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Abstract—Using the conventional rate equations describing an
injection-locked system, a novel modulation response function is
derived, which implicitly incorporates nonlinear gain through the
free-running relaxation oscillation frequency and damping rate of
the slave laser. In this paper, it is shown that the model presented
can be used to extract the characteristic parameters of the coupled
system from experimental data. The number of fitting parameters in the model is reduced by determining the fundamental slave
parameters through the conventional free-running response function; these parameters are considered to be constant during the
curve-fitting of the injection-locked system. Furthermore, in order to reduce the number of possible solutions generated during
the least-squares-fitting process, the remaining fitting parameters
are tightly constrained based on the physical limits of the coupled
system. By reducing the number of unknown fitting parameters
and constraining the remaining terms, a stronger confidence in the
extracted parameters is achieved. Using a series of response curves
measured from an injection-locked quantum dash laser, characteristic parameters of the system are extracted and validity of the
model is examined. The verified model is used to analyze the impact of the linewidth enhancement factor on the characteristics of
the response function in the microwave domain.
Index Terms—High-speed modulation, injection-locking, quantum dash, semiconductor laser.

an injection-locking system by introducing a novel modulation
response function and experimentally verifying the validity of
the resultant model in the microwave domain using a quantum
dash (QDash) Fabry–Perot (FP) device as the slave laser. The
extracted parameters of the coupled injection-locked system
include the injection strength, linewidth enhancement factor,
threshold gain shift, coupled phase offset between the master
and slave laser, and the field enhancement factor that characterizes the deviation of the locked slave laser from its free-running
value. This paper theoretically shows how the derived model
incorporates nonlinear gain through the free-running damping
rate and relaxation oscillation frequency, along with the impact
of nonlinear gain compression for the QDash FP device under
investigation, thereby accounting for the unique properties introduced by quantum dot physics. The validity of the model and
accuracy of extracted terms are examined based on theoretically
expected values for the fitting parameters at extreme detuning
ranges. Lastly, the derived model is used to perform theoretical
simulations to analyze the impact of the linewidth enhancement
factor on the characteristics of the modulation response function.

I. INTRODUCTION

II. THEORETICAL MODEL

NJECTION-locking of semiconductor lasers is one of the
most attractive research topics since this method induces superior improvement in the high-speed characteristics of directly
modulated lasers such as increasing the modulation bandwidth,
suppressing nonlinear distortion, relative intensity noise, mode
hopping, and reducing chirp [1]–[7]. Previous work has focused
on realizing high modulation bandwidths and associated design
strategies, analyzed the modulation properties of the coupled
system in the spectral domain, and numerically investigated the
modulation response of the injection-locked system [4]–[11].
Noting the benefits of extracting relevant operating parameters from measured data in order to aid in future simulations,
this paper focuses on extracting the operating parameters from

In order to understand the limiting factors in an injectionlocked system, it is important to investigate the governing theory
that can be obtained by modeling the characteristic parameters
using a set of coupled rate equations [12]–[14]. Mathematical
translation of the injection-locking system operating in the stable locking regime based on three fundamental rate equations
was first demonstrated by Lang [12]. This paper capitalizes
on improvements to the rate equations governing the dynamic
properties of an injection-locked system in order to investigate
the modulation properties of such a system under strong injection [8]–[10].
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A. Rate Equations
The differential equations describing the dynamics of an
injection-locked system have been developed by introducing
terms describing the impact of optical injection to the conventional rate equations governing the free-running characteristics
of the slave laser. The additional terms include a coupling value
kc , the magnitude of the injected master field Ainj , and the detuning frequency between master and slave ∆ωinj . The model
assumes the slave laser is being directly modulated such that
the small-signal approximation can be applied. Additionally, it
is assumed that the laser has been exposed to a relatively strong
external optical injection, such that the impact of the noise and
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the spontaneous emission rate coupled to the lasing mode are
negligible [10]. The free-running FP slave laser has cleaved
facets and is biased well above threshold. As in the free-running
case, the amplitude and phase equations arise from the fundamental complex field rate equation. The variation of the slave
field magnitude, phase offset between the master and slave fields
and carrier density with time can be written as [8], [10]:

dA  g
=
∆N A + (kc cos φ) Ainj
(1)
dt
2
g

dφ
Ainj
=α
∆N − ∆ωinj − (kc sin φ)
(2)
dt
2
A
dN
= Jbias − γN N − (γP + g∆N ) A2
(3)
dt
where A is the internal slave’s amplitude of the electric field,
g is the differential gain, N is the carrier density, and ∆N =
N − Nth is the shift in carrier density from the threshold. φ
is the phase offset between master and slave laser, which is
defined as φslave − φm aster , the amplitude of the electric field
square A2 is proportional to photon density P , and Jbias , γN ,
γP correspond to the applied bias current density, inverse differential carrier lifetime, and photon decay rates, respectively.
It is important to note that the phase variation in time depends
on detuning through ∆ωinj = ωslave − ωm aster . The linewidth
enhancement factor α, injection strength, which is proportional
to Ainj /A, phase offset φ, and detuning term ∆ωinj are the key
and defining injection parameters that have a significant impact
on the coupled oscillator system.
B. Steady-State Solutions
The equations described in (1)–(3) define the temporal and
dynamic behavior of the system. The injection-locking phenomenon is investigated through the steady-state solutions arising from these three differential equations. Under steady-state,
the right hand side of (1)–(3) is equal to zero as there will be no
time variation in the slave’s field amplitude, phase, and carrier
density. Using an approach presented by Murakami et al. [8], the
steady-state parameters of the injection-locked system can be
defined as the steady-state phase offset φ0 , steady-state carrier
density N0 , steady-state locked slave field A0 , and the freerunning slave field Af r [10]. Based on this strategy, the first
general condition for the system under injection locking can
be clearly found through (2) by introducing the steady-state
parameters and setting the left hand side equal to zero:
∆ωinj =

α
Ainj
(g∆N0 ) − (kc sin φ0 )
2
A0

(4)

where the change in carrier density under steady-state condition is expressed as ∆N0 = N0 − Nth . Note that for stability,
it is required that the change in the steady-state carrier density
be less than zero ∆N0 < 0. Equation (4) describes the correlation between frequency detuning, threshold condition, and the
strength of the injected field. It can be clearly seen that depending on the detuning condition and the phase offset, the injected
field can result in a threshold gain shift through g∆N0 . Note
that the group velocity is implicit in the differential gain term g.

Using this method and solving the steady-state parameters of
the coupled system, the relationship between the free-running
and locked fields and also the expression for the steady-state
phase offset can be expressed as [8], [10]:


A2f r − γγNP ∆N0


(5)
A20 =
1 + g ∆γ PN 0


A0
∆ωinj
φ0 = sin−1 − √
(6)
− tan−1 α
kc 1 + α2 Ainj
The steady-state slave field and the phase offset between the
slave and master laser and its boundary can be further used to
derive an expression for detuning ∆ωinj . However, computing
the detuning value for a specific case is not possible unless the
key parameters such as phase offset, linewidth enhancement
factor, and injection strength can be extracted for that case.
C. Small-Signal Analysis (Dynamic Solutions)
A detailed approach to find the small-signal solution of the
rate equations expressed in (1) through (3) has been demonstrated in the literature [8], [10]. Based on this method, the absolute modulation frequency response function can be expressed
as:




 ∆A 2
|M |2 ω 2 + Z 2
2


=
(7)
|H(ω)| = 
∆J 
(C − Aω 2 )2 + (Bω − ω 3 )2
where the parametric terms A, B, C, Z, and M can be defined
and simplified as [10]:
A = 2η cos φ0 + γN + gA20


B = η 2 + 2η cos φ0 gA20 + γN + gA20 (γP − 2η cos φ0 )


C = η 2 γN + gA20 − gA20 (γP − 2η cos φ0 ) Z
Z = η (α sin φ0 − cos φ0 )
g
(8)
M = A0
2
The injection strength is proportional to the coupling term
and the field ratio as:
Ainj
η0
=
(9)
η = kc
A0
RFE
where η0 is the maximum injection ratio and RFE = A0 /Afr
is the slave field enhancement factor due to injection. η0 incorporates the external master to slave power ratio, the coupling
efficiency between the slave and master laser, and efficiency
of injected field entering the slave laser cavity due to facet reflectivity. At this point, the enhancement of the slave field is
introduced as an additional term denoted as the field enhancement factor, RFE , which takes into account the deviation of the
slave steady-state field magnitude compared to its free-running
value at high injection ratios and specific frequency detuning.
D. Modulation Response Model
The modulation response model expressed in (7) and (8)
can be used to simulate the modulation characteristics of an
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injection-locking system in microwave domain. There are as
many as eight fitting parameters involved in this model, and
this large number of potentially unconstrained parameters allows for many possible solutions that will reduce confidence in
extracted results. One of the goals of this paper is to reduce the
number of fitting parameters through known free-running slave
terms along with additional constraints on remaining injectionlocking fitting terms. By doing so, the parametric terms A, B,
C, and Z defined in (8) can be translated in terms of known
free-running and injection-locked parameters. This reduces the
number of fitting parameters and expresses the remaining parameters in terms of the injection-locking operating parameters,
which then will be projected in the targeted relative modulation
response function. Since the |M |2 term defined in (7) and (8)
is independent of frequency, it can be cancelled in the relative
modulation response form. The “A” term in (8) is effectively a
damping rate of the coupled oscillator as follows:
A = γslave + γth

(10)

The slave damping rate γslave is related to the free-running
damping rate and scales with the field enhancement factor as:
2
+ γN
γslave = gA20 + γN = (γfr − γN )RFE

(11)

where γfr = gA2fr + γN is the free-running slave damping rate
and γN is assumed to be independent of optical injection. The
explicit relationship between the locked and free-running damping rates is a key feature of the current model and allows us to
implicitly include nonlinear gain effects as explained below. γth
is the threshold gain shift and appears as a damping component,
resulting from moving the slave from its free-running condition.
It is also related to the phase offset and injection strength such
that:

η0
(12)
γth = 2η cos φ0 = 2
cos φ0 = −g∆N0
RFE
Again it is necessary to note that the group velocity is implicit
in the differential gain term“g” everywhere in this derivation.
Using (11) to substitute for the slave damping rate in (10) and
rewriting the expression for “A”, we have:
2
+ γN + γth
A = (γfr − γN )RFE

(13)

The second and most important term located in the denominator
of the response function is “B”, which corresponds to the overall
resonance frequency of the system. Substituting the threshold
gain shift γth in the “B” term defined in (8) and rearranging
yields:


(14)
B = η 2 + γth gA20 + γN + gA20 (γP − γth )
The second term in (14), which is related to the steady-state
slave locked field and carrier lifetime as (gA20 + γN ), effectively
appears as a damping rate that can be directly linked to the slave
damping rate, γslave . Using the definition in (11), this term can
be replaced as following:
B = η 2 + γth γslave + gA20 (γP − γth )

(15)
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By multiplying both sides of the steady-state solution of the
locked field found in (5) by the differential gain g and rearranging γP on the right hand side, yields:
gA20 =

gA2fr γP − γN g∆N0
γP + g∆N0

(16)

The first term in the numerator gA2fr γp corresponds to the
free-running relaxation frequency squared ωr2 . Substituting the
threshold gain shift defined in (12) allows (16) to be rewritten
as:
ω 2 + γN γth
(17)
gA20 = r
γP − γth
Substituting (9), (11), and (17) into (15) and rearranging will
give the following expression for the “B” term:

2


η0
2
B = ωr2 +γN γth +
+ γth (γfr − γN ) RFE
+ γN
RFE
(18)
For the case of zero injection, η is zero and (18) is equal to the
relaxation frequency squared of the slave laser, B = ωr2 , which
simply represents the slave’s free-running operating condition.
Similarly, by applying (9), (11), (12), and (17) into (8) and
rearranging, “C” can be simplified and expressed as:

2


η0
2
(γfr − γN )RFE
+ γN − ωr2 + γN γth Z
C=
RFE
(19)
The “Z” term defined in (8) corresponds to the correlation between the detuning phase offset and linewidth enhancement
factor and can be expressed as:

η0
Z=
(20)
(α sin φ0 − cos φ0 )
RFE
By manipulating (7) and applying the parametric terms expressed in (13) and (18)–(20), the relative modulation response
function of a stably locked system can be expressed as:
|HR |2 =

=

|H(ω)|2
|H(0)|2
 C 2  2

ω + Z2
Z

(C −

Aω 2 )2

+ (Bω −

ω 3 )2

1
(21)
(1 + (ω/γc )2 )

It is important to note that the response function expressed in
(21) has a cubic frequency dependence. Also, depending on the
detuning condition, either the B-containing or C/A-containing
terms in the denominator may have a dominant impact on the
overall resonance frequency. The second term in the denominator accounts for the parasitic RC and carrier transport effects,
where γc is considered as a free-running characteristic constant
that can be extracted along with other free-running parameters.
E. Identifying the Known Free-Running Operating Parameters
By taking into the account all the terms in (21), one finds that
eight fitting parameters including ωr , γf r, γN , γth , η0 , RFE , Z
and γc are needed for the simulation. All of the terms are expressed as angular frequencies except RFE . Compared to previous research, this method represents a novel experimental
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approach that allows an easy comparison of the relative magnitudes of the fitting parameters [8]. Since the model is comprised
of multiple fitting parameters, there will be many solutions available that can fit the experimental data. Most of these possible
solutions can be eliminated by introducing proper restrictions to
the operating parameters during least-squares-fitting, such that
they can vary only in an acceptable physical range. However,
restrictions are not enough to reach a reasonable level of accuracy of the model unless it is combined with a reduction of
the freely varying fitting parameters. Fortunately, some of these
parameters can be extracted from the intrinsic free-running parameters, which can be determined from the slave laser operating
characteristics.
The operating parameters of an uncoupled system (freerunning slave) can be extracted from the standard and conventional modulation response model [15]:
|HR |2 =

(ωr2

−

ωr4
2
ω )2

+

γfr2 ω 2

·

1
1 + (ω/γc )2

Fig. 1.

Schematic view of the injection-locking QDash experimental setup.

(22)

This expression is used to fit the free-running modulation response and extract three of the fitting parameters: the freerunning relaxation oscillation frequency ωr , the free-running
damping rate γfr , and the parasitic roll-off induced by γc . These
parameters are intrinsic characteristics of the slave laser and remain unchanged when the system is injection-locked. The other
fitting parameter found in the free-running characteristics is the
inverse differential carrier lifetime γN . This term can be directly
extracted by plotting the known free-running damping rates as
a function of the corresponding relaxation oscillation frequencies through the conventional expression γfr = Kfr2 + γN [16].
Knowing the value of γN is beneficial, since it may have a significant impact on the high-frequency behavior of the system under modulation. Consequently, the number of fitting parameters
can be reduced from eight to four by keeping the free-running
terms constant during the simulation. Further constraints on the
remaining fitting parameters are found by considering the theoretical limits of semiconductor physics.
III. EXPERIMENTAL DATA AND CURVE-FITTING RESULTS
A. Experimental Setup and Data
Fig. 1 shows a schematic view of the injection-locking setup
used in the experiment. The slave laser was a multimode QDash
FP grown on an n+ -InP substrate. A detailed description of the
slave laser structure is provided elsewhere [17]. The laser has a
4-µm-wide ridge waveguide and 500-µm-cleaved cavity length.
The nominal emission wavelength of this FP device is around
1560 nm, and the threshold current was measured to be 45 mA
at room temperature. The output power of the slave laser was
carefully coupled into a single-mode polarization maintaining
(PM) lensed fiber using a piezoelectric stage controller with submicron accuracy. The coupling efficiency of the slave laser into
the PM lensed fiber was >40%. The PM lensed fiber was connected to port 1 of a three-port PM circulator. The master laser
used in this experiment was a tunable external cavity laser (New
Focus 6200) with a single-mode PM fiber pigtail connected
to the second arm of the circulator, port 2. A high resolution

Fig. 2. Modulation responses of the free-running and the injection-locked
laser under zero and extreme frequency detuning conditions.

(0.01 nm) optical spectrum analyzer (Ando AQ6317B) was
connected to port 3 of the circulator to measure the detuning
between the master and slave lasers, as well as to identify stably
locked conditions.
Port 3 of the circulator was connected to a high-speed detector through which the relative modulation response (S21 ) was
also measured using an HP 8722D network analyzer. The 5/95
beam splitter at port 3 of the circulator allowed to measure the
modulation response of the injection-locked laser while simultaneously monitoring the detuning. This ensured that the desired
detuning was stable throughout the experiment.
The modulation responses for various frequency detuning
scenarios are provided in Fig. 2. The injected power provided
by the master laser at the slave arm (port 1 of the circulator)
and the total slave power at both facets was measured to be
3.5 and 4.7 dBm, respectively. The side mode suppression ratio
(SMSR) for stable locking was taken to be 30 dB; using this
criterion, stable locking was observed for detuning frequencies
from 13.5 to −17.1 GHz. At the zero frequency detuning condition, a 3-dB modulation bandwidth of 11.7 GHz was observed,
which corresponds to a three-fold improvement relative to the
free-running case. At the positive frequency detuning edge, the
measured modulation response exhibits a large sag as well as a
high-resonance peak. Due to significant damping, only a slight
improvement in the modulation bandwidth is observed for the
negative frequency cases.
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Fig. 3. Free-running damping factor as a function of the relaxation oscillation
frequency squared.

B. Determining the Free-Running Parameters and the
Nonlinear Effects
As mentioned in the previous section, reducing the number
of fitting parameters and applying reasonable constraints to the
remaining fitting parameters improves the confidence in leastsquares-fitting results by decreasing the number of possible solutions. In this case, the free-running slave parameters were obtained by fitting the free-running response curves measured for
the QDash FP device to the conventional modulation response
function expressed in (22). This examination of the free-running
laser operating at a bias current of 60 mA yielded a free-running
relaxation oscillation frequency of fr = 2.7 ± 0.02 GHz, a freerunning damping rate of γfr = 7.4 ± 0.32 GHz and a parasitic
RC rate of γc = 67 ± 0.4 GHz. The error for the free-running
values were measured based on a one standard deviation confidence interval and are observed to be less than 5% of their
extracted values. In addition to these three values, the inverse
differential carrier lifetime γN was found by plotting the freerunning damping rate as a function of the relaxation oscillation
frequency squared fr2 as shown in Fig. 3. The corresponding
value for γN is determined at the intersection of the plotted data
with y-axis and was found to be approximately 6 ± 0.3 GHz.
The K-factor, which is found from the slope of the curve
in Fig. 3, is 0.45 ns and includes the effects of nonlinear gain
compression in the usual manner [16], [18].
The impact of nonlinear gain on the free-running relaxation
oscillation frequency can be studied through the following relation [19], [20]:
fr2 =

CPout
CPout
=
1 + εp Pout
1 + PPos au tt

(23)

where εp is the gain compression factor related to the output
power Pout and C is a fitting constant. The ratio of Pout /Psat
estimates the impact of gain compression factor at a given output power through the introduction of the saturation power Psat .
Based on the relation described in (23), the impact of nonlinear gain compression is incorporated into the injection-locking
model through the free-running relaxation oscillation frequency,
which will be kept constant during simulation. Fig. 4 shows the

Fig. 4.
power.
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Square of relaxation oscillation frequency versus the slave output

variation of the relaxation oscillation frequency squared as a
function of the output power for the QDash device. Using (23)
to fit the experimental data illustrated in Fig. 4 results in a saturation power of Psat ∼17mW, a gain compression factor of
εp ∼6 × 10−2 mW−1 , and a maximum free-running relaxation
oscillation frequency of 7.6 GHz [20].
C. Fitting Parameter Constraints
In order to reduce the number of possible solutions in this
curve-fitting, it is necessary to put additional constraints on the
four remaining fitting parameters, γth , RFE , η0 , and Z, that
are introduced by the injection-locking state. Due to the interrelationship between these four parameters, constraining them
reduces to restricting φ0 , η0 , RFE , and α. This transformation
is important because the α of the investigated QDash FP laser
has been found to change from ∼1.0 to 11 above threshold [21].
The constraints on the phase offset φ0 are based on the allowed locking range through the threshold condition and considering (6). The result is that the phase offset varies between
−π/2 for positive frequency detuning up to cot−1 α for negative
frequency detuning. At the extreme positive frequency detuning case, the phase offset between the master and slave should
be −π/2. According to the phase condition at the positive frequency detuning edge, the value of the field enhancement factor
RFE should be 1, since the slave’s steady-state field matches
the free-running field due to the 90◦ phase offset between the
master and slave. For all other possible values of detuning, RFE
is greater than 1.
The maximum injection ratio η0 can be extracted directly
from known device characteristics and controllable parameters
in the experimental setup. Using the fiber coupling efficiency
ηc , the external power ratio Rext (ratio of the master to the
slave power measured outside of the slave’s front facet), cavity
length L, and front facet reflectance r of the FP slave laser, the
maximum injection ratio is given as [22]:


1 − r2
c
ηc Rext
(24)
η0 =
2ng L
r
where c is the speed of light in free space and ng is the optical
group index. Using (24) and given a slave laser cavity length
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of 0.05 cm, group index of 3.5, a mirror reflectivity of R =
r2 = 32% for the cleaved facet, a coupling efficiency of 0.6
and an external power ratio of 1.5, the maximum injection ratio
η0 was found to be 98 GHz. As the coupling efficiency was
carefully maintained during these experiments, the maximum
injection ratio was kept constant throughout the experiment.
Since physically the threshold gain shift γth cannot exceed the
photon decay rate γP , it is also important to verify that the
calculated 2η0 is less than γP , which in this case is 247 GHz.
The value of the linewidth enhancement factor for this device can be separately measured by using the injection-locking
technique [20], [23]. The advantage of this method over other
α-measurement techniques is that no fitting parameters are required, which reduces the uncertainty of the measurement. This
method takes advantage of the asymmetry in the stable locking
region over a range of detuning on both the positive and negative side of the locked mode. Based on this technique and under
the strong injection, the linewidth enhancement factor α can be
found using the following expression [23]:

α=

∆fneg
∆fp os

2

−1

Fig. 5. Variation of the linewidth enhancement factor as a function of applied
bias current in the QDash FP laser.

TABLE I
FIXED FITTING PARAMETERS AND SUMMARY OF CONSTRAINTS USED IN THE
LEAST-SQUARES-FITTING UNDER A BIAS CURRENT OF 60 mA

(25)

where ∆fneg and ∆fp os correspond to the negative and positive
frequency detuning ranges, which are determined by a SMSR
limit of 30 dB. It is important to note that the value of SMSR
is arbitrarily chosen depending on the limitations of the experiment. In this case, the SMSR is chosen large enough such
that the weak side modes of the slave laser that are next to the
injection-locked mode are always observable above the noise
floor. Furthermore, for cases when the SMSR is chosen below
30 dB, these side modes may have a significant influence on
the injection-locking stability boundary, causing an unreliable
measurement for α [24].
Using this method, the value of the linewidth enhancement
factor can be measured through injection-locking boundaries
for a specific applied bias current. Fig. 5 shows the variation
of the linewidth enhancement factor as a function of applied
bias current for this device, which increases from ∼1.0 to 11 as
the applied bias current is increased from its threshold value to
90 mA. According to the results obtained from this measurement, the value of the linewidth enhancement factor is allowed
to fluctuate as the detuning is adjusted based on the observation
of large variations in the linewidth enhancement factor for this
device, and attributed to the carrier density not being clearly
clamped at threshold in the QDash FP laser under test [21]. This
is one of the major differences in modeling the injection-locking
behavior of the QDash laser.
D. Curve-Fitting Results
The parameters that were allowed to vary in the curve-fitting
included the linewidth enhancement factor α, phase offset between the master and slave laser φ0 and field enhancement factor
RFE . All other fitting parameters are fixed and the curve-fitting
constraints are summarized in Table I. The error for the parameters given in Table I was not carried forward into the leastsquares-fitting of the coupled system as they were less than 5%

and thus considered to be negligible. Least-squares curve-fits of
the experimental data using the modulation response function
presented in (21) and parametric terms described in (13), (18)–
(20) are shown in Fig. 2. The free-running device parameters
were held constant in the modulation response function expressed in (21). The maximum injection ratio was constrained
to be 98 GHz, as the coupling efficiency was carefully maintained during the measurements. The extracted phase shift was
constrained between −π/2 and cot−1 α. The field enhancement
factor, phase offset, and linewidth enhancement factor were directly extracted through curve-fitting using (21), and the threshold gain shift was calculated for each detuning case by using
(12). The operating parameters extracted through least-squaresfitting data collected for various measured detuning cases are
presented in Table II. The error based on a one standard deviation confidence interval is also shown in Table II. The error
associated with α, RFE , γth , and φ0 are observed to be negligible for all detuning values away from the negative frequency
detuning boundary. As the negative frequency detuning boundary is approached, the error increases for the extracted parameters. This is because, as shown in Fig. 2, the response becomes
over-damped, which decreases the amount of information that
can be extracted from a least-squares-fit of the corresponding
modulation responses. Simulations using (21) show that as φ0
approaches zero, changes to the values of α, RFE , and γth result
in only minor changes to the modulation response.
The calculated values for the threshold gain shift γth show
an increase from positive to negative frequency detuning
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TABLE II
EXTRACTED INJECTION-LOCKING OPERATING PARAMETERS
FROM LEAST-SQUARES-FITTING OF EXPERIMENTAL DATA WITH RESPONSE
MODEL IN (21)

Fig. 6. Simulations of the modulation response function for various values of
the linewidth enhancement factor.

conditions. This trend is consistent with the induced threshold shift increasing as the injected and slave fields become more
and more in phase from positive to negative frequency detuning.
The fitting results also show that the value of the field enhancement factor RFE increases as the frequency detuning is
reduced from the positive edge to the negative edge. This trend
corresponds to theory describing an increase in the slave laser
steady-state power under negative detuning conditions [22]. The
extracted phase shift results are consistent with the theory stating that stable locking occurs for phase ranges from −π/2 to
cot−1 α. The extracted values of the linewidth enhancement
factor for different detuning cases vary consistently within the
expected range, which was measured separately for this device
as reported in Fig. 5.
As also shown in Table II, the extracted values of the linewidth
enhancement factor vary with detuning within the experimental
error range. This leads to the conclusion that the linewidth enhancement factor can be manipulated by adjusting the detuning
condition.
E. Model-Based Analysis
With the validity of the modulation response model verified
based on experimental data, it can be used to predict injectionlocking behaviors for any FP slave laser once its free-running
parameters are known.
By knowing the operating parameters of the system, it is then
possible to predict the optimum operating limits of the device
such as particular detuning frequencies and the maximum possible bandwidth. One key parameter having a prominent effect
on the modulation response is the linewidth enhancement factor. The undesirable sag observed in the modulation response
for the extreme positive frequency detuning, as shown experimentally in Fig. 2, can be removed by increasing the linewidth
enhancement factor and keeping the same injection ratio.
In Fig. 6, the change in the modulation response under extreme positive frequency detuning due to a change
in the linewidth enhancement factor is illustrated theoretically. At the positive frequency detuning edge, the phase off-

Fig. 7. Experimental observation of the varied sag as the linewidth enhancement factor is increased.

set is roughly −π/2 causing the threshold gain shift to approach zero, γth → 0, and the field enhancement becomes
unity, RFE = 1. The maximum injection ratio and the freerunning fitting parameters are kept constant for all three cases.
Values used in Fig. 6 were based on the extracted physical
parameters for the injection-locked QDash FP device under
test at extreme positive frequency detuning. The phase offset of φ0 ≈ −π/2 (−1.57 rad), threshold gain shift of γth =
0.16 GHz, and the field enhancement factor of RFE = 1 were
kept constant for all three cases. Ideally, since the linewidth
enhancement factor varies significantly in this device (1.0–11)
based on the bias current, the sag in the modulation response
should be removable assuming a high enough injection power
is available to maintain a constant injection ratio. The significance of this observation is that because the highest relaxation
oscillation frequency and hence the highest possible modulation bandwidth occur at the positive frequency detuning edge,
removing the sag will achieve the highest possible modulation bandwidth for the injection-locked system. Fig. 7 experimentally demonstrates this trend, showing modulation response
curves at the extreme positive frequency detuning edge for bias
currents of 60, 70, and 80 mA and linewidth enhancement factor
of 1.3, 3.2, and 6.1, respectively, as shown in Fig. 5. The sag is
shown to be reduced as the bias current, and correspondingly
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the linewidth enhancement factor, is increased. Based on the
theoretical model expressed in (21) and depending on how the
B-containing and C/A-containing terms in the denominator interact, the sag reduces as their resonances detune from each
other due to the change in the linewidth enhancement factor at
different bias levels. The maximum injection ratio for the 60,
70, and 80 mA cases was calculated by (24) to be 103, 116, and
107 GHz, respectively. Note that although the peak frequency
decreases as the bias current is increased, the magnitude of the
peak remains relatively constant. The decrease in the observed
relaxation oscillation frequency is likely due to the increased
device heating as the bias current is increased, along with an
increased cavity mode shift, which is driven by the linewidth
enhancement factor as given in (4).
IV. CONCLUSION
Using a small-signal analysis of three coupled rate equations
describing an injection-locked system, a novel modulation response function is demonstrated, which successfully models
the key operating parameters of the system. It is shown that
the model implicitly incorporates the nonlinear gain through
the relaxation oscillation frequency and damping rate of the
free-running slave laser. The impact of gain compression is
evaluated for the slave device using a conventional technique
that examines the variation of the square of the relaxation oscillation frequency as a function of output power. The presented
model can be used to confidently extract microwave characteristics and operating parameters of the injection-locked system
by reducing the number of fitting parameters and providing the
acceptable physical constraints on the remaining fitting terms.
This eliminates unwanted solutions resulting from curve-fitting
and leads to a stronger confidence on the resultant extracted
parameters.
Using this method, the characteristic parameters of an
injection-locked system were extracted for a QDash FP slave
laser. The validity of the model was examined based on the
extracted value’s correlation with theoretically expected values.
The extracted parameters included the maximum injection ratio, linewidth enhancement factor, and threshold gain shift. As
opposed to previous works, which primarily focused on analyzing experimental data in the spectral domain [4]–[7], this model
demonstrates reliable curve-fitting results in the microwave domain. Finally, the model not only showed how the linewidth
enhancement factor impacted the observed sag in the modulation response function, but also indicated how the sag can
be virtually eliminated at higher bias current in a QDash FP
laser.
The views expressed in this article are those of the author and
do not reflect the official policy or position of the United States
Air Force, Department of Defense, or the U.S. Government.
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