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I i.oriance yields IBP

Invariance with respect to translation

d
E/Rf(x—l—T)g(x-l-T) dx

7=0

Integration by parts
/f/(x)g(x) dx + / f(x)g'(x) dx =0
R R

TELECOM
ParisTech d

Institut Mines-Télécom Malliavin calculus ﬁﬁm'




_ Brownian motion

The Brownian motion is the unique centered Gaussian process such that

E[B(8)B(s)] = min(t,s) = 3 (¢ + 5 |t — s

B |ndependent and stationary increments
m Holder (1/2 — ¢) sample-paths

® Finite quadratic variation
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_ Construction

P M

Donsker Karhunen- Loéve Poisson
1 [nt] y. sln( +3)t) Ny (t)=At
77 2i=1% V2 Y= A
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_ Standard Wiener measure

Distribution of B supported by
= Co([0,1];R)
® Hol(1/2 —¢)
mW,,for0<n—1/p<1/2

Tl [FE) = FE)P o0 g
Wap — ‘t_5’1+np S

How to characterize a Gaussian measure on these Banach spaces ?
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B RKHS

Definition (Reproducing Kernel Hilbert Space)
H = span{t/\ ., te]o, 1]}
for the norm induced by the scalar product

(tA., SNy =tAs
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_ Identification

Since

tAs= /05 Tio.g(u) du= Iy (Tjo.9)(s) = t A € Iy <L2([0’ 1]))

1
and £As = /0 Vo (1) V0. (1) du = (Vo 1092

‘H as a Besov-Liouville space

N = m{t/\ L telo, 1]} ~ I3 <L2([0, 1]))

with

13+ (M)l = 1Al 2o,y
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B A\bstract Wiener space

Theorem

For any choice of W among C, Hol(1/2 — ) or W, ,,, the triplet
emb : H — W is an AWS: H is dense in W, emb is radonifying and the
standard Gaussian measure is characterized by

E[exp(—(¢, whw-w)] = exp(— 3 | emb* C[3)

where
W emb” H ~H emb W
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N \\icner integral

W* emb W~ Y emb W

The Wiener integral is the isometric extension of the map

§:emb" (W*) CH — LQ(P1/2)

emb*(C) — <C7 w) W+ W -
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_ Identification

emb

W 2 e o H 2™ Woand H =

hy = emb” ¢, must satisfy for w € H C W and differentiable

1
w(t) = (er,embw) - w = (emb” &;,w)y = / ht(u)w(u) du
0
= he(u) = To,g(u) = he(u) =t Au
Consequence
§:emb" (W*) C ly— LQ(Pl/Q) S(tA.) =6(emb™(¢)) = B(t)
emb*(C) — <Ca w}W*7W
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_ Fractional Brownian motion

For any H in (0,1), {Bn(t); t > 0} is the centered Gaussian process
whose covariance kernel is given by

Ru(s, t) = E[By(s)By(t)] = %(52*’ +£2H _ |t — o|2H)

where
~ I'(2 - 2H) cos(mH)

Vy =
H TH(1 — 2H)

B stationary increments
m Holder (H — ) sample-paths
m Finite 1/H-variation
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B Bcsov-Liouville spaces

Definition (Riemann-Liouville fractional spaces)
For o > 0, for f € LP([0, 1]),

1

g+f(t):m/0(t—s)°‘_1f(s) o

The space Iy, is the set I§, (LP[0, 1]) equipped with the scalar product

1
(e f, 10 = (F) g = /0 F(s)g(s) ds.
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I sobolev embeddings

Fora>b>candp,c—1/p>0

Wap C lpp C Wep C Hol(c—1/p)
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N Key lemma
Square root of Ry

There exists Ky such that

Ru(t,s) = /01 Ku(t, r)Ku(s, r) dr

Ko.25(1,s) Ko.5(1,s) Ko.75(1,s)
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N . Properties

Ku(t,s) = th=2 Ky(1,2)
Ku(t,s) =0if s>t
Kija(t,s) = Tjo,1(s)
Ku(t,s) = r =121 (£ — 5)H=1/2 5 ¢°°_function

Warning !
Singularity of Ky increases as H 1
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N Regularity

Kn @ LP — Iyia)0p
t
fn—)KHf(t)=/ Ku(t, 5)F(s) ds
0

is continuous.

Essential remarks
1

Ry(t,s) :/ Ku(t, ) Ku(s, r) dr = Ry(t,s) = KH<KH(t, .))(s)
0

Kij2 = I+
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N RKHS

RKHS(BH) = W{RH(ta ')7 te [07 1]}
= Ku(L?) = Ing1)2,2

with scalar product

1
(K, Kig)12) = /0 h(s)(s) ds
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I |ctification
Abstract Wiener space for fBm

emb” emb
W* == L1002 = IHy1j22 — W

For h = Ky(h) € Iny1/90 C W

(er,emb h)y« w = (emb” &, h) = h(t)

lhy1/2,2

1
:/0 Ku(t, s)h(s) ds = (Ku(t,.), )2 = (Ku(Ku(t,)), By o

emb*(et) — KH(KH(I‘, )) = RH(t, )
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N . Consequences

The Wiener integral is the isometric extension of the map

0 : emb*(W*) - 1172 — L2(Mw)

emb*(C) — <Ca UJ> w* w

6(Ru(t,.)) = Bu(t)
(6(Ku(1j0,4)), t €1[0,1]) is an ordinary BM

E [6(Kn(110,0)°] = IKu(Mo,g)II7,, 00 = Mo, ll72 = ¢
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I i brief
Embeddings and identifications

* b* * *
W L H = (/H+1/2,2)

lg

L2 L) H = IH+1/2,2 Lb) w

for W=C, or W, with0<n—1/p<H

Efoxp(— (€. Buhw- )] = oxp (3 | emb G )
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_ Quasi invariance

Theorem (Cameron-Martin)
For any h € H,

E[F(B+ emb(h)] = E [F(BH) exp(5h - %Hh”%{)}
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_ Girsanov theorem

For u = Ky adapted,
t t
9Ql _ oxp ( / i(s) dB(s) — - / i(s)? ds)
Fit 0 2 0

Py
Lawg (BH(t) = /Ot KH(t,S)[J(S) dS) = LaWpH(BH)

then
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_ Differentiation on W

B Why not consider the Fréchet derivative

i = (Fw+ew) — F(w)) ?

e—0 €

m The [t6 map is not continuous on W, so not Fréchet differentiable

B A random variable F is defined up to a negligeable set. We must
ensure that for any admissible direction of differentiation h

F=Gas. = F(By+h)=G(By+h) as.

m The Cameron-Martin theorem ensures that this is true for h € H
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N Cylindrical functionals

A function F is said to be cylindrical if there exists f € S(R"),
(h1,---, hy) € H" such that

F(w) = f(Sh, - ,6hy).

The set of such functionals is denoted by Cyl.
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_ Gross-Sobolev derivative

For F(w) = f(6hy,--- ,0hp). Set

n
VF = ZajF(6h17 ,(Shn) h_,‘,

j=1

so that .
(VF hygy = 0iF(5hy,--+ ,6hn) (hj, h)yy.

j=1

(VF,hyy = gme*1 (F(By + €h) — F(Bp))
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N . Examples

V(Bu(£)(s) = V(5(Ru(t..)) ) (s) = Ru(t,s)
VsBh(t) := Ky (V(Br(1))(s) = Kh(t,s)
Recall For H=1/2
L2 — H = IH+1/2,2 — W VsB(t)=tAs

VheH, h=K;'h VsB(t) = 1j0,4(s)

V=K,'V

T%LECDM )
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_ Classical formulas

Derivation and chain rule

V(FG) = FVG + GVF
Vo(F) = ¢'(F)VF
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B cicnsion to a larger set
Closability

(F,,ECyI—)Oand VF,,—>§>=>§=0?

Theorem (Integration by parts)

E[G(VF,h)y] =E[FGoh| —E[F (VG, h)y]

E[F(w+7h)G(w)] =E[Fo Ty Go T_po Ty

—E [F Go T_pexp <5h - ;Hhuﬁﬂ

—E [F(M)G(w — 7h) exp <75h(w) - 1;2 " ].o




N . Gross-Sobolev spaces

Dy ;1 is the closure of Cyl for the norm

IFlIz: = E [F*] + E[IVFIIZ]
=E[F’] +E [/l(vspy ds]
0

where V = K,__,lv.
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N Support of the derivative

FeF,<=VF=0fors>t

E [f(s(tl),-.-  B(t +s)) \ftn} —E [f(B(tl), . B(t) +N(o,s))}

and

V. f(B(t), - Za F(.. )V, (s) =0 fors > t,
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_ Iteration

s+ VBy(t)? = 2Bu(t) VsBy(t) = 2By(t) Ry(t,.s) € H

V,(VSBH(t)2> — 2Ry(t, ) Ru(t, s)

meaning that

v (BH(t)2) — 2Ry (t, r) Ry(t,s) e HOH
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N Higher order derivative
Definition . |

Dy i is the closure of Cyl for the norm

k

= > E[IVOFIZs]

Jj=0

k
=E]| F2+ZE[[ VP . Fds... ds;
0,1Y
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N Divergence

V : Doy C LA(W;PH) — L2(W @ H)

is continuous.

Consequence

*domV* € 2(WRH) — L2(W;Py)*

by identification of the Hilbert spaces and their dual

TELECOM .
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N Divergence

domd = {U(w,s) € L>(W®H),3c > 0,YF € Cyl,

EL(VF, Upnl] < cHFHp(pH)}

Then,
E[(VF,U)y| =E[F V*U]

If U is deterministic,
E(VF,Uyy|=E[F U] =V =0donH
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N key formula

a a random variable, U a process

d(al) = aoU — (Va, U)y

E[6(al) ¢] = E[a(U, Vi)3]
=E[(U,V(ay) —¢Va)y]

=E[adU ] — E[(Va, Uyyy]
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N Divergence extends It6 integral

Corollary (H =1/2)
If U e domé and U is adapted,

sU = / 1 U(s) dB(s)
0

U(s) = U100 (s) <= U(t) =D Uslys (1(40,1))(1)

1
5(Ut,-/(%+(] (ti,ti+1})) = Uy, 5(1‘,‘.,.1 AN.—t N ) — /0 VSU(t;) ](ti,ti+1](s) ds
= Ut,- B(t,'_H — B(t,)) -0
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I cicnsion of the It6 isometry formula

1 1
E[5U%] = E U U(s)? ds} - U/ Y, U, V.0, ds dr
0 0

TELECOM
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_ For the sake of notations

B Recall that (5(KH1 [O,t]) is a B.M.
B Recall that § extends Itd integral on adapted processes

1
/0 U(s) 0B(s) = 6(KnU)
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_ Inversion formula

Theorem (1% o I° = [**8 and Ky ~ [M+1/2)

= KH o Kl_/é : 11/2 continuous

42 bijective

Formally, By = Kn(B) = Ky o Kl_/é(B)

For any H, we have

B = ICfl(BH), Py — as.

Remark

(t = Bu(t)) € lnp = (t— K (Bu)(t)) € 2, C Hol(1/2 —1/p)
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_ Proof

If for any U € L2(W x [0,1])

E [/01 B(t) U(t) dt} _E [/Ollc_l(BH)(t) U(t) dt

then
B(t) = K~ Y(By)(t) Py ® dt as.

Continuity argument and the proof holds.
It suffices to consider U(w,s) = ¥ (w)g(s).
Integration by parts + adjunction + Fubini

TELECOM
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_ Ito formula

Theorem (LD)
For f € C?,

f(Bu(t)) = f(0) + /Oth;_f(f’ o By)(s) 6B(s)
+H Vy /1 f"(Bu(s))s*H '~ ds.
0

where K} is the adjoint of K in L%([0,1]) and

Kef = Ki(f 1p,0)
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B 1 usual way for H=1/2

F(B( =Y f(B(ti+1)) (B(ti))
= Z F'(B(t:)(B(tir1) — B(t:))

' %Z F(8(50) (Ber) ~ B)

B First term: Riemann approximations converge in probability to

stochastic integrals
m Second term: Converge in probability to the integral of f”(Bs) with

respect to the square bracket of the BM

TELECOM
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N By parts, integrate you shall

Lemma

(Bh(t) — By (s))¥t! @) (M>

= @+ .
2(n+1)
BH(t) - BH S 1
+( > ) / P </\BH(t)+(1—/\)BH(5)> d\
0

TELECOM
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_ Fundamental theorem of calculus

d

E [ F(Bu(£))] — E [ £ (Bu(0))] — /01 YE [ F(Bu(t +9)] de

If H>1/2

E[vf(Bu(t+e))] —E [ f(Bu(t)]
—E |(Bu(t+2) — Bu(t)) f <B”(t) + Bult+ 5)> zp} + O(e2H)

2

TELECOM
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_ First order term

E|(ule + o)~ Ba(n) £ (PO

E UOl(KHa 1 e,s) — Ki(t,s))8B(s) (B”(t) *Bult+ E)> w]

2
E[/Ol(KH(t—i-E,s)—KH(t,s)) v, (f’(BH(tHf’“’(t“)) w) ds}

TELECOM [ ]
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I - oof (cont’d)

Ay =E [f’ (BH(t) + Br(t + €)> /OI(KH(t +e,5) — Ku(t,s)) Vs ds]

2
+E |:w £ <BH(t) + 2BH(t + 5))
1
[ (Kt + 2,9) = Ku(t,5) (Kit + 2,5) + (e, 5) 0]
0
= B; + Bs.
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I - oof (cont’d)

1B 2% E [f'(BH(t)) /cw(t)} .

e By % E [ £ (Byy(1))] %RH(t, )

— HVy 2PV E [ £ (Bu(t))]
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B T final step: Fundamental theorem of
calculus

E [ £(Bu(t))] — E [ £(Bu(0))] = E [/Ot £ (Bu(s)) KV4(s) ds]

+HVyE [1[1 /Ot f"(Bp(s)) s>~ ds} :

+ Integration by parts

E [/Ot f'(Bu(s)) KV (s) d } — [/lf (BH( ) 10,4(5) KV(s) ds]

1

:E|:/ K:T(f,OBH‘I[Ot] sgb d5:| |: OBH][ })(S) 58(5):|
0

e I E ©




I Siochastic integrals: Discretize By

Stratonovitch type integrals
RS (u) = Y u(ti) (Br(tis1) = Bu(t:)) or

tiem

SS:(0) =30 5 [ uls) ds (Bultiss) — Bult)

TELECOM
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_ Discretize B and use By = KyB

1
B™(t) = B(t;) + EAB" (t — t;) for t € [ti, tig1),

1 tit1
BR(t)=>_ &/ K(t,s)ds AB;
i Jt;

tiem

= Z 97K(.| [ti7ti+1])(t)ABf

d

=Y CETAIRI at} aB,

tiem

i

TELECOM
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N 50 -0 (va U

1 tit1

Fw=o(3 5 | Kru &)
+D // K (V,u)(t) dt dr

t; €7T
! [tutl+1

Under technical conditions on u,

RT(u) — 4( *Tu)+/0 V(K%u)(s) ds

TELECOM
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_ Back to By discretization

SS;(u) — 6(K%u) +/0 (KV)su(s) ds

Why is H < 1/2 so hard ?

Ky behaves as [H=1/2

TELECOM
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I O hstein-Uhlenbeck semi-group

VF € L}(Py), P:F(w) = /W Fle™fw+ V1 —e72t¢) dPy(C)

® /nvariance of Gaussian measures with respect to rotations imply

Ptys = Pt o Ps

m PF(w) =2 [, F dPy
m P is the stationary measure of P;
mfFell, P.F e, Doy forany t >0

TELECOM
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_ Generator

Theorem (A consequence of IBP)
For any F € L'(Py) N Lip(W),

d
= P,F = LP,F
dt t t

where

LF(w) = —(VF, wyw-w + Y (VOF i@ h),
j=1
= —6VF

with (hj,j > 1) a CONB of 1172

TELECOM
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N Stein-Malliavin representation formula

P,F(w)/WFdPH—/W PsoF(w / /roo_LPt ) dt dQ(w)
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N Stein method in one picture

m= T*v
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_ Dirichlet-Malliavin structure

P =etl

PF— [ F dPy

Py, L
[LFdPy=0

I - P



B \ailiavin calculus for Poisson point processes
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N Configuration space

A configuration is a locally finite set of points of a set E. Ng = the set of
configurations of E.

Let p o-finite Radon measure on a Polish space E. The Poisson process
with intensity 4 is such that for any function f : E — R,

E [exp(—/f dN)] = exp (— /E(l — e f)) du(s)) .

where [fdN =3 _yf(x)
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N . Campbell-Mecke formula

E [/E F(N @ x, x) du(x)] _E [/E F(N, x) dN(x)]

%E [exp(—/E(f+t15) dN)] y

= d exp <_/(1 _ e*(f(s)+t1s(5))) du(5)>
dt E

t=0
yields CM formula for F(N, x) = exp(— [ f dN) g(x)
Thrictec [




_ Gradient

Definition (Discrete gradient)

o = {F . Ng —R, E [/E|F(Neax) —F(N)P2 d,u(x)] < oo}

For F € dom D, we set

D F(N) = F(N & x) — F(N).

TELECOM
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N Divergence
Definition (Poisson divergence)

We denote by dom §, the set of vector fields such that

doméz{U:NExE—>R,

(/E U(N e x, x)( dN(x) — d,u(x))>2] < oo}

5U(N)=/EU(Nex, ) — el

E

Then,

TELECOM
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N . Campbell-Mecke formula is equivalent to IBP

Theorem (Integration by parts for Poisson process)

For F € dom D and any U € dom ¢,

E [/ Dy F(N) U(N, x) du(x)] — E[F(N) 5U(N)].
E

Corollary (Skorohod isometry)
For any U € dom§,

E[6U?] =E [/E U(N, x)* du(x)]
+E| [ [ 0aU.) D, U(N.) du) ity
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B Giauber process

| ‘It(O) =€ NEg,
m Each atom of n has a life duration, independent of that of the other
atoms, exponentially distributed with parameter 1.

m Atoms are born at moments following a Poisson process with intensity
w(A). On its appearance, each atom is localised independently from
all the others according to p/u(A). It is also assigned in an
independent manner, a life duration exponentially distributed with
parameter 1.
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B Giauber process
E N

(t)
@ ®
————
N(0)
0 e
————
Time
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_ Generator

The infinitesimal generator of N is given by

— LnF(N) = (6D)F(N)

—u(E) [(F(N G~ FW) du(x)-Le)
+NE) [ (F(N =6 = F(N) 55 dNG)

for F bounded from Ng into R.

PeF(N) = E[F(9(2)) [9(0) = N]

v
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_ Similarities and difference

Brownian Poisson

16Ull2 = |UlI7 + E[tr(VU o VU)]  [|6U]| 2 = ||U||}. + E [tr(DU o DU)]
F=E[F]+ 3,5 6"(E[VF]) F=E[F]+ ), 6"(E[D"F])
var(F) < HVF||%2(W;H) var(F) < HDFH%Q(WX,:_)
V(FG)=FVG+ GVF D(FG) = F DG + G DF + DF DG
PiF € Ni>1D9 No regularizing property

Ent(F) <E [(VF,V|og F)H] Ent(F) < E[fE min(F‘lleF|2,

D,F Dylog F) du(x)]
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N . Independent random variables

Definition (LD, H. Halconruy)

For X4 = (X5, a € A) independent random variables, X, € E, a Polish
space.

D.F(Xa) = F(Xa) — E[F [ Xp, b # &
6U:ZD3U3

acA

Then,

E

> D.F U,

acA

— E[F §U]
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_ Similarities and difference

Brownian Independent r.v.

[6U]|12 = |U[l7: + E[tr(VU o VU)]  |6U] 12 = E[tr(DU o DU)]

F=E[F]+3,5, 0"(E[V"F]) No chaos decomposition

var(F) < HVFHz;(W;H) var(F) < HDFH%2(WXE)

V(FG)=FVG+ GVF D,(FG) = ...+ D,F D,G —
E[FGIG.] + E[F|Ga] E[FIG.]

P:F € Ng>1Ds 4 No regularizing property

Ent(F) < E [(VF,Vlog F)3] Ent(F) < >,cAE [DkG*/E[G|GL]]
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I ok representation formula

Brownian motion Independent random variables
1 . o'}

F=E[F]+/0 E[VFIFS] dB(s) F=E[F]+ Y D«E[F|F
k=1

: +
Poisson process on R Clark-Hoeffding formula

1
F—E[Fl+ /O E(D.F| R d(N-1)(s)  F_ g

AN
Bernoulli random variables +Z <|B| 18] Z Dy E[F | Xg]
BCA beB
| F=E[F]+ > E[DiF|Fia] X - frrrrila




I \ailows distribution of random permutations

EN = Xj.il{la"' 7./}

1
Pi(k) = ——— if k #
t
= fork=j
t+,j—1

P= (§)Pj
j=1

X; = the i-th coordinate of law P;

ELECOM
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_ Construction

m Start with o = (1)

B f Xo =2 then 0 = (1,2) else 0 = (2,1)

m |f X, = k then concatenate k to the current permutations
m If Xy =j, then 0 < (k,j) oo

m Example:

If X5 =3

ORI
o ot
N—
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_ Mallows distribution

Theorem (Kerov et al.)

For any o € Gy,

¢eye(@)
(t+1)(t+2)x---x (t+N—-1)

P({o}) =

where cyc(o) is the number of cycles of o.
B t = 1: uniform distribution
B t = 00: o close to identity

B t = 0: almost a unique cycle

TELECOM
ParisTech d

5 Fioi |

75 / 98  June 2018 Institut Mines-Télécom Malliavin calculus




N A e representation of the number of fixed
points

Number of cycles
N

G = Z V=) V(hstk, mefkt1,- N})

Theorem (LD, HH)

N

N
t—1 t
G=t(1- L 1
! ( N+t—1)+; t+l—1)m£I+1 (=l
N—1

-1
_Zt—i—/ Z((II k) — t—l—/ ) H ‘I’m#k)

l k=1 ={HFl
mnsauE -




_ Variance of

Theorem (LD, HH)

For any t € R, we get

- Nt t 212 M 1
Gl = LI N DL
Gl t—|—N—1<t+N—1+ N kz::lt—i—k—l)
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_ Dirichlet forms

(Ew, @) 2% (w,P) SR
En(F) = E[(Dn(F o Un), Dn(F o Un))i2(gy)]

is a family of Dirichlet forms on W

TELECOM
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N Convergence of Dirichlet forms

Let (£,,n > 1) be a sequence of Dirichlet forms on W. It converges in the
Dirichlet sense to the Dirichlet form £ if for F € dom & N Lip ,

En(F,F) = E[(V.F,V,F)] 2225 £(F,F) = E[(VF,VF)]
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N Foisson point process as limit of discrete
random variables

[: ‘ :3 B A=set of cells (Jmesh|— 0)

:“’ - | Phissana{ICT)). [ ’3 m X,=Poisson(u(|Cal))

L . ® Choose (, € C; (deterministically)

- - W Na=2eaXag,

3: |- 73 mIf |F(w)— F(n)| < drv(w,n) then

L EAF) - EPs(F) =E [HDFH%(M)]
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_ Brownian motion as a limit of a random walk

t
el (t) = VN 11/ 4/ (1) and BY(2) :/O eV(s) ds.

N
=> M h{(t), forall t € [0, 1],

where (My, k =1,--- | N) are iid standard Gaussian r.v.
Theorem (LD, HH)

gUn(F ZE [( — B [F(wffy + M hL")Dz] ,

where wé‘,’() = wN — My hY and M is an independent copy of M. For
F € Lip(H)

EUN(F) X2 e(F) = E[(VF, VF)y]

. N il B e



_ Process convergence

Barbour'90

sup
”F”CE(D; R)Sl
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_ Common space

(t— B(t)) € Hol(1/2 — ) € 1275 (L) ¢ 1>~ (1?)

Poisson process

N(t) = Virn(t) € LP75(L2), We >0

Common space

1342_8(L2) for arbitrary € > 0
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I \\icher measure on IO%(LQ)

B(t) :=_ Xu Iy (en)(t) ass.

n>1

with (en, n > 1) CONB of L% and (X,, n > 1) independent N(0, 1)

Convergence in L2(Q; 17, (L?))
1- 1-
Y lgrenll?, , =D Mor Penllzz = g Mllns < oo
n>1 n>1

implies

B <1/2
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_ Wiener measure

n>1

- exp(—% > (/0 (=70 1:2)n(s) en(s) ds)z)

n>1

EM:* [exp(i<77, w>’ﬁ,2)] EP1/2 |:exp Z/ Il Po l_ 1(s) en(s) ds Xn)]

1 _
= exp(—iH(/1 g ol )77HL2 (0, 1]))

= exp(— /O (17 o 17PYi(s) ii(5) ds),

Conclusion

E,, [eXp(i{, @i, ,)] = exp(—5(Vim, ), )




I G.oussian structure on 2(N)

Hilbert spaces isometry

I ¢ I (L% — P(N)
f — ((e,,, /(;+Bf>L2([071]), n> 1)

Commutative diagram

J

19 (13— P(N)

Vﬁl J/Sg:=3ﬁOVBo:igl
J

19 (L2) —= P(N)
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Gaussian measure on /?(N)

-5 = mg, where mg is the Gaussian measure on /*(N) such that
for any v € I2(N),

/ exp(iv.u) dmg(u) = exp(—lsﬁv.v)
12(N) 2
Expression of Sg

Ss : F(N) — *(N)
u=(up, n€N)— (Z<h"’ hi)2 uj, n € N)

Jj21

where h, = Ié;'g(e,,)
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N s:cin equation
Ornstein-Uhlenbeck process

PEF(x) = / Fletx + v/1— o2t v) dmg(v)
RN)

Infinitesimal generator

d
aP,? F(x) = A°P?F(x) where

APF(x) = (x, VF(x))p — trace(Ss o VO F(x)), x € *(N)

Stein equation

[ R0 dms) — F = [ APEFGO dt, meas.
I2(N) 0 )
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N Embedding of the Poisson process

Poisson process

1

NA(t) = 7 (NA(t) — At)
A 1!
35N = (ﬁ/o hn(s)( dNy(s) — A ds), n € N)

where
hn = Iy " (en)

Integration by parts

E [F(N’\)/Olg(T)( dNy (1) — A dT)] =\E [/1 D.F(N*) g(1) dT]

0
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N Convergence in /€+(L2)

sup (E [F(N’\)} —/F dmﬁ> < %

1Flles 2 s my<a
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_ Proof |

Hy =AY P @xp = X712 H,
n>1

E[ﬁﬂN)\.G(‘j@N)\ IZE |:5)‘ hl B)F(J,BNA)] Xn-X
n>1

IZEU hL=P(T)D- F(35Nx)A dT} Xn.X

n>1

—E [/01 D F(33Ny).Hy(7) dr] .
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I o oof 11

According to the Taylor formula,

D;F(3gNy) = F(IgNx + Ha(T)) — F(IsNn)

1
= \})\VF(:MNA).HKT)—F;\/O (1—r) V2F(IgNx+Hy(7)).Hi (1)@ dr.

For the rest, see Coutin and Decreusefond, “Stein’s Method for Brownian
Approximations”.
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