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A rate equation analysis on the modulation response of an optical injection-locked quantum cascade laser is
outlined. It is found that the bifurcation diagram exhibits both bistable and unstable locked regions. In addition,
the stable locked regime widens as the linewidth enhancement factor increases. It is also shown that both positive
and negative optical detunings as well as strong injection strength enhance the 3 dB modulation bandwidth by as
much as 30 GHz. Finally, the peak in the modulation response is significantly influenced by the optical frequency
detuning. © 2013 Optical Society of America
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lasers; (140.5965) Semiconductor lasers, quantum cascade.
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The optical injection locking architecture has recently
emerged as a powerful engine for establishing tunable
photonic oscillators and high-bandwidth radio frequency
links. For intersubband quantum cascade (QC) laser
geometries, the suppression of residual amplitude modu-
lation was observed [1], as well as power scaling, line-
width reduction, and frequency noise suppression of
frequency combs [2]. Theoretically, the modulation band-
width enhancement was presented via a simple model
without taking into account gain stage cascading [3–5],
while the stability map describing bifurcations of an op-
tically injected QC laser has been analytically examined
in [5]. This Letter aims to theoretically investigate the
bifurcation diagram as well as the intensity modulation
(IM) properties of injection-locked single mode QC lasers
through a full-rate equation model, especially the role of
optical detuning in enhancing the modulation bandwidth
within the associated response.
Following the carrier dynamics of a single mode QC

laser described in [6], as well as the complex field of an
injection-locked laser reported in [7], the rate equations
for optical injection-locked QC lasers are given by
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where N3;2;1 respectively denote the carrier numbers
in the upper subband, lower subband, and bottom state.
S denotes the active photon number, and the phase dif-
ference is Δϕ � ϕslave − ϕmaster where ϕmaster, ϕslave are
the phases of the master and slave lasers, respectively.
The frequency detuning is Δωinj � ωmaster − ωslave where
ωmaster is the angular frequency of the master laser and
ωslave that of the slave laser, while kc denotes the coupling
rate of the master into the slave. The relaxation times are
τ32, τ31, τ21, τout is the tunneling out time, τp is the photon
lifetime and τsp is the spontaneous emission time. The
gain stage number is Npd, while ΔN � N3 − N2 is the
population inversion, and G0 is the gain coefficient.
The linewidth enhancement factor (LEF) is αH . The injec-
tion ratio is defined as Rinj � Sinj∕SFE, where Sinj is the
injected photon number and SFE is the photon number
of the free running case. All parameters used in our
computations are outlined in [6].

The bifurcation diagrams are useful to identify nonlin-
ear dynamics, such as period doubling and large four-
wave mixing regions in optically injected semiconductor
lasers [8]. In this work, we investigate the main saddle-
node (SN) and Hopf bifurcations using the continuation
package “Matcont” [9]. Our computations are summarized
in Fig. 1. The stable locking regime is bounded by the
supercritical bifurcations, which is enlarged by increasing
the LEF from 0 to 2.5. In contrast to the case of interband
lasers, zero detuning of QC lasers is always stable even
under low injection level. Besides, the codimension-two
SN-Hopf points are of Bogdanov–Takens (BT) form in-
stead of zero-Hopf form [10], where the bifurcations
change criticality. Note that complex nonlinear dynamics
appear around the codimension-two points [8]. With a
larger LEF, BT1 moves toward the negative axis of injec-
tion ratio associated with the positive axis of detuning,
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while BT2 moves oppositely. For LEF � 0 the bifurcation
is symmetric, while nonzero LEF leads to an asymmetric
bifurcation diagram. A bistability region emerges near the
cusp point at the negative detuning side for LEF � 1.0,
which is not exhibited in conventional interband semicon-
ductor lasers [11]. For LEF � 2.5, a small unstable locked
area appears at the positive detuning side. When com-
pared to interband lasers, all above differences in the
bifurcation diagram can be directly attributed to the high
ratio of the photon lifetime to the carrier lifetime in QC
lasers (τp∕τ32 � 1.85) [11]. In addition, the simulation
shows that a large LEF increases the peak amplitude in
the modulation response.
With the bifurcation diagram, the modulation proper-

ties of the injection-locked QC laser can be studied in the
stable locked regime. To investigate the IM response, we
linearize the rate equations via the standard approach of
small signal analysis. The modulation transfer function is

H�ω� � p1p2p3p4p5
z1z2z3

Π3
k�1�jω − zk�

Π5
k�1�jω − pk�

; (6)

where zk, pk are respectively the zeros and poles of the
steady-state polynomials, which are useful in the modu-
lation response’s behavior analysis with respect to the
Bode plots. Among the zeros, z1 is the smallest and is
expressed as

z1 � kc
�������������
Sinj∕S

q
�cos ϕ − αH sin ϕ�: (7)

It is known that the free running QC lasers exhibit a
rather flat IM response without a resonance peak due
to their ultrafast carrier lifetime [12]. The modulation
bandwidth can be enhanced by increasing the bias cur-
rent; however, this is limited by the excess heating and
the degradation of spectral properties. The inset of Fig. 2

illustrates that the injection-locked laser at zero detuning
does not present a resonance peak as well. Figure 2 also
shows that the 3 dB modulation bandwidth increases
with the optical injection strength; however, the band-
width tends to saturate at even higher injection ratios.
The possible underlying physical mechanism to this sat-
uration is the finite carrier and photon lifetimes, which
remain open for further investigation in the future.

In Fig. 3 we present the detuning effect on the modu-
lation response. The detuning range is controlled in the
stable locked regime with respect to the bifurcation dia-
gram. It is seen that the 3 dB bandwidth is enhanced by
both positive and negative detunings, while the former is
more efficient. From the inset, under both detunings it is
found that peaks arise in the response. However, from
Bode plot analysis, the underlying mechanisms are differ-
ent. For the positive detuning, a pair of complex conju-
gate poles appear that indicates a resonance originating
from the interaction between the locked field and the
shifted cavity-resonance field. In such a way, the reso-
nance frequency is given by [13]:

ωR � Δωinj −
αH
2

�NpdG0ΔN − 1∕τP�: (8)

The resonance combined with the small zero z1 results in
the peak. In the case of negative detuning, all the poles
are real and the peak is due to the fact that the zero z1 is
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Fig. 1. Local bifurcation diagram of an injection-locked QC la-
ser for LEF values of 0, 0.5, 1.0, and 2.5. Solid line is the saddle-
node (SN) bifurcation and dashed line is the Hopf bifurcation.
The supercritical bifurcation is denoted by thick lines while
subcritical bifurcation by thin lines. The stable locking regime
is bounded by the supercritical bifurcations. The investigated
laser is operating in the stable locked region of the bifurcation
diagram with an LEF of 0.5, where the vertical dotted line
indicates an injection ratio of 5.0.
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Fig. 2. Main: 3 dB modulation bandwidth as a function of the
injection ratio (for zero detuning and LEF � 0.5). Inset: related
IM response. Note the absence of any peaks.

-6 -4 -2 0 2 4 6 8
35

40

45

50

55

60

65

70

M
o

d
u

la
ti

o
n

 b
an

d
w

id
th

 (
G

H
z)

Detuning frequency (GHz)

0.1 1 10 100
-6.0

-4.5

-3.0

-1.5

0.0

1.5

3.0

 -6 GHz  6 GHz
 Zero detuning

M
o

d
u

la
ti

o
n

 r
es

p
o

n
se

 (
d

B
)

Modulation frequency (GHz)

Fig. 3. Main: 3 dB modulation bandwidth as a function of
detuning (for Rinj � 5.0 and LEF � 0.5). Inset: IM response
under various detuning conditions. Note the appearance of
the resonance peak under positive detuning.
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smaller than any of the poles. However, we note that
since there is no resonance under negative detuning for
QC lasers, Eq. (8) derived from interband lasers requires
further confirmation.
One fundamental feature of QC lasers is the multistage

cascade scheme, where electrons contribute to the gain
and the photon emission in each period, leading to a
quantum efficiency proportional to the period number
[14]. We therefore study the influences of the cascade
gain stage number on the IM response. Surprisingly, it
is shown that the response is slightly impacted by the
stage number, both in free running and injection-locked
lasers under the same bias-threshold current ratio
(Ibias � 1.5Ith). However, when all the responses are nor-
malized to the DC value H�0� with Npd � 30, as shown in
Fig. 4, it is found that the amplitude of the response in-
creases with a larger stage number, which means more
power is obtained in the modulation, while the response
shape remains similar. In contrast, the inset of Fig. 4
presents that the steady-state property is strongly im-
pacted by the stage number. With more gain stages in
the QC laser, both carriers in the upper and lower sub-
bands decrease, while the photon number remains
almost constant. Additionally, the threshold current of
the free running laser is substantially reduced, while
the differential efficiency (dS∕dI) is enhanced, as re-
ported in [14]. When compared to the free running laser,
the carrier number of the upper subband (N3) in the
locked laser decreases while that of the lower subband
(N2) slightly increases. The population in the bottom
state remains constant at N1 � τoutηI∕q. Besides, the la-
ser power is scaled up. On the other hand, laser devices
with more stages require higher operating voltage, which
is useful to reduce the undesired potential drops in the
injector region, but it also leads to poor heat-removal
efficiency from the active region [15].
In conclusion, we presented a theoretical analysis of

optical injection-locked QC lasers, both on bifurcation

maps and modulation responses. It was demonstrated
that the stable locking regime widens as the LEF value
increases. Meanwhile, both the bistable and the unstable
locked regions are found in this dynamical system. In ad-
dition, a large LEF increases the peak amplitude in the
IM response. Increasing either the injection ratio or the
master-slave frequency difference enhances the 3 dB
modulation bandwidth. The cascade gain stage number
mainly influences the steady-state properties, such as
the decrease of the current threshold and carrier popu-
lations with more gain stages. These findings are of prime
importance for the performance enhancement of QC
lasers, suggesting that an optical injection-locked experi-
ment is now needed for further investigations.
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Fig. 4. IM response for various gain stage numbers increasing
from 20 to 40, note that it is normalized to the case with Npd �
30 (under zero detuning and Rinj � 5.0). Inset is steady-state
result for Ibias � 1.5Ith. Photon population for the free running
laser is SFE ≈ 7.2 × 106, and for the injection-locked laser
S ≈ 13.3 × 106.
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