) = {w ∈ A∗ | w ∈ A∗bA∗} = {w ∈ A∗ | |w |b � 1}



Rational (or regular) languages

Languages accepted (or recognized) by finite automata

=

Languages described by rational (or regular) expressions

=

Languages defined by MSO formula



Remarkable features of the finite automaton model

Decidable equivalence (decidable inclusion)

Closure under complement

Canonical automaton (minimal deterministic automaton)
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c cdc cdcc dcdd

cdd cddc ddcc

dc dcc dccc dddc

dd ddc dcdc dddd

∀n ∈ N gK (n) = Card (K ∩ {c , d}n) = 2n−1
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Yet another example

L = a (a + b)∗
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ab abb aabb abbb

∀n ∈ N gL (n) = Card (L ∩ {a, b}n) = 2n−1



A result

Proposition
If two regular languages have the same growth function,

then there exists a letter-to-letter rational bijection
that maps one language onto the other.
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How to construct the transducer
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First task

Building the bridge between growth function and finite automata.



Part II

Weighted automata
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Weights in K = M = 〈N ∪ {+∞},min,+ 〉

s : A∗ −→ M s : w �−→ <s,w> s ∈ MA∗

s = 01A∗ ⊕ 0a ⊕ 0b ⊕ 0aa ⊕ 1ab ⊕ 1b a ⊕ 0bb

⊕ 0aaa ⊕ 1aab ⊕ 1ab a ⊕ 1ab b ⊕ . . .



Series play the role of languages

K〈〈A∗〉〉 plays the role of P(A∗)



Richness of the model of weighted automata

� B ‘classic’ automata

� N ‘usual’ counting

� Z , Q , R numerical multiplicity

� M = 〈N,min,+ 〉 Min-plus automata

� P(B∗) = B〈〈B∗〉〉 transducers

� N〈〈B∗〉〉 weighted transducers

� P(F (B)) pushdown automata
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Equivalence of weighted automata

The equivalence of weighted automata with weights in

the Boolean semiring B decidable
a subsemiring of a field decidable

(Z,min,+) undecidable
RatB∗ undecidable

NRatB∗ decidable

The equivalence of

transducers undecidable
transducers with multiplicity in N decidable

functional transducers decidable
(Z,min,+)-unambiguous automata is decidable
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Back to the growth function

a language K = (c + d c + d d)∗ \ {c c (c + d)∗ ∪ 1B∗}

an unambiguous automaton r s t u
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which realises the generating function GK (z) =
∑
n∈N

gK (n) zn



Part III

The path to the proof of the result
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What is behind the sentence:

‘Two regular languages with equal growth functions’?

(i) Two finite automata A and B , preferably unambiguous

(ii) transformed into A′ and B′ , over {z}∗ with multiplicity in N,
which realise the generating functions GL (z) and GK (z) :

GL (z) =
∑
n∈N

gL (n) zn and GK (z) =
∑
n∈N

gK (n) zn .
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What is behind the sentence:

‘Two regular languages with equal growth functions’?

(i) Two finite automata A and B , preferably unambiguous

(ii) transformed into A′ and B′ , over {z}∗ with multiplicity in N,
which realise the generating functions GL (z) and GK (z) :

GL (z) =
∑
n∈N

gL (n) zn and GK (z) =
∑
n∈N

gK (n) zn .

(iii) and whose equivalence is decidable (Schütz. 1961, Eil. 1974).
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Theorem (BLS)
Two N-automata are equivalent if, and only if

they are conjugate to a same third N-automaton.
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Theorem (BLS)
Two N-automata are equivalent if, and only if

they are conjugate to a same third N-automaton.

Definition
Let A = 〈 I ,E ,T 〉 and B = 〈 J,F ,U 〉 be two K-automata.

A is conjugate to B
if there exists a K-matrix X such that :

I X = J, E X = X F , and T = X U .

This is denoted as A X
=⇒ B .

A X
=⇒ B implies that A and B are equivalent.

I E E T= I E E X U= I E X F U= I X F F U= J F F U

and then I E ∗T = J F ∗U
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