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ABSTRACT

Optical injection locking of semiconductor lasers has attracted significant attention due to its applications in
laser analysis, modulation characteristic enhancement, and nonlinear dynamics. In many cases, the analysis of
the optically injected laser is done by simulation, requiring an accurate laser model and, therefore, an adequate
modeling of the gain compression at high photon densities. We use the Kobayashi-Lang rate equations to
numerically compare the stable locking range considering four different gain models. Results reveal that at low
bias currents, gain compression is significant only under weak injection regime. In contrast, for higher bias
current, gain compression must be considered both in weak and strong injection regimes.
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1. INTRODUCTION

Optical gain compression was a matter of research since the early days of the development of semiconductor
lasers.1–3 In multimode lasers, gain compression results in intermodal gain, explaining the spectral asymmetry
observed experimentally. In single mode lasers, such as distributed feedback (DFB) lasers, gain saturation at high
photon densities must be considered in order to explain several phenomena. On the one hand, gain compression
is the major factor contributing to the damping of the resonance frequency4 and, on the other hand, it is required
to correctly model the adiabatic chirp.5 It is commonly accepted that the main physical mechanism responsible
for this gain compression is the finite intraband relaxation time induced by hole burning.4,6, 7 In contrast to gas
and solid state lasers, where gain compression was addressed theoretically using the density matrix formalism,
in semiconductor lasers, gain compression has been usually included in a phenomenological approach.8 In this
way, different gain models has been proposed to match experimental results:7 the simplest nonlinear gain model
includes a power dependent gain-suppresion, being the optical gain modeled as G = GN (N −Ntr)−GSS, where
GN is the differential gain, N is the carrier density, Ntr is the transparency carrier density, and GS and S are the
derivative of the gain with respect to the photon density and the photon density, respectively.9 This model is valid
for low photon densities but at higher photon densities, it does not accurately model the laser dynamics. A more
realistic model for optical gain includes a multiplicative gain compression term, G = (1− εAS)−1GN (N −Ntr),
with εA the gain compression parameter. This approximation model a two-level laser but it is not correct for
semiconductor lasers where transitions occur between energy bands. Agrawal proposed a new gain model derived
using density matrix formalism, yielding to G = (1 − εBS)−1/2GN (N − Ntr), being εB the gain compression
parameter of the model.7,8 In this work, we will compare the resulting stability range for the four gain models:

• Linear gain: Glinear = GN (N −Ntr)

• Nonlinear gain model 1: GNL1 = GN (N −Ntr)−GSS

• Nonlinear gain model 2: GNL2 = (1 + εAS)−1GN (N −Ntr)

• Nonlinear gain model 3: GNL3 = (1 + εBS)−1/2GN (N −Ntr)



Reference Year Gain model Injection regime

Lang13 1982 Glinear Strong

Mogensen et al.14 1985 Glinear Strong

Lidoyne et al.9 1990 GNL1 Weak

Lidoyne et al.11 1991 GNL1 Weak

Hui et al.15 1991 GNL1 Weak

Hui et al.16 1991 GNL1 Weak

Mohrdiek et al.12 1994 GNL2 Strong

Yabre et al.17 1996 GNL1 Medium

Yabre et al.18 1997 GNL1 Medium

Wieczorek et al.10 2005 Glinear Strong

Lau19 2006 Glinear Strong

Lau et al.20 2009 Glinear Strong

Stolz et al.21 2010 Glinear Strong

Parekh22 2012 Glinear Strong

Table 1. Gain models used in literature.

Gain compression in weakly injected lasers has been studied in,11 demonstrating that gain compression is
required to obtain a locking map consistent with experimental observations. However, at strong injection regime,
gain compression is generally neglected adducing that linear gain model is accurate enough.10 Nevertheless, even
at high injection ratios, gain compression damps the resonance frequency and, in consequence, it affects the
stability of the injected laser, resulting in a locking map. Table 1 lists some of the previous analytical works,
indicating the employed gain model and the injection regime. For weak (and medium) injection regime, Lidoyne
et al.11 compared the obtained locking map using Glinear and GNL1, showing that it is necessary to include
gain compression at weak injection ratios. The present work considers both weak and strong injection regimes,
to study the impact of the gain model not only under weak injection but also at stronger injection ratios, where,
with the exception of,12 Glinear has been the only employed gain model.

The objective of this paper is to compare the different gain models (the linear model and the three nonlinear
gain models) in order to clarify whether it is necessary to consider gain compression. In addition, we analyze
whether more complicated gain compression model adds a significant difference compared to the simplest gain
compression model. The paper is divided as follows: in Section 2 the relation among the different gain compression
parameters are derived. In Section 3 the small signal analysis is presented, which requires the linearization of
the Kobayashi-Lang rate equations for the different gain models. Numerical results are presented in Section 4
and, finally, Section 5 concludes the paper.

2. NONLINEAR GAIN MODELS

Gain compression in GNL1 is usually introduced as a subtraction, but it can be alternatively represented as a
multiplicative term:

GNL1 = GN (N −Ntr)−GSS = (1− εS)GN (N −Ntr) (1)
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with GS = εGN (N −Ntr), being ε the new compression parameter. For low photon densities, εAS � 1, GNL2
can be approximated by:

GNL2 =
GN (N −Ntr)

1 + εAS
≈ GN (N −Ntr)− εAGN (N −Ntr)S = (1− εA)GN (N −Ntr). (2)

By inspection we get that εA = ε, which is further related to GS though Eq. 1. Operating in the same way for
GNL3 we get an approximated expression:

GNL3 =
GN (N −Ntr)√

1 + εBS
≈ GN (N −Ntr)−

1

2
εBGN (N −Ntr)S (3)

and, consequently, εA = 1
2εB . Table 2 summarizes the relations among GS , εA, and εB .

Parameter GS εA εB

GS - εAGN (N −Ntr) εBGN (N −Ntr)/2

εA GS/(GN (N −Ntr)) - εB/2

εB 2GS/(GN (N −Ntr)) 2εA -

Table 2. Relation between the gain compression parameters of the different models.

The different gain models are compared in Fig. 1. In Fig. 1(a) the gain multiplicative term is represented in
terms of the photon density, S. At low S densities, the different gain models converge, in accordance to,7 but
for higher values of S, GNL1 reduces excessively the gain and therefore, it overestimates the damping factor.
Figure 1(b) shows the derivative of the gain with respect to S. It is obvious that for GNL1 the derivatives is
constant in contrast to GNL2 and GNL3 whose derivatives depend on S. It is important to note that the main
difference appears between GNL1 and the other two nonlinear models, whereas there is not a significant difference
between GNL2 and GNL3.
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Figure 1. Comparison of the different gain models for εA = 10−23m3 as a function of the photon density, S: (a) gain
multiplicative term and (b) differential gain with respect to S.

3. STABILITY ANALYSIS

In optically injected lasers, stability analysis is a critical point. Stability analysis is performed using the well-
known small-signal analysis, where first the steady state solution is found and, afterwards, a small sinusoidal
signal is applied. The system is stable if, after the perturbation, it returns to the steady state. Given the
small-signal nature of the applied signal, the system can be linearized around the steady state solution and



Glinear GNL1 GNL2 GNL3

mSS z′ z′ + 2GSS0 γP − γP−2z′
(1+εAS0)2

− z′ γP −
γP−2z′(1+ 1

2 εBS0)

(1+εBS0)3/2
− z′

mSφ 2S0z
′′ 2S0z

′′ 2S0z
′′ 2S0z

′′

mSN −GNS0 −GNS0 − GN

1+εAS0
S0 − GN

(1+εBS0)1/2
S0

mφS − z′′

2S0
− z′′

2S0
− z′′

2S0
− z′′

2S0

mφφ z′ z′ z′ z′

mφN −α2GN −α2GN −α2GN −α2GN
mNS γP − 2z′ γP − 2z′ − 2GSS0

γP−2z′
(1+εAS0)2

γP−2z′(1+ 1
2 εBS0)

(1+εBS0)3/2

mNφ 0 0 0 0

mNN γN +GNS0 γN +GNS0 γN + GNS0

1+εAS0
γN + GNS0

(1+εBS0)1/2

Table 3. Linearized terms for the different gain models.

stability can be assessed using Routh-Kurwitz criterion, which estates that in order to be stable all the zeros of
the characteristic determinant must be located in the negative half of the s-plane.14

The rate equations governing the optically injected laser are known as Lang-Kobayashi equations.13,14 This
set of coupled rate equations are the conventional laser rate equations for photon density, S, phase, φ, and carrier
density, N , modified to include the injected field:

d

dt
S(t) =[G(N,S)− γP ]S(t) + κ

√
SinjS(t)cos(φL) (4a)

d

dt
φ(t) =

1

2
α[GN (N −Ntr)− γP ] + κ

√
Sinj
S(t)

sin(φL) (4b)

d

dt
N(t) =J − γNN(t)−G(N,S)S(t) (4c)

where G(N,S) is the optical gain that depends on both N and S, γP stands for the internal optical losses, κ is
the injection efficiency, Sinj is the injected photon density, and φL is the phase difference between the emitted
field and the injected field. α is the linewidth enhancement factor accounting for the coupling between the
imaginary and real parts of the refractive index in the active region . J is the injected carrier density and γN
is the equivalent carrier decay rate. Gain compression does not appear in Eq. 4b because the gain saturation
induced by hole burning is symmetrical around the emission frequency.11

A detailed method to find the steady state solutions is presented in.19 The method requires to set the locking
phase, φL, and the power injection ratio, ρ. After some algebra, a cubic equation is yield for the static field
amplitude, A0, which is related to the static photon density, S0 through S0 = A2

0.

A3
0 −

(
2κ

γp
Ainjcos(φL)

)
A2

0 −AfrA0 −
γN2κ

γPGN
Ainjcos(φL) = 0, (5)

where Ainj is the amplitude of the injected field given by Ainj =
√
Sinj .

The power injection ratio, ρ, and the normalized injection ratio, z, are defined as:

ρ =
Sinj
S0

and z = κ

√
Sinj
S0

. (6)

For the sake of simplicity in future calculations, it is useful to define:

z′ = z · cos(φL) and z′′ = z · sin(φL) (7)



Laser parameter Symbol Value Units

Emission wavelength λ0 1550 nm

Differential gain GN 5667 s−1

Threshold carrier density Nth 2.21 · 108 m−3

Photon decay rate γP 0.33 · 10−12 s−1

Electron decay rate γN 10−9 s−1

Coupling efficiency κ 183 · 10−9 s

Linewidth enhancement factor α 3

Threshold current Ith 10 mA

Gain compression parameter ε 10−23 m3

Table 4. Laser parameters for numerical stability analysis.

The frequency detuning between the injected and the free-running laser field, ∆ω, can be calculated in terms
of z and the locking phase φL through the expression:

∆ν = − 1

2π
z
√

1 + α2sin (φL + atan(α)) (8)

Once the steady state solutions are found, the rate equations are linearized around the static operation point.
At this point gain compression comes into play, since the linearized terms are dependent on the gain model. The
linearized system is usually expressed in matrix form as:

mSS + s mSφ mSN

mφS mφφ + s mφN

mNS mNφ mNN + s

 ·

δS

δφ

δN

 =


FS

Fφ

FN

 (9)

where FS , Fφ, and FN are the Langevin forces for the photon density, field phase, and carrier density, respectively,
and mXX are the linearized elements shown in Table 2. δS, δφ, and δN are the perturbations and s is the
complex frequency variable. As can be seen in Table 2, mSS , mSN , mNS , and mNN depend on the gain model
and therefore, they affect the system stability.

4. NUMERICAL RESULTS

Table 4 presents the laser parameters employed in the numerical analysis, which are typical for a multi quantum
well DFB laser.20 In20 gain compression is not considered so we used the gain compression reported in.6

Figures 2 and 3 show the locking map for bias currents corresponding to 5 and 10 times the threshold current
(Ith), respectively. For each case, the locking map is presented in (a) the phase plane and (b) in the ρ vs. ∆ν
plane. In Fig. 2(a), it can be seen that the difference between the dynamic boundaries obtained with and without
considering gain compression, is only significant at low ρ values. Furthermore, all the three gain compression
models result in indistinguishable dynamic boundaries. This is translated to a ρ vs. ∆ν locking map, Fig. 2(b),
where the difference between gain models (linear and nonlinear models) is only appreciable at weak injection
regime, inset in Fig. 2(a), in accordance with experimental results presented in.11 For higher bias currents, 10Ith,
numerical results reveal a slightly different behavior. First of all, when linear gain is considered, the resulting
dynamic boundary is significantly underestimated compared to gain models where gain compression is taken into
account, Fig. 3(a). Furthermore, in Fig. 3(a), a slight difference between GNL1 and the other two nonlinear gain
models can be seen for low ρ values. This difference is clearer in the inset of Fig. 3(b). Hence, GNL1 slightly
overestimates the stable locking range when compared with GNL2 and GNL3, which are indistinguishable. This
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Figure 2. Locking diagrams for I = 5Ith in (a) the phase plane and (b) the ρ vs. ∆ν plane, the inset shows the locking
map for low power injection ratios.
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Figure 3. Locking diagrams for I = 10Ith in (a) the phase plane and (b) the ρ vs. ∆ν plane, the inset shows the locking
map for low power injection ratios.

is consistent with Fig. 1(a): at low bias currents, i.e. low photon densities, the different gain models converge,
whereas at higher bias currents, i.e. higher photon densities, GNL1 diverges from GNL2 and GNL3, which remain
relatively close. For stronger ρ levels, the difference among GNL1, GNL2, and GNL3 is not significant anymore
but, in contrast to what occurred for lower bias current, there is still a difference between the dynamic boundaries
corresponding to linear and nonlinear gain models.

5. CONCLUSIONS

In this paper, the stability of DFB lasers subject to injection has been numerically studied for different gain
models. The relations among the gain compression parameters of the different gain models have been derived
and the Kobayashi-Lang equations have been linearized considering the different gain models. Numerical results
show that at low bias currents gain compression is only significant at weak injection regime, but at higher bias
currents, gain compression should be considered both in weak and strong injection. In regards with the gain
model accuracy, although from a theoretical point of view GNL3 is more realistic than GNL1 and GNL2, GNL3
results in similar dynamic boundary to GNL2 and GNL1 even for high bias currents. In consequence, GNL1
shows a good tradeoff between simplicity and accuracy.
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