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CENTRAL LIMIT THEOREM FOR A STRATONOVICH INTEGRAL
WITH MALLIAVIN CALCULUS

BY DANIEL HARNETT AND DAvVID NUALART!
University of Kansas

The purpose of this paper is to establish the convergence in law
of the sequence of “midpoint” Riemann sums for a stochastic process
of the form f'(W), where W is a Gaussian process whose covari-
ance function satisfies some technical conditions. As a consequence
we derive a change-of-variable formula in law with a second order
correction term which is an Ito integral of f” (W) with respect to
a Gaussian martingale independent of W. The proof of the conver-
gence in law is based on the techniques of Malliavin calculus and
uses a central limit theorem for g-fold Skorohod integrals, which is a
multi-dimensional extension of a result proved by Nourdin and Nu-
alart [J. Theoret. Probab. 23 (2010) 39-64]. The results proved in this
paper are generalizations of previous work by Swanson [Ann. Probab.
35 (2007) 2122-2159] and Nourdin and Réveillac [Ann. Probab. 37
(2009) 2200-2230], who found a similar formula for two particular
types of bifractional Brownian motion. We provide three examples
of Gaussian processes W that meet the necessary covariance bounds.
The first one is the bifractional Brownian motion with parameters
H <1/2, HK = 1/4. The others are Gaussian processes recently stud-
ied by Swanson [Probab. Theory Related Fields 138 (2007) 269-304],
[Ann. Probab. 35 (2007) 2122-2159] in connection with the fluctua-
tion of empirical quantiles of independent Brownian motion. In the
first example the Gaussian martingale is a Brownian motion, and
expressions are given for the other examples.

1. Introduction. The aim of this paper is to obtain a change-of-variable
formula in distribution for a class of Gaussian stochastic processes W =
{W4,t >0} under certain conditions on the covariance function. These con-
ditions are in the form of upper bounds on the covariance of process incre-
ments. For example, the variance on the increment on an interval of length
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2 D. HARNETT AND D. NUALART

s is bounded by C4/s, and the covariance between the increments in the
intervals [t — s,t], and [r — s,7] is bounded by

52|t —r|7%(r— 8)_5 + 82|t — r\_3/2,

if 0<2s<r<tand |t —r|>2s, where 1<0¢§% and oz—l—ﬁ:%.
For this process and a suitable function f, we study the behavior of the
“midpoint” Riemann sum

[nt/2]

Ou(t) = Y F'Wiaj-1ym) Wajjm — Wizj-2)/m)-
=1

The limit of this sum as n tends to infinity is the Stratonovich midpoint
integral, denoted by fot f'(Ws)° dWs. We show that the couple of processes
{(Wy,®,(t)),t >0} converges in distribution in the Skorohod space (D[0, cc))?
to {(Wy, @(t)),t >0}, where

t
B(t) = FOV:) — fWo) —5 [ £"(W.)aB,

and B = {By,t >0} is a Gaussian martingale independent of W with vari-
ance 7(t), depending on the covariance properties of W. This limit theorem
can be reformulated by saying that the following It6 formula in distribution
holds:

L L o 1 i
W W E W)+ [ vy [ v s,

The above mentioned convergence is proven by showing the stable con-
vergence of a d-dimensional vector (®,(t1),...,P,(t4)) and a tightness ar-
gument. To show the convergence in law of the finite-dimensional distribu-
tions, we show first, using the techniques of Malliavin calculus, that ®,,(t)
is asymptotically equivalent to a sequence of iterated Skorohod integrals
involving f”(W;). We then apply our d-dimensional version of the central
limit theorem for multiple Skorohod integrals proved by Nourdin and Nu-
alart in [5].

Recent papers by Swanson [10], Nourdin and Réveillac [6] and Burdzy
and Swanson [2] presented results comparable to (1) for a specific stochastic
process. In [10], a change-of-variable form was found for a process equivalent
to the bifractional Brownian motion with parameters H = K = 1/2, arising
as the solution to the one-dimensional stochastic heat equation with an ad-
ditive space-time white noise. This result was proven mostly by martingale
methods. In [2] and [6], the respective authors considered fractional Brown-
ian motion with Hurst parameter 1/4. In [2], the authors covered integrands
of the form f(t,W;), which can be applied to fBm on [g,00). The authors
of [6] proved a change-of-variable formula that holds on [0,00) in the sense



CLT FOR A STRATONOVICH INTEGRAL 3

of marginal distributions. The proof in [6] uses Malliavin calculus; several
similar methods were used in the present paper. More recently, Nourdin,
Réveillac and Swanson [7] studied the case of fractional Brownian motion
with H =1/6. In that paper, weak convergence was proven in the Skorohod
space, and the Riemann sums are based on the trapezoidal approximation.

It happens that the conditions on the process W are satisfied by a bifrac-
tional Brownian motion with parameters H < 1/2, HK = 1/4. In this case,
n(t) = Ct and the process B is a Brownian motion. This includes both cases
studied in [6] and [10], and extends to a larger class of processes. For an-
other example, we consider a class of centered Gaussian processes with twice-
differentiable covariance function of the form

E[Wrwt] :T¢<;>7 tZTa

where ¢ is a bounded function on [1,00) such that

)

and v is bounded, differentiable and |¢/(x)| < C(x — 1)~/2. This class of
Gaussian processes includes the process arising as the limit of the median of
a system of independent Brownian motions studied by Swanson in [9]. For
this process,

¢'(x)

1

¢(x) = +/z arctan < m)

It is surprising to remark that in this case n(t) = Ct2. This is related to the
fact that the variance of the increments of W on the interval [t — s, t] behaves
as C'y/s, when s is small, although the variance of W (t) behaves as C't. Our
third example is another Gaussian process studied by Swanson in [11]. This
process also arises from the empirical quantiles of a system of independent
Brownian motions. Let B = {B(t),t > 0} be a Brownian motion, where B(0)
is a random variable with density f € C*°. Given certain growth conditions
on f, Swanson proves there is a Gaussian process F' = {F(t),t > 0} with
covariance given by

P(B(r) < q(r), B(t) < q(t)) — o”
u(q(r),r)ulq(t),t) ’

where o € (0,1) and ¢(t) are defined by P(B(t) < ¢(t)) = a.. It is shown
that this family of processes satisfies the required conditions, where 7(t) is
determined by f and a.

The outline of this paper is as follows: In Section 2, we introduce the
basic environment and recall some aspects of Malliavin calculus that will be

E[F(r)F(t)] = p(rt) =
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used. In Section 3, a multi-dimensional version of a central limit theorem
that appears in [5] is given. In Section 4, the theorem is applied to prove
convergence of ®,(t). Section 5 discusses three examples of suitable process
families. Finally, Section 6 contains proofs of three of the longer lemmas
from Section 4. Most of the notation in this paper follows that of [5].

2. Preliminaries and notation. Let W = {W(¢),t > 0} be a centered
Gaussian process defined on a probability space (€2, F, P) with continuous
covariance function

E[W (t)W (s)] = R(t, s).

We will always assume that F is the o-algebra generated by W. Let £ denote
the set of step functions on [0,7] for T'> 0; and let $) be the Hilbert space
defined as the closure of £ with respect to the scalar product

(L0, Lo,e)) 99 = R(2, 5).

The mapping 1jg4 — W (t) can be extended to a linear isometry between
$H and the Gaussian space spanned by W. We denote this isometry by h +—
W(h). In this way, {W(h),h € $H} is an isonormal Gaussian process. For
integers g > 1, let §®? denote the gth tensor product of §. We use $°9 to
denote the symmetric tensor product.

For integers g > 1, let H, be the gth Wiener chaos of W, that is, the closed
linear subspace of L?(§2) generated by the random variables {H, (W (h)),h €
9, ||h]|g =1}, where Hy(z) is the gth Hermite polynomial, defined as

22 d? 22
Hy(z) = (11672 e /2

For ¢ > 1, it is known that the map
(2) I4(h®%) = Hy(W (h))

provides an isometry between the symmetric product space $®? (equipped
with the modified norm ﬁ” - ||s@q) and H,. By convention, Ho =R and

Io(z) =

2.1. Elements of Malliavin calculus. Following is a brief description of
some identities that will be used in the paper. The reader may refer to [5]
for a brief survey, or to [8] for detailed coverage of this topic. Let S be
the set of all smooth and cylindrical random variables of the form F =
gW(p1),...,W(¢n)), where n > 1; g:R™ — R is an infinitely differentiable
function with compact support, and ¢; € . The Malliavin derivative of F'
with respect to W is the element of L?((2,)) defined as

DF = Z T W W (6n))i-
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In particular, DW (h) = h. By iteration, for any integer ¢ > 1, we can define
the gth derivative DYF, which is an element of L?(Q,$®%). For example, if
F =g(W(t)), then D2F = ¢" (W (t))1%?

[0,]"
For any integer ¢ > 1 and real number p > 1, let D?? denote the closure
of § with respect to the norm || - ||pe.r defined as

q
1F1[Ber = E[FP]+ D E[ID'FI} .-
i=1
We denote by § the Skorohod integral, which is defined as the adjoint of
the operator D. This operator is also referred to as the divergence operator
in [8]. A random element u € L?(£2,§)) belongs to the domain of §, Dom 4,
if and only if

[E[DF,u)s]| < cuy/ E[F?]

for any F' € D2, where ¢, is a constant which depends only on u. If u €
Dom 6, then the random variable 6(u) € L?(Q) is defined for all F' € D'? by
the duality relationship,

E[Fé(u)] =E[(DF,u)g].

This is sometimes called the Malliavin integration by parts formula. We
iteratively define the multiple Skorohod integral for ¢ > 1 as §(39 ! (u)),
with §°(u) = u. For this definition we have

E[F§(u)] = E[(DIF,u)goq],
where u € Dom §7 and F € D%2. Moreover, if h € §©9, then we have §9(h) =
I,(h).
For f,g € $H®P, the following integral multiplication formula holds:
P

3) # (D) =3 (1) # (r 50)

r=0

where ®, is the contraction operator; see, for example, [5], Section 2.

We will use the Meyer inequality for the Skorohod integral; see, for exam-
ple, Proposition 1.5.7 of [8]. Let D*?($®*) denote the corresponding Sobolev
space of H®*-valued random variables. Then for p > 1 and integers k > ¢ > 1,
we have

(4) 8% k- < ciplltallpir s

for all u € D*P($H%F) and some constant cj, .
The following three results will be used in the proof of Theorem 4.3. The
reader may refer to [5] and [8] for details.
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LEMMA 2.1. Let ¢>1 be an integer.

(1) Assume F € D2, u is a symmetric element of Dom 44, and (D"F,
67 (u)) gor € L2(Q,9%97777) for all0 <r+j < q. Then (D"F,u)ger € Dom§"
and

- q
Fol(u) =) (r) 87" ((D"Fyu) gor).

r=0

(2) Suppose that u is a symmetric element of DIT*2($§®7). Then we have

JNk .
: k o
kcj _ J S| S§]—1 k—i
D*67 (u) §;<Z> <Z.>z.5 (D*=w).
(3) Let u,v be symmetric functions in D?*2(H%9). Then
a 2
E[69(u)d?(v)] = z% <CZI > E[(D7"u, DI""0) g o 2g-1))-
In particular,

q 2
@y = 0% =3 (1) BN

1
=0

Proof of (1). This is proved in [5]; see Lemma 2.1. It follows by induction
from the relation Fé(u) =0(Fu) + (DF,u)g; see [8], Proposition 1.3.3.

Proof of (2). This follows from repeated application of the relation Dd(u) =
u+ 6(Du); see [8], Proposition 1.3.2.

Proof of (3). This follows from repeated application of the duality prop-
erty; see [5], equation (2.12).

3. A central limit theorem for multiple Skorohod integrals. Let X =
{X(h),h € $} be an isonormal Gaussian process associated with a real-
separable Hilbert space ), defined on a probability space (2, F,P). We
assume that F is generated by X. The purpose of this section is to prove a
multi-dimensional version of a theorem proved in [5]; see Theorem 3.1. We
begin by defining the notion of stable convergence.

DEFINITION 3.1. Assume F), is a sequence of d-dimensional random
variables defined on a probability space (2, F, P), and F is a d-dimensional
random variable defined on (€2, G, P), where F C G. We say that F}, converges
stably to F as n — oo, if, for any continuous and bounded function f:R% — R
and bounded, R-valued, F-measurable random variable Z, we have

lim B(f(F)Z) =E(f(F)2).
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THEOREM 3.2. Let ¢ > 1 be an integer, and suppose that F), is a sequence
of random variables in R? of the form F,, = §9(u,) = (609 (ub),...,59(ul)), for
a sequence of R -valued symmetric functions u, in D?%24($H%9). Suppose that
the sequence Fy, is bounded in L'(€,$) and that:

(a) (uh, @y q(D™FL*)@h)geq converges to zero in L'() for all integers
1<4,50 <d, all integers 1 < aq,...,am, 7 < q—1 such that a1 +---+a,+r=
q; and all h € HO". '

(b) For each 1 <i,j <d, (ul,, DIF})geq converges in L'(§2,9) to a ran-
dom variable s;;, such that the matriz ¥ := (si;)axaq 15 nonnegative definite
(i.e., \T'SX >0 for all nonzero A € R?).

Then F,, converges stably to a random variable in R® with conditional Gaus-
sian law N(0,%) given X.

REMARK 3.3. Conditions (a) and (b) mean that for ¢ > 1, some com-
binations of lower-order derivative products are negligible. For example, for
q = 2, then the following scalar products will converge to zero in L'(£, $):

° <u%,h1 & h2>,¢)®2 for all hq, ho € $;

o (ul), DF} ® h)ge» for all h € $ and all j (including i = 5);

o (ui), DF) ® DF})ges for all 1 <k,j <d.

Only the gth-order derivative products converge to a nontrivial random vari-
able. Usually (see Section 6), the term (uf,, DYF})¢eq has the same asymp-
totic behavior as (u;,u%%@q.

REMARK 3.4. It suffices to impose condition (a) for h € Sy, where Sy is
a total subset of H&".

PROOF OF THEOREM 3.2. As in the one-dimensional case considered
in [5], we will use the conditional characteristic function. Given any hi,...,
hp, € 9, we want to show that the sequence

En=(FL,...,FL X(h1),..., X (hm))

converges in distribution to a vector (F.L,..., FL X (h1),..., X (hm)), where,
for any vector A € R¢, F satisfies
(5) E(eN X (h1), ..., X (hm)) = exp(—3AT 2N,

where \ - F), = Z?:l )\ijl denotes the usual scalar product in R%, and we
use this notation to avoid confusion with the scalar product in §.

Since F}, is bounded in L'(€, ), the sequence &, is tight in the sense that
for any e > 0, there is a K > 0 such that P(F), € [-K,K]?) > 1 — ¢, which
follows from Chebyshev inequality. Dropping to a subsequence if necessary,
we may assume that &, converges in distribution to a limit (FL,..., F2,
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X(h1),...; X (hm)). Let Y := g(X(h1),..., X (hm)), where g € C;°(R™), and
consider ¢,(\) = ¢(\, &) :=E(e*FY) for A € R The convergence in law
of &, implies that for each 1 <7 <d,
0P N Fany g i idFa

(6) nll_}Irolo 8—/\] = nh_r}{.lo iE(Fle Y)=iE(FlLe Y),
where convergence in distribution follows from a truncation argument ap-
plied to FJ.

On the other hand, using the duality property of the Skorohod integral
and the Malliavin derivative,

% = iE(07(uf, )¢ Y) = iE((uf, DU (™Y ) go0)
j

(7) iy (Z) E((u),, D*(e*™) @ DI™Y ) o)
a=0

q—1
2{E<u¥l, Yqui)"F”>5®q + Z <Z> E(uﬂl, DM g Dq_aY>ﬁ®q}.
a=0

By condition (a), we have that (uf,, D% Fn ®DI7Y ) gwq converges to
zero in L'()) when a < ¢, so the sum term vanishes as n — oo, and this
leaves

o A Fy
nl;rgo iE(u), Y DTe' ") ooy

d
= lim i » E(i\ee™ ™ (ul, Y DIFF) )
k=1

n—oo

d
= — Z E(}\keiA'Foo Sij),
k=1
because the lower-order derivatives in D9e**f» also vanish by condition (a).
Combining this with (6), we obtain
d
EB(FLeM oY) = =3 " NE(eM > s,Y).
k=1
This leads to the PDE system,
0

a_)\jE(ei/\'Fw\X(hﬁ, ooy X (i)

d
= Z )\kskjE(eD\'Foo |X(h1)> s aX(h‘m))v
k=1

which has unique solution (5). O
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4. Central limit theorem for the Stratonovich integral. Suppose that
W ={W;,t >0} is a centered Gaussian process, as in Section 2, that meets
conditions (i) through (v), below, for any 7" > 0, where the constants C; may
depend on T

(i) For any 0 < s <t <T, there is a constant C such that
E[(W; — Wi—s)?] < C1s'/2.
(ii) For any s >0 and 2s <r,t <T with |t —r| > 2s,
|E[(Wt - Wtfs)(Wr - ers)”
<Ot —r| 7t AT —8) P 4 2t — |32
for positive constants a, 5,7, such that 1 < a < % and a+ = %
(iii) For 0<t<T and 0<s<r<T,
[E[Wi(Wrys = 2W,r + W,_s)]|
{0251/2, if r<2sor|t—r|<2s,
Cys?((r —8) 732 4 |t —r|73/2), if r>2s and |t —r| > 2s,

for some positive constant Cs.
(iv) For any 0 <s<t<T —s,

[EW:(Wips — Wi—s)]|
< {0381/2, if t < 2s,
= | C3s(t —5)~ /2, if t > 2s,
and for each 0 < s<r <T,
[EW; (Wits — Wis)]|

<

< C3s'/2, if t <2sor |t —r|<2s,
=\ Css(t — )" Y2 4 Cys|t —r|71/2, if t >2s and |t — 7| > 2s,
for some positive constant Cs. In addition, for ¢ > 2s,
IE[Ws(Wy — Wi_s)]| < C3s/2H7 (8 — 25) ™7
for some v > 0.
(v) Consider a uniform partition of [0,00) with increment length 1/n.
Define for integers j,k >0 and n > 1,
B k) =E[(W(it1)m = Wism) Wiks1) n — Wiyn)]-
Next, define
[nt/2]
ME) =Y Bu(2j — 1,2k —1)° + B.(2) — 2,2k — 2)*;
J,k=1
[nt/2]
My ()= Bu(2) — 2,2k — 1) + B,(25 — 1,2k — 2).
k=1
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Then for each t > 0,

lim n7(6) = () and  lim () =7~ (1)

n— oo n— oo
both exist, where n*(t),n~(t) are nonnegative and nondecreasing functions.

Consider a real-valued function f € C?(R), such that f and all its deriva-
tives up to order 9 have at most exponential growth, that is,

1F®)(2)] < Ky exp(Ksl2]®), zeR,a<2

for k=0,...,9, and positive constants K1, K5. We will refer to this as con-
dition (0).

In the following, the term C represents a generic positive constant, which
may change from line to line. The constant C' may depend on T and the
constants in conditions (0) and (i)—(v), listed above.

The results of the next lemma follow from conditions (i) and (ii).

LEMMA 4.1. Using the notation described above, for integers 0 < a <b
and integers r,n > 1, we have the estimate

b
> 1Bu(G )" < Cb—a+1)n~"2

J.k=a

PROOF. Suppose first that » = 1. Let I = {(j,k):a < j,k <b, |k — j| >
2,7 Nk>2} and J={(j,k):a<j,k<b,(j,k) ¢ I}. Consider the decompo-
sition

Z‘ﬁn]y ‘—Z‘ﬁnjy "i‘z‘ﬁn]a
Ji.k=a (4,k)el (4,k)eJ
Then by condition (ii), the first sum is bounded by
S ok <onA(b—a+1),
(g,k)el

and the second sum, using condition (i) and Cauchy-Schwarz, is bounded
by Cn~Y2(b —a+1). For the case r > 1, condition (i) implies |8, (j, k)| <
Cin~Y2 for all j,k. It follows that we can write

b b
ST 1B BT < O TTY2 N B, (k)]

jvk:a j,k':(l

<Cb—a+1)n""2 0
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COROLLARY 4.2. Using the notation of Lemma 4.1, for each integer
r>1,
|nt/2)
D (18a(2f — 1,2k = 1)|" +6,(2) — 1,2k — 2)|"
]7k:1

+18n(25 — 2,2k — " +|Bn(27 — 2,2k — 2)[")

<C {%tJ n~"/2,

Proor. Note that
[nt/2]
> (1Ba(25 — 1,2k — )| + |84 (25 — 1,2k — 2)|"
7,k=1
+1Bn(25 — 2,2k — 1)|" +|Ba(25 — 2,2k — 2)")
2|nt/2|—1

= > 1BalRI

Consider a uniform partition of [0,00) with increment length 1/n. The
Stratonovich midpoint integral of f'(W) will be defined as the limit in dis-
tribution of the sequence (see [10])

|nt/2]
(8) Dy (t) = Z f/(W(Qj—l)/n)(WQj/n - W(2j—2)/n)-
j=1
We introduce the following notation, as used in [5]: & := 1|9 y); and 9, /,, :=

Lij/m,(j+1)/n)-
The following is the major result of this section.

THEOREM 4.3. Let f be a real function satisfying condition (0), and let
W ={Wy,t >0} be a Gaussian process satisfying conditions (i) through (v).
Then

c 1t
(Wi, 2,(0) £ (Wi 5090 = 1070) - [ £ a3, )
0
as n— oo in the Skorohod space (D[0,00))%, where n(t) =nT(t) —n~(t) for
the functions defined in condition (v); and B ={By,t > 0} is scaled Brown-

ian motion, independent of W, and with variance E[B?] = 2n(t).

The rest of this section consists of the proof of Theorem 4.3, and is pre-
sented in a series of lemmas. The proofs of Lemmas 4.4, 4.5 and 4.9, which
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are rather technical, are deferred to Section 6. We begin with an expansion
of f(Wy), following the methodology used in [10]. Consider the telescoping
series
[nt/2]
fWy) = f(Wo) + Z [f(Wajm) — f(Wiaj—2)/m)]
j=1
+ W) = FWia ) ne/2))s

where the sum is zero by convention if |%f| = 0. Using a Taylor series ex-
pansion of order 2, we obtain

O (t) = f(Wi) = f(Wh)

[nt/2]
1
-3 > Wagonym)(AWS, = AWE ) ))
j=1
[nt/2] [nt/2]
- Z Ro(Waj /) + Z Ri(Wi(2j-2)/n)
j=1 j=1

—(fW) = FWiz/n)|nt/2)))s

where Ry, Ry represent the third-order remainder terms in the Taylor ex-
pansion, and can be expressed in integral form as

L[ 2 £(3)
9 RoWay) =5 [ Wy = 0w du
Wizj—1)/n
and
1 Waei-n/m
(10) Rl(W(2j72)/n) = ) / (W(2j72)/n - U)Zf(3) (u) du.
Wzj-2)/n

By condition (0) we have for any 7' > 0 that
lim E sup |f(W) — f(Wiz/n)nts2))| =0,
0<t<T

n—oo

so this term vanishes uniformly on compacts in probability (ucp), and may
be neglected. Therefore, it is sufficient to work with the term

(11) Ap(t) = f(Wy) = fF(Wo) — 590 (t) + Ru(t),
where

[nt/2]

()= D " Weajonym)(AWs, ) — AWE ) )
j=1
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and
[nt/2]
Rn(t) = Z (Rl(W(ijZ)/n) - RO(WZj/n))'
j=1
We will first decompose the term W, (¢), using a Skorohod integral rep-
resentation. Using (2) and the second Hermite polynomial, one can write
AW?(h) = Ho(AW (h)) + 1 = 6%(h®?) 4+ 1 for any h € § with ||h|js=1. It
follows that
[nt/2]
t): Z f”(W(2j—1)/n)5 (8(23 1)/n 883 2)/n)

From Lemma 2.1, we have for random variables u, F',
F6*(u) = 6*(Fu) + 26((DF, u)g) + (D*F,u) g0,
SO we can write

[nt/2]

‘I’n(t): Z 52(f//(W(ijl)/n)(agifl)/ ag? 2)/n))
j=1

[nt/2]
®2 2
+ Z 20(f W(2J 1)/n)(€2j— 1)/n78(2g 1)/n 3285] 2)/n> )

[nt/2]
+ Z FO( Wigj—1 /n)(<€(2j71)/naa(2j71)/n>52§

- <5(2j71)/n7 8(2j72)/n>.273)
:= Fn(t) + Bu(t) + Cp(t).

Hence, we have A, (t) = f(Wy) — f(Wo) — 2(Fu(t) + By (t) + Cu (1)) + Ra(t).
In the next two lemmas, we show that the terms B, (t),Cy(t) and R, (t)
converge to zero in probability as n — oo. The proofs of these lemmas are
deferred to Section 6.

LEMMA 4.4. Let 0<r <t <T. Using the notation defined above,

E[(Rn(t) — Rn(r))?] < CQT;tJ B {%Dn_w

for some positive constant C, which may depend on T. It follows that for
any 0 <t <T, R,(t) converges to zero in probability as n — oo.
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LEMMA 4.5. Let 0<r <t <T. Using the above notation, there exist
constants Cpg,Cc such that

E[(Bu(t) — Bu(r)) ]<cB<m _ H)”/

and

E[(Co () = Co(r)) ]<cc<m _ gbnm,

It follows that for any 0 <t <T, B,(t) and Cy(t) converge to zero in prob-
ability as n — 00.

COROLLARY 4.6.  Let Zy(t) := Ry (t) — £ By (t) — Cn(t). Then given 0 <
ty <t <ty <T, there exists a positive constant C' such that

B[ Zn(t) — Zn(t1)|| Zn(t2) — Zn(t)]] < C(t — 1)/,
Proor. By Lemmas 4.4 and 4.5,
E[(Zn(t2) = Zn(t1))?] < 3E[(Rn(t2) — Rn(t1))’]
+2E[(Bn(t2) — Ba(t1))?]
+2E[(Cp(t2) — Cn(t1))’]

cof ][]
Then by the Cauchy—Schwarz inequality,
E[|Zn(t) = Zn(t1)[|Zn(t2) = Zn(t)]]
< (B[(Zn(t) = Zn(t0))|E[(Zn(t) = Za(t1))*])?

o[ -[5) "

This estimate implies the required bound C'(t2 — ;)
page 156. O

3/2. see, for example, [1],

Next, we will develop a comparable estimate for differences of the form
F,.(t) — F,(r). In order to prove this estimate, we need a technical lemma
which will be used here and also in Section 6.

LEMMA 4.7. Suppose a,b are nonnegative integers such that a +b < 9.
For fited T > 0 and interval [t1,t2] C [0,T7], let

\_ntg/QJ

a ®2 2
Ja = Z f( )(W(%—l)/n)(a(gg 1)/n agz 2)/n)
{=|nt1/2]+1
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Then we have for 1 <p < oo

nio ntq p/2 _
BlID el < 0( | 2] - |52 ]) n

Proor. We may assume t; =0 with to <T'. For each b we can write

E[(|| D" gal|5e2+0)"]

[nt2/2]
=E ( > P Wiar 1)) £ (Wiam1ym)

lm=1

b b
X <Eg€—l)/n7 E((82771—1)/77,>~‘7J®b

p/2
2 2 2 2
X <8ge—1)/n - 88@-2)/w agm—l)/n - agm—2)/n>ﬁ®2> ]

p/2
< E[ sup |f(a+b)(Ws)|p] (jup|<€(2e_1)/n7E(zm_1)/n>s§\b>

0<s<t ,m

Lnt2/2] p/2

2 2 2 2

X ( Z Kagf—l)/n B 826—2)/71’ agm—l)/n B 88771—2)/77)5)‘8’2 |> ’
{m=1

Recall that condition (0) holds for f and its first 9 derivatives, so the first

two terms are bounded. For the last term, note that by Corollary 4.2 with
r=2,

\_ntg/QJ
2 2 2 2
Z |<8g€fl)/n N 88@—2)/71’587%1)/71 - 8{‘3%2)/@5@2\
fm=1
lnt2/2]
= 3 [Ba(20—1,2m — 1)? = B,(20 — 1,2m — 2)°
Im=1

— Bn(20 —2,2m — 1)% + 3,(20 — 2,2m — 2)?|
§C’{%€2Jnl. 0

LEMMA 4.8. For 0<s<t<T, write

[nt/2]

Fn(t) - Fn(s) = Z (52(f”(WQj—l)/n)(ag?,l)/g - 88372)/,1))
j=|ns/2]+1
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Then given 0 <t; <t <te <T, there exists a positive constant C such that
(12) E[|Fn(t) — Fu(ty)|[Fo(tz) — Fu(t)]*] < Clta — t1).

ProoFr. First, for each n > 1, we want to show that there is a C' such

that
El(F) - )] <0 | 2] - %J)”

By the Meyer inequality (4) there exists a constant cp 4 such that

E|(6% (un))*] < coallun[fosge2y,
where in this case
Lnt2/2j
= o592 ®2
Un = Z f ( (25— 1/n)( (2j—1)/n 8(2] 2)/n)
j=%t 41
and
Hu"H?W"‘(Sﬁ‘X’Q) - E||un||%®2 —l—EHDunH%@)B +E||D2uwz”%®4.
From Lemma 4.7 we have EH“H”%@?%EHDunH%m,EHDQunH%M < C(LnTbJ B
L%J)%”, and so it follows that

i) <0 | 2] - {%Dn

From this result, given 0 <t <t < t9, it follows from the Holder inequality
that

W (1) = Fu(t0) P Fn(t2) — Fu(t)]7]

< (E[| Fa(t) — Fu(t)]")) (Bl Fulte) — Fa()'D"?
nty| | nt Qn_Q

<of 3] - 7])

As in Corollary 4.6, this implies the required bound C(ty —t1)%. O

E[|F

By Corollary 4.6 and Lemma 4.8, it follows that A, (t) = f(W;) — f(Wy) —
$F.(t) + Z,(t) is tight, since both sequential parts F,(t), Z,(t) are tight.
Further, we have that Z,(t) tends to zero in probability, and F,(¢) is in
a form suitable for Theorem 3.2. In the next lemma, we show that the
conditions of Theorem 3.2 are satisfied by F,,(t) evaluated at a finite set of
points.

LEMMA 4.9. Fiz 0=ty < 75'1 <ty <---<tg. Set lez = Fn(tz) — Fn(ti—l)
fori=1,...,d, andlet F,, = (F!,..., F%). Then under conditions (0), and (i)~
(v), Fy, satisfies conditions (a) and (b) of Theorem 3.2, and so given W,
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F,, converges stably as n — oo to a random wvariable & = (&1,...,&q) with
distribution N(0,3), where 3 is a diagonal d x d matriz with the following

entries:
t;
= [ o)
ti—1

where n(t) =n*(n) —n~(t) is as defined in condition (V).

REMARK 4.10. As we will see later, 7(¢) is continuous, nonnegative and
nondecreasing.

It follows from the structure of 3 that, given W, F,, converges stably to
a d-dimensional vector with conditionally independent components of the

form
t;
=G "(Wa)2n(ds),
i C\//ti_lf( Y2n(ds)

where each (; ~AN(0,1). Thus, we may conclude that for each 1,

t;
Fi £ / 1" (W,)dB
ti—1
for a scaled Brownian motion B = {B;,t > 0} that is independent of W4,
with E[B?] =n(t).

PrOOF OF THEOREM 4.3. To prove Theorem 4.3, it is enough to show
that for any finite set of times 0 =ty < t; <t9 < --- < tg, we have

(An(t ) n(t2) = An(t1),..., An(ta) — An(ta-1))

L5 (A(), Alt2) = Aty),..., A(ta) — Alta-1))
as n — oo; and that A, (t) satisfies the tightness condition

(13) E[|An(t) = An(t)["An(t2) — An(t)]"] < Clta — t1)"
for 0 <t <t<ty<oo, 7>0andoz>1
For A, (t) = f(Wy) = f(Wo) — 5F,u(t) + Z,(t), we have shown in Lem-

mas 4.4 and 4.5 that
Zn(t) = Ry (t) — (B (t) + Cu(t)) 250

for each 0 <t <T, and hence Z,(t;) — Zn(ti—1) 2.0 for each ti, 1 <i<d.
By Lemma 4.9, the pair (W, F},) converges in law to (W, Fy), where F, is
a d-dimensional random vector with conditional Gaussian law and whose
covariance matrix is diagonal with entries

t;

si= | f"(We)*n(ds).

ti—1
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It follows that, conditioned on W, each component may be expressed as an
independent Gaussian random variable, equivalent in law to

t;
| rovoas,
ti—1

where B = {B;,t > 0} is a scaled Brownian motion independent of W with
E[B2] = n(t). Finally, tightness follows from Lemma 4.8 and Corollary 4.6.
Theorem 4.3 is proved. [

5. Examples.

5.1. Bifractional Brownian motion. The bifractional Brownian motion is
a generalization of fractional Brownian motion, first introduced by Houdré
and Villa [3]. It is defined as a centered Gaussian process Bf = {BHK (1),
t >0}, with covariance defined by

1 1
E[BfI,KBf,K] _ 2_K( 2H +52H)K + 2_K|t o S‘QHK,
where H € (0,1), K € (0,1]. (Note that the case K =1 corresponds to frac-
tional Brownian motion with Hurst parameter H.) The reader may refer
to [4] and its references for further discussion of properties.

In this section, we show that the results of Section 4 are valid for bifrac-
tional Brownian motion with parameter values H, K such that H <1/2 and
2HK =1/2. In particular, this includes the endpoint cases H =1/4, K =1
studied in [6], and H =1/2, K =1/2 studied in [10].

PROPOSITION 5.1. Let {BtH’K,t > 0} denote a bifractional Brownian

motion. The covariance conditions (1)—(iv) of Section 4 are satisfied for val-
ues of 0 < H <1/2 and 0 < K <1 such that 2HK =1/2.

PrOOF. Condition (i).
HK  HK\2
El[(B,"" = B,Z5 )]

2 2
:tQHK + Q_K(t_ 8)2HK o [t2H + (t— 8)2H]K . —82HK

oK
< H\/Z— %(tQHJr (t—s)ZH)K'

1 1
+ ‘\/t —5— Q—K(tQH +(t— s)ZH)K‘ + Q—Ksl/ﬂ

< Cs'/?,

where we used the inequality o — b™ < (a — b)" for a >b>0 and m < 1.
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Condition (ii).
E[(B" = B (B = B, )]

— 2%([152[{ —|—7“2H]K _ [t2H +(r— S)ZH]K

L i el e () e N D R )
1
t o ([t = 5P — 2t — PP |t = — 521,

This can be interpreted as the sum of a position term, QLKgo(t, r,s), and a
distance term, QLKw(t —r,s), where

o(t,r,s) = [2H 4 20K (20 | (p _ 20K _ (g _ )20 4 2K
+[(t— )" + (r —5)*H]"
and
Yt —rs)= |t—r+s\2HK —2\t—r|2HK+ |t—r—5|2HK.

We begin with the position term. Note that if K =1, then ¢(t,7,s) =0, so
we may assume K <1 and H > i. Assume 0 < s <r <t, and let p:=t—r.
By the fundamental theorem of calculus, we can write p(t,t — p,s) as

2HK/S[t2H + (t—p—g)QH]K—l(t_p_g)mq
0
_ [(t—$)2H+ (t_p_é-)QH]Kfl(t_p_é-)ZHfl dé-
:/os /084H2K<1—K>[(t—n>2H+(t—p—£)2H]K2
X

t—n)*"" 1t —p—&*" dedn
AR (1= K)$(t - P 4 (r = s)2)5 20— )0 — 52
S 052(t . T)2HK_2H_1(T . S)2H_1.

This implies condition (ii) for the position term taking o = % +2H >1 and
8=1-2H.

Next, consider the distance term ¢ (t — r,s). Without loss of generality,
assume 7 < t. Again using an integral representation, we have

Yt —r8) =t —r+ s TE — 9|t —pPHE |t —p — 2HE

:/SQHK[(t—T+§)2HK1_(t_T_§)2HK1]d£
0

s
:// QHK(2HK — 1)[t — r 4 252 dp d¢
0 J-¢



20 D. HARNETT AND D. NUALART

<O (t—r—s)E2 <02t — 'r\*3/2,
since |t —r| > 2s implies (t —r — §)73/2 < 23/2|t — r|~3/2,
Condition (iii).

H,K, rHK , H,K
‘E[Bt (BrJrs - 237{{K +Brfs )”

1
_ 2_K [t2H + (7“ + S)ZH]K N 2[t2H +T2H]K + [t2H + (7“ _ S)ZH]K

1
- Q—K[\t—r—l—s|2HK — 2/t —r|?HE 4 \t—r—s|2HK]‘.

Take first the term, ¢(¢,r,s). If r < 2s, then
[ 4 (r 4 8)H) 5 — 2t 4 2R (127 4 (r — )25 < 052K = 0512,

based on the inequality a’® — b% < (a —b)X for a >b>0 and K < 1. Hence,
we will assume r > 2s. If K =1, then H = %, and we have

N R NN |

5 1 s 1
= ——dz — —d
‘/0 2Vr+x . /0 2yr—s+z *

1 /5 [° 1
= - dyd
4/0/0 (r—s+z+y)3/2 yer

52(7“ — 8)73/2;

<

| =

and if K < 1,
lo(t,r, )]

/ 2HK[t2H + (r+ 33)2H]K_1(r —|—a:)2H_1 dx
0

—/ 2HK[t2H+(r—s—l—x)2H]K_1(7“—s+x)2H_1d:L‘

0
S S
< / / 4H’K(K —1)
0 Jo
< [P 4 (r—s+z+y)? ") 2(r— s+ +y)* 2dyde
S S K
—1—//2H(2H—1)K[t2H+(r—s—|—fL‘—|—y)2H] !
0 Jo

x (r—s+z+y)* 2 dyde

<AH’K(1— K)s*(r — )52 £ 2H(1 = 2H) K *(r — 5)*15 72
< Cs(r—s)732.
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This bound for ¢(¢,r,s) also holds in the case |t — r| < 2s, so the bound of
C's'/? is valid for this case. Next for the second term. Note that if [t — 7| < 2s,
then

1
‘2—K(\t —r+sPHE ot —rPHE £t — o — SPHK)‘ < 2(3s)2HK < 05172,
If |t —r| > 2s, then we have

V| t—r\+s—2\/\t—r\+\/\t—r\—8|

S

/0 2\/\t—'r\+x 0 2\/\t—r\—s+m
= dy dx
/0/0 <|t—r|—s+x+y>3/2 ’
2 2

s
< <
At —r| - 8)3/2 =2t —r3/2’

using the inequality m < for |t —r| > 2s. This bound for ¢(t —,s)
1/2

[t=r] 7’|
holds even in the case r < 2s, so the bound of C's
as well.

Condition (iv). For the first part, we have for all t > s,

H K, HK HK
E[B " (Biys — BZs )l

- ‘;{ (20 4 (¢4 )2 —

This is bounded by Cs'/2 if t < 2s. On the other hand, if ¢ > 2s,

when r < 2s is verified

;K [+ (¢ — s)QH]K'.

1 k1 K
oF [t 4 (t + 5)2H)" — oK [t 1 (t — 5)2H] ‘
1 _
= Q—K/ SHK[t?T + (t+ )2t + 2)?T L da

< Os(t — 5)2HE-1
=Cs(t—s)"1/2
For 0 < s <r<T with t > 2s and |t —r| > 2s,
BB/ (B = BLO))
1
~|2K 2K

=< 'L[T”{ + (4 )2 — [ (- s)%’]K‘

1 HK 1 HK
+‘2_K|T_t+8‘2 _2_K|T_t_8‘2

< Cs(t—s) V24 Cslr —t|7V/2



22 D. HARNETT AND D. NUALART

1/2

If t <2s or |t —r| < 2s, then we have an upper bound of C's'/* by condition

(i) and Cauchy—-Schwarz.
For the third bound, if ¢ > 2s,

HEK HEK
BB (B — B

1 1
[ 2H+t2H]K —[SZH—I—(t—S)QH]K‘

= ‘2K 2K

1 HK
+|5r (t - 5)2HE _

2_](( _28)2HK‘

2 S
—K/ HEK[*! 4 (t — s+ 2)?")5(t — s+ )PV da
0

1 S
+W/(t—28+l‘)_1/2dl‘
0

< Os(t—2s)" V2 =CsV2H(t —25)77
for v = % O
PROPOSITION 5.2. Let BHX be a bifractional Brownian motion with

parameters H <1/2 and HK =1/4. Then condition (v) of Section 4 holds,
with the functions n*(t) =205t and n~(t) = 2Ct, where

Cf = 4K(2+Z V2m +1-2v2m + v2m )>

cr=3 Y2, K Z —2V2m+1+V2m)®.

m=1

PrOOF. As in Proposition 5.1, we use the decomposition

1 k1 -k 1
Bulji k) = 2K<ﬁ<fl -, n) 2Kw<jn n)

=2 Kn 120, k, 1) + 27 K029 — K, 1),
The first task is to show that
[nt]
(14) lim Z n (4, k1) =0.

n—o0
k=1

Proof of (14). We consider two cases, based on the value of H. First,
assume H < % Then

(k1) =[G+ D (k1P — [+ 1)+ k25
_ [j2H + (k + 1)2H]K + []ZH +k2H]K
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1
= / 2HK[(j+ 1) + (k+2)* "k + ) da
0
1
— / 2HK[j + (k+2)* )" (b + ) do
0

:/1/14H2K(1—K)[(j+y)2H+(k+x)2H]K2
0 Jo

x (k+ ) 4+ 9" dy do

< Ck,QHK—QH—lj2H—1 _ Ck’_l/2_2Hj2H_1.

With this bound, it follows that
[nt) L t]

_;1 j,kl 241{ 2Zk—1 —40
s J=

< ¢ |t |41

n

which tends to zero as n — oo because H < 2
Next, we have the case H = 1 . Note that this implies K = 5, and we have

lo(j, K, 1) =|¢j+k+2—2¢j+k+1+¢j+k\
<CG+k)32.

So with this bound,

[nt] 8. [nt|
Dotk 1P < =Y (k)7
7,k=1 7,k=1
ntJ )
<CY S
j=1m=j5+1

ntJ
ZJ‘2,

2 is summable. Hence, (14) is

which tends to zero as mn — oo because j*
proved.
From (14), it follows that to investigate the limit behavior of n, (¢),n;, (¢),

it is enough to consider
1 [nt/2] 2 [nt/2]
—Z¢2J—2k1) +1p(2f — 2k, 1)? 21/;23—%1)

J:k=1 ]kl
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and
| nt/2]
- Z V(2] — 2k +1,1)% + (2§ — 2k — 1,1)?
jk 1
o [nt/2]
== Z¢2j—2k+1 1)%
]k 1

since the sums of 9(2j — 2k + 1,1)? and (2] — 2k — 1,1)? are equal by
symmetry. We start with

1 [nt/2]
n Z Q/)(Qj_2k71)2
n
7,k=1
| 2] 2
= O (V127 =2k +1] = 2V/12j — 2K[ + /|27 — 2k — 1))
7,k=1
1 [nt/2]
= 2
7=1
o /21
R, D> (V2 —2k+1-2V/2j —2k+/2 — 2k —1)°
j=1 k=1
alntj2) 2 W 2
4Kn  4Kp > (Vem+1-2v2m+vV2m = 1)
j=1 m=1
[nt/2] oo
4Lnt/2j 2
4Ky 4KnZZ\/7—2\/ m++/2m —1)°
7=1 m=1
o /2]
- 2 D (VemE - 2Vam 4 Vam - 1),
j=1 m=j

where the last term tends to zero since

o (o)
D (VeImF1-2v2m+vV2m =1 <) (2m-1)* <C(2j—1)7?
m=j m=j
and

SIQ

nt/2)
Z (2§ —1)"2—0
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as n — 0o0. We therefore conclude that

[nt/2]
nH(t) = lim > (Bu(2) — 1,2k = 1) + Ba(2] — 2,2k — 2)°)
7,k=1
[nt/2]
_ . = s 2 _ +
—,}E%on ;Sp(zy 2k, 1)* = 20},
J7 g

where
1 [o¢]
Cr = S (2 - Z (V2m +1—2V2m +V2m — 1)2) .
m=1

For the other term,

1 [nt/2]
= > (2 -2k +1,1)
" §.k=1
1 [nt/2]
_ 2
= % > (2-v2)
j=1
o lnt/2) -1
- 3 . 2
+ 5 Z > (V25— 2k +2-21/2j — 2k +1— \/2j — 2k)*.
=1 k=1
Hence, by a similar computation,
[nt/2]
nm ()= lim Y Ba(2) — 1,2k —2)° + 5u(2) — 2,2k —1)? = 2Ct,
4.k=1

where

CI}:%—F%i(\/2m+2—2\/2m+1+\/%)2.

As a concluding remark, it is easy to show that C}; > ('}, and in general
we have n™(t) > n~(t).

5.2. A Gaussian process with differentiable covariance function. Con-
sider the following class of Gaussian processes. Let {F;,0 <t <T} be a
mean-zero Gaussian process with covariance defined by

(15) E[F, 1] = w(;), t>r,

where ¢:[1,00) — R is twice-differentiable on (1,00) and satisfies the follow-
ing:
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(@-1) [|]loc := supy>1[d(2)] < cg0 < 00.
(¢.2) For 1 <x < oo,

/ Co,1
/(@) < .

(¢.3) For 1 <z < o0,
6" (2)] < cppa™ P (@ — 1),

where ¢y j, 7 =0,1,2 are nonnegative constants.

PROPOSITION 5.3.  The process {F;,0 <t <T'} described above satisfies
conditions (1)—(iv) of Section 4.

PRrOOF. Condition (i). By conditions (¢.1) and (¢.2),

E[(F, — Fi—a)?) = t6(1) + (t — 5)8(1) — 2(t s>¢><1 T )

t—s

<2(t—s)

o142 ) ~ o] +slo)

t—s
1+s/(t—s)
/ ¢ (z) dx
1

<2(t_8)/1+s/(ts) Ch1 d -+ 5|6l
B 1 \/1‘—1

< CsYVE= 5+ 5|0

<Cs'?,

<2(t —s) + sl ¢llo

where the constant C' depends on max{v/T, ||$||sc }-
Condition (ii). For 2s <r <t — 2s we have by the mean value theorem

‘E[FtFr - thsFr - FtFrfs + thsFrfs”

o) o) emoe() (=)

<5 swp |¢"<x>|< ! —“8)

[(t—s)/r,t/(r—s)] r—=s r

<cros t—s\ Y2 t—s_l —3/2 ts
=02 r r r(r—s)

T 2
< % = CVTs?t —r| 732
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Condition (iii). By symmetry we can assume r < ¢t. Consider the following
cases: First, suppose 2s <r <t — 2s. Then we have

|E[Ft(Fr+s - QFT + FT—S)”

- (r+s>¢<rt?> _M(;) +(T_S)¢<Ti5>'
o) o)) o))
%t W LA <T . s Jtr S>

- 252t%cy 0 <T‘+S>1/2< r+s )3/2

“r(r—s)(r+s)\ t t—r—s
C's243/2

ST

There are two possibilities, depending on the value of r. If r > t then 2 <2,
and we have a bound of

082(3> ((£> <2OVT S|t —r| 32,

T t—r)3/2

On the other hand, if r < %, then ﬁ <2 and r <t —r. Then the bound is

cﬁ(t f T) (r\/g) <2CVTs?[(r — s) ™32 4 [t —r|73/2].

For the case |t — r| < 2s, assume that ¢t =7 + ks for some 0 < k < 2. Then

IN

|E[Ft(Fr+s - 2Fr + Fr*S)”

one{ ) o) - )
~[enes( ST — o)
~2r0( 1)+ 20000) + (= 905 ) - 0= )0)

<3(r+s)
s

¢<1+ M) —¢(1)‘

¢'(x) dx

14+(k+1)s/(r—s)
<3(r+5) /

1
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dzx

14+ (k+1)s/(r—s)
<3(r+5) / _Col

1 vVoe—1
< CVTsY?.
For the last case, note that if ¢ Ar < 2s, then we have an upper bound of
Cs'/2, since E[F,Fy] < ]|6]|oc-
Condition (iv). Take first the bound for E[F}(F;4s — Fi—s)]. Note that if

t < 2s, then an upper bound of C's'/2 is clear, so we will assume ¢ > 2s. We
have

|E[Fy Fiqs — FFy—]|

“pe(5) (i)

t+s t
t t—s

<(t—s)  sup |¢'(fﬁ)\
[(t+5)/t,t/ ()

S qb,l_\/t_’_s\/»-i- ¢08

<CsVT(t—s)" V2.

For the case r # t, first assume r <t — 2s. By condition (¢.2),

() (%)

<2s  sup [¢(z)
[(t=s)/r,(t+s)/r]

- 25y/TCg 1 C’\/Ts
- \/t—'r—s Vi—r

()

|E[FrFt+s FFt s”_

If r >t + 2s, then

E[FFiys — FrFy—s]| = ‘(H 8)¢<HLS) —(t= 8)¢<t i s)‘

2s r
<[ PGt
0 t—8+.’L‘
- 2steg 1Vt + s n 2sc¢70\/T
- Vr—t Vt—s
<Cs(r—t)"V2 4 Cs(t — s)7V/2

dz + 25|60

For the case t < 2s or |r —t| < 2s, the bound follows from condition (i) and
Cauchy—Schwarz.
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For the third part of condition (iv), we have for t > 2s,

E[F,F, — F,F,_ ] = 5¢<§> _S¢<t— s>

t t—s Cp,18
<s sup |¢(x <—— >< ’
[(t—s)/st/s}‘ WIS (t—s)/s—1

§083/2(t ) 1/2 081/2—1—7( —28)_7,

where v = % O

PROPOSITION 5.4. Suppose ¢(x) satisfies conditions (¢.1), (¢.3), and
in addition, ¢(x) satisfies
+

A): d(x)= ,
where k € R and ¥ : (1,00) = R is a bounded differentiable function satisfying
[ (1 + )| < Cypa™'2 for some positive constant Cy,. Then condition (v)
of Section 4 is satisfied, with n™(t) = C’;{tQ, and n~(t) = Cgt2 for positive
constants C/jf, C’/g .

K Y(x)

REMARK 5.5.  Observe that condition (¢.4) implies (¢.2), but not (¢.3).

PrROOF OF PROPOSITION 5.4. We want to show

[nt/2]

(16) > Bu(2i — 1,2k — 1)> — Cyt?;
7,k=1
[nt/2]

(17) > Bu(2 — 2,2k — 2)> — Cyat?;
7,k=1
[nt/2]

(18) D Ba(24 — 1,2k = 2)* — Cp st
7,k=1

so that C;f =Cp1 + g and C/BT = 2Cg 3. We will show computations for
(16), with the others being similar. As in Proposition 5.2,

|nt/2] [nt/2]
> Bu(2j - 1,2k - 1)? Zﬁn —1,2j —1)°
7,k=1

[nt/2] j—1

+2 ) ) Ba(2i — 1,2k —1)%

=1 k=1
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so it is enough to show

[nt/2] j—1 )
(19) lim ; ;ﬂn —1,2k—1)2 =0yt
and
[nt/2]
(20) lim ; Bn(2f —1,2) — 1)% = Cat?.

Proof of (19). For 1 <k <j—1, we have

52— 1,2k 1) =2, <¢<2k) ¢<2j2;1>>
- an_ 1 (¢<2in1> _(b(%))

ok [23/(2k)

= — '(2) dx
nJ(2j-1)/(2k)

_ 2j/(2k—1)
_2kl / ¢ (z) d.
o J(2j-1)/(2k—1)

Using the change of index j =k + m and a change of variable for the two
integrals, this becomes

1 2m
571(2]'—1,2/{—1):%/2 ) gb(l—l—%)dy

m—1

1 [2m+l
- — 1 dy.
IARICE=IE

With the decomposition of (¢.4), we will address (21) in two parts. Using
the first term, we have

L s

V2k(V2m — v2m —1) = V2k —1(vV2m + 1 — vV2m)].

(21)

We are interested in the sum

|nt/2] |nt/2]— k:4 2
(22) Z Z V2k(V2m —V2m —1) — 2k — 1(vV2m + 1 — vV2m))?.
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We can write

V2k(V2m —v2m —1) = V2k —1(v2m + 1 — V2m)
= —V2k —1(V2m +1—2V2m+v2m — 1)
+ (V2k — 2k —1)(V2m — V2m — 1).

Observe that

(V2 — Vak —1)(Vam - vVam — D) < !

2k —1)(2m — 1)

and so
n n n 2
/2] [nt/2] =k [nt/2] 1 > < Clog(nt)2

42L 1 4K?
Z mz 1)§F(Z 2% — 1 2

n

Therefore the contribution of this term is zero, and it follows by Cauchy—
Schwarz that the only significant term is

nt/2] [nt/2|—k

L
o D I S R

[nt/2] [nt/2]—m

SR SN LIRS S NCTR o ) St
m=1 k=1
& o ([nt/2] = m)’
— et 3 (VBT 2B+ VB TP

which converges as n — 0o to

K2t2 i (V2m+1—2vV2m++2m —1)°.

m=1

Next, we consider the term ﬁ@b(az) The contribution of this term to (21)

1 [2m 2k
e
n 2m—1 2k+y

2m+1 2]{-1 y
- — 1 .
/ 2k—1+yw< +2k—1>dy

We can bound (23) by

2m—+1 2% —1 y
\/2k+y Qk @ = / 2k—1+y¢<1+2k—1>d‘y‘

is

(23)
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1 V2k —+2k -1
< — | sup [¢(z)]
1| (1,00) V2k+2m —1
2k

2k +2m —1

2m

P <1 + ) dy
2m—1 2k

e ) o]

x)| is bounded, we have
' V2k =12k +2m —1 " 2k —1y/2m —1
For By, using that [ (z +1)] < Cz~ /2,

2m 2m+1 Y
fo (i), o)
2m w1
Jor () = (5o

2m u/(2k)
S/ / Y'(1+v)dv
(

u+1)/(2k—1)

(ut1)/(2k—1)
< C’/ / v 2 du du
/(2k)

\/%—_(V _\/_)

- C
T V2k—12m —1

_|_

3|*—‘

(Ak m + Bk m)
Since |¢

—~

(24)

du

<

so that

2
(25) Bem < y)—2F ¢ ¢
’ 2k +2m —1 \/Qk—l\/Qm—l \/Qk—l\/Qm—l

Hence, from (24) and (25), we obtain
[nt/2] [nt/2|—k

> S S
= nZ\ 2k —1v2m -1
C Lzl 1 - C'log(n)?
~n? 2m—-1)(2k—-1)~ n%

k,m=1
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so the portion represented by (23) tends to zero as n — oo. Since this term
is not significant, it follows by Cauchy—Schwarz that the behavior of

[nt/2] j—1

> B2 — 1,2k —1)°

=1 k=1

is dominated by equation (22), and we have result (19), with
Cy = K? Z(\/Zm +1—-2vV2m++v2m —1)%
m=1

Proof of (20). For each j,

Bn(2j — 1,25 — 1)°
= (Ho -2 () 4 2o

n n 27 —1 n

[ w=a(0-o(g7))]
o2 | <2g—1>¢<1><() o))

e o)

Since |(1) — (1 + ﬁ)\ < \/(3"’73 by (¢.3), we see that

Vim [qﬁ(l)2 L 42 —n21)¢>(1) ‘¢(1) - ¢><1 + %) H <Cn'V?,

2
=L 2j

which implies only the last term is significant in the limit. Again we use
(¢.4) to obtain

o0 -o(1+ )

141/(25—-1)
= —/ ¢ (z) dx
1

41/(2-1) 4 14+1/(2j-1) 4
- _H/ da:—/ —(z) dx
1 1

r—1

o 2K L0 1 )
~vET g
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B o)) - o(2)

and taking n — oo,

hence

[nt/2]

: 162(2j — 1) ' 2,9
R I N b b
j=1
which gives (20). Thus (16) is proved with Cg 1 = 4K%+262Y 00 (v/2m + 1—
2v/2m +/2m —1)%.

By similar computations,

[e.e]
Cpo=4r"+26" Y (V2m +1-2v2m +V2m —1)°

m=1
and
[o¢]
Cps=4k"+26" ) (V2m+2—2V2m + 1+ v2m)?
m=1
and so
[e.e]
Cl =Cp1+Cpa=8:"+4r" Y _ (V2m +1—2V2m +v2m —1)*,

m=1

o0
Cy =203 =8r"+4r" Y  (V2Zm+2—2V2m+1+V2m).
m=1
Note that C; > Cy, and it follows that n(t) = nt(t) —n~(t) is nonnegative,
and strictly positive if K #0. [

For a particular example, we consider a mean-zero Gaussian process {Fj,
t >0}, with covariance given by

TNt
E[F,.F, :\/ﬁsin1< )
[ T t] \/ﬁ
This process was studied by Swanson in a 2007 paper [9], and it appears
in the limit of normalized empirical quantiles of a system of independent
Brownian motions.

COROLLARY 5.6. The process {F;,0 <t <T}, with the covariance de-
scribed above, satisfies the conditions of Section 4, with n(t) = (C;f — Cg)tQ,

where CE, CE are as given in Proposition 5.4, with k* =1/4.



CLT FOR A STRATONOVICH INTEGRAL 35

PrROOF. Assume 0<r <t <7T. We can write
t
Vrtsin™! <\/z> = \/rttan1< ! ) :T¢<—>,
t t—r r

1
\/Etan1< >, if x> 1,
-1

- VT

— if z=1.
5" if x

Condition (¢.1) is clear by continuity and L’Hépital. Conditions (¢.2) and
(¢.3) are easily verified by differentiation. For (¢.4) we can write,

where

(26) ¢(z) =

0=t aale e ()

so that Kk =—1/2, and

satisfies (¢.4). O

5.3. Empirical quantiles of independent Brownian motions. For our last
example, we consider a family of processes studied by Swanson in [11]. Sim-
ilar to [9], this Gaussian family arises from the empirical quantiles of inde-
pendent Brownian motions, but this case is more general, and does not have
a covariance representation (15).

Let B={B(t),t > 0} be a Brownian motion with random initial position.
Assume B(0) has a density function f € C>°(R) such that

sup(1 + |z|™)|f ()| < oo
z€eR
for all nonnegative integers m and n. It follows that for ¢ > 0, B has density
u(z,t) = /Rf(y)p(t,ar —y)dy,

where p(t,z) = (2mt)~/2e=2"/(21)_ For fixed a € (0,1), define the a-quantile

q(t) by
a(?)
/ u(z,t)de = a,

—o0
where we assume f(g(0)) > 0. It is proved in [11] (Theorem 1.4) that there
exists a continuous, centered Gaussian process {F'(t),t > 0} with covariance
P(B(r) <q(r), B(t) < q(t)) — o?
u(q(r),r)u(q(t),t)

(27) E[FrFt] = p(T‘,t) =
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In [11], the properties of p are studied in detail, and we follow the notation
and proof methods given in Section 3 of that paper. Swanson defines the
following factors:

pr.t) =P(B(r) < q(r), B(t) < q(t) —a® and 0(t) = (u(q(t),t)) "
so that p(r,t) =6(r)0(t)p(r,t). For fixed T >0 and 0 <r < ¢ <T, the first
partial derivatives of p are calculated in [11] [see equations (3.4), (3.7)]

a(r)
2o = @) [ =i — a)u(w.r) dy ds

— 00

~ Lp(t — ra(r) — a)ula(r). )
(28)

+u(q(r),r)q (r) / p(t—r,q(r)—y)dy

—00

q(t)  rq(r) 92
/ / ) @U(ﬂfﬂ”) dx dy;
0

(29) 230 ) = 5plt — roa(t) — a(r)ula(r). 7).

LEMMA 5.7. Let 0<T, and 0 <r <t <T. Then there exist constants
C;,1=1,2,3,4, such that:

(a)
0 ~1/2
EP(TJ) <Cilt —r[77%
(b)
62
‘?P(ﬁt)‘ <Ot — 7”‘_3/2;
(c)
0 ~1/2
ap(ﬁt) < Csft —r|7/%
(d)

82
2ot <Cult .

PROOF. Results (a) and (c) are proved in Theorem 3.1 of [11]. Bounds
for (b) and (d) follow by differentiating the expressions for 0,p(r,t) and
Op(r,t) given in the proof of that theorem. [

PROPOSITION 5.8. Let T >0, 0<s<T A1l and s<r <t<T. Then
p(r,t) satisfies conditions (i)—(iv) of Section 4.
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Proor. Conditions (i) and (ii) are proved in [11] (Corollaries 3.2, 3.5
and Remark 3.6). For condition (iii), there are several cases to consider.
Case 1: s <r <t —2s. Using Lemma 5.7(a),

E[E(Frps — 25+ Fr_)]| < lo(r + 5,8) — p(r, )] + p(r,8) — p(r — 5,1)

510 o1 9
<
/08 d:v—i—/s

—Tp(r+fc‘,t) Ep(?”ry,t)'dy

S
<2/ Cilt —r —a| V2 de < Cs/2.
0

Case 2: If |t — r| < 2s, the computation is similar to case 1, where we use
the fact that

S
/ o Y2 dr = 25172,
0

Case 3: For r,t > 2s and |t —r| > 2s, the results follow from Lemma 5.7(b)
and (d) for r <t and r > t, respectively.

Now to condition (iv). For the first part, we first assume t > 2s. Then
using the above decomposition,

E[F(Frvs — Fios)] = p(t,t +5) — p(t,t — 5)
=0(t)[0(t+s)p(t,t+s)—0(t—s)p(t,t—s)]
=0(t)[p(t,t + s)AO+ 0(t — s)Ap],

where AG =6(t) —0(t —s) and Ap=p(t,t+s)— p(t,t —s). First, note that

0

[ a0) )] = |- u(a(t), 06 (1) + 5-ua(t), )| < C.

where we used that ¢/(¢) is bounded; see Lemma 1.1 of [11]. Since u(q(t),t)
is continuous and strictly positive on [0,77], it follows that 6(¢) is bounded
and

(30) ol ="yl <,
hence,

|AG] < ) |0/ (t + x)| dz < C's.
For Ap, we have

|Apl = [P(B(t) <q(t), B(t +5) <q(t+s))
—P(B(t) <q(t), B(t —s) < q(t — 5))|
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a(t) palt+s)
= / / p(s,z —y)u(z,t)dyde
—00 —00

q(t=s) raq(t)
—/ / p(s,x —y)u(x,t — s)dydx

q(t—s) rq(t)
gv / p(s,2 — y)ulw,t) — pl(s, — y)u(z, t — s) dyda| + Cs
—o0 —00

q(t—s)
</ lu(z,t —s) —u(x,t)|dr+ Cs

t
0
—u(x,r)dr
| g

t 82

—5Uu
t—s 8%‘2 (

—00

o¢]
<
—00
1 o0
_2/_00

1 o] 0 t
§—/ / / L (W)|p(r,z —y)drdydz +Cs < Cs.
2 —o0 J —o0 Jit—s

dx +C's

x,r)dr|dx+Cs

When t < 2s, we write

‘E[Ft(Ft-i-S - Ft—S)” < ‘p(t,t—i— 8) - p(t,t)‘ + ‘p(t,t) - p(t - Svt)‘
sl o o190
§/0 da:—i—/_s

—p(t,t —p(t t)|d
et eott-+3.0|

< Cs'/?,

using Lemma 5.7 and the fact that
/ 212 dp = 251/2.
0

For the second part of condition (iv), we consider
|E[F (Frys — Fr—s)]| and  [E[Fs(F — Fi—s)]].

When 7 < t — s (including r = s), an upper bound of C's|t — r|~1/2 is proved
in [11]; see Corollary 3.4 and Remark 3.6. When r >t + 2s, or |t — r| < 2s,
the bounds follow from Lemma 5.7. [

The rest of this section is dedicated to verifying condition (v). We start
with two useful estimates. As in Proposition 5.8, suppose 0 < s <r <t <T.
It follows from Lemma 1.1 of [11] that for some positive constant C,

(31) lq(t) —q(r)| <C(t=r).
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Using this estimate and the fact that e™® — e <b—a for 0 < a <b, we
obtain

(32) e~ @B=a0)?/@E=1) _ o~(a)-alr-)? /Q(t-r+9)| < 05 < 1,

Recalling the definitions in condition (v), we can write for ¢ € [0, 77,

2|nt/2]
M) =, ()= > Ball—=1,0—1)"+2 Y Bu(2k—1,2j — 1)?
=1 k<j—1
+2 > Bu(2k—2,21-2)° -2 > Ba(2k—2,2j 1)
k<j—1 k<j—1
—2 ) Bu(2k—1,2j —2)%
k<j—1

For the first sum, since Fy/,, — F(y_1)/, is Gaussian, we have
Bu(t = 1,£ = 1)* = (B[(Fyyn — Fle—1y/n)’))* = 3E(Fopn — Fle—1ym)"]
By Theorem 3.7 of [11],

[nt]

> (Fon = Pyt — [ (ula(s),5) 7 ds
(=1 0

in L? as n — oo. For the second sum, assume 1 < k < j, and we study the
term

Bn(2k — 1,25 — 1)
<2k 2j> <2k—1 2j> <2k 2j—1> <2k—1 2j—1>
=P\ —H>— ) —P sy =Pl —» +p 5
n’'n n n n n n n
:9<—‘7>/ [9'(?")/3(?”,—‘7 +9(?”)8Tﬁ<r,—j>]dr
n (2k—1)/n n n
. 2k/n s -
—9(2‘] 1)/ [9'(7“)5(?", 2J 1) —i—H('r)@Tﬁ(r, 2 1>]dr.
n (2k—1)/n n n

We can write this as

(33) e(%ﬂ) /(:/ ’;/nem (&ﬁ(r, %ﬂ) - 8Tﬁ<r, - 1)) dr
() () n
o[ M) B2 o
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The first task is to show that components (34) and (35) have a negligible
contribution to 7(t). For (34), it follows from (30) that

o(2) () s
n n

and using (29), we have

2k/n .
/ 0(r)0,p <T, 2J 1) dr
(2k—1)/n n

2k/n 2j —1 2j — 1
=/ p< J —nq< J >—Q(7”)> dr
(2k—1)/n n n

< Cn~1/2,

Hence, the contribution of (34) to the sum of 3, (2k — 1,25 —1)? is bounded
by C(n=3/2)2.n? < Cn~'. We can write component (35) as

fuca 20l G 6(-2) -+ 27)
(o) -o(2))ol 25 ) o

2k—1 %]
Y

'ﬁ<r, %) — ﬁ(r, ?) ' <Cn V%25 — 2k —1)" V2.

Then, using (36) and (30), we have (35) bounded by
Cln 225 — 2k — 1)~ 4t
Hence, the contribution of (35) to the sum of 3, (2k —1,2j —1)? is bounded by

(36)

Using (29), we have for each r € |

[nt/2] j—1
Cn™2 Z Z[nfl(Qj —2%k—-1)"t4n?<Cnh

j=1 k=1

We now turn to component (33). By (29),

9(7“)%/3(7“, %) — %p(% - nq(%) - q(r))-

To simplify notation, define
UG, r) = e—(ai/n)=a(r))?/(2(j /n—7))
By (31), we have for the interval Io; = |

2k—1 %]
n

n

{ ((9(2j/n) — q(r))? } < C2j—2k+1)
2(2j/n—r) - n

9

sup
relsy
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This implies that inf{t,(24,7),r € Io;} > e~ C2I=2k+1)/n " and hence when
J,k are small compared to n, |1 is close to unity. We can write

2k/n . -
[ o (arﬁ (r, 2—‘7) Y (r, £ 1)) dr
(2k—1)/n n n

2k/n 1

- 2\/%/k 1)/n \/2j/n—r \/(2j—1)/n_rdr
2k/n '
575 oy (L2 = 17)
(38) X 1
- dr
" <¢2j/n—r \/(Qj—l)/n—r>
(39) L[ 9n(2r) — 9n(2) — L) dr.

2\/_ (2k—1)/ V2j/n—r

For component (38), by the above estimate for inf{«y,(24,7),r € o}, we
have

sup [1—(27,7)| <Cn~1(25 — 2k +1) <1,
relsy

hence (38) is bounded by

Cn=32(25 — 2k +1)(\/2) — 2k +1—2y/2j — 2k +/2j — 2k — 1).

Given € > 0, we can find an M > 1 such that

i (V2m+1—2V2m++v2m —1)* <e¢

m=M

The contribution of (38) to the sum of 3,(2k — 1,25 — 1)? is thus bounded
by

[nt/2]

(2mn)~ Z 92<2j>z sup (1 — ¢, (27,7 ))
ke 17’€ng
X (/2] — 2k +1—2/2j — 2k +/2j — 2k — 1)?
[nt/2] j—M—1
cn 'y Z (V2j — 2k +1—2y/2j — 2k +/2j — 2k —1)?
7=1 k=1

[nt/2] -1

Cn™t Y Y CnN2j - 2k+1)

=1 k=j—M
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X («/2j—2k:+1—2\/2j—2k:—|—\/2j—2k—1)2
|nt/2] Lnt/2j

1254—07112 T

which is less than Ce as n — oo, since 6(t) is bounded.

For (39), by we have sup{|1/1n§2j,r) — (25— 1,7)|,7 € I} <Cn~!, and
hence (39) is bounded by C'n=3/2(2j — 2k — 1)~/2. Therefore the contribu-
tion of the term including (39) to the sum of 3,(2k — 1,25 — 1)? is bounded
by

nt/2) j—1
Cn™® Y Y (2j—2k— 1) <Cn?log(nt),

j=1 k=1

because #(t) is bounded.
It follows that the sum of 3,(2k —1,2j — 1)? is dominated by (33), and
the significant term in (33) is given by (37). Hence, it is enough to consider

% > 02<%>(\/2j—2k+1—2\/2j—2k:+\/Qj—Qk—l)Q.

j<k—1

Using the change of index j = k + m, this is
[nt/2]
2
— Z 92< j) Z (V2m 41 —2V2m +v2m —1)°.
nm
7=1 m=1

Taking n — oo, this behaves like

t
a
— | 0*(s)d
2 [ e
where
o0
=) (V2m+1-2V2m+v2m —1)%

m=1

By similar computation,
D Ba(2k—2,2j-2)> — — /92
k<j—1

by

™ Jo

D Ba(2k—2,2j -1 — — 02(s)d8
k<j—1
and

> Ba(2k—1,2 -2 — = /02

k<j—1
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where

b= (V2m+2-2v2m +1+Vam)?,

m=1
o
by=>>_ (V2m —2v2m —1+2m—2)*.
m=1

We have proved the following result:

PROPOSITION 5.9.  Under the above assumptions, p(r,t) satisfies condi-
tion (v) of Section 4, where

2+4a_2b1_2b2/(u(q(s),s))2d5.

™ 0

n(t) =

The coefficient 2 + 4a — 2b; — 2by is approximately 1.3437, while u(q(t),t)
depends on f and «.

6. Proof of the technical lemmas. We begin with two technical lemmas.
The first is a version of Corollary 4.2 with disjoint intervals.

LEMMA 6.1. For Ogt() <t <ty <ty ST,

ntaj2)  nts/2)
. ®2 ®2 ®2 ®2 _
Jim ) YOG 1ym Oy mr Ot—1yyn— oty ) o2 = O
j:\_nto/?]-l—lk:\_ntg/%-f—l

PrROOF. We may assume ty =0 and ¢; = to. Observe that

2 2 2 X2
(O2j-1)/n ~ V2j—2)/m> k-1 /m ~ k-2 /m) 52

— Ba(2) = 1,2k — 1)? — Ba(2) — 1,2k — 2) — B (2) — 2,2k — 1)?
+ Bn(2§ — 2,2k — 2)%
Therefore, it is enough to show that

ntzJ nt3J

(40) > Y BuGkP<OnE

7=0 k= ntQJ—l—l
for some € > 0. We can decompose the sum in (40) as

\_nth \_nth nth 1 nth

> B0k + Y Bullntal, Z Z B (5, k).

k= Lnt2J+1 k= Lnt2J+1 Lnt2J+1



44 D. HARNETT AND D. NUALART

By condition (iv), for some v > 0 we have

[nt3] [nts3 |
Yo B0k’ < sup B (0,K) Y |Ba(0, k)]
k=|ntz]+1 1<j<nts] k=|nts|+1
[nts]
<Cn' ) (k-1)774+Cn'<COn.
k=|nt2]+2
By condition (ii), for some 1 < o < %,
[nts) [nts]
> Ballnta),k)? < Bullnta), [nt2] + D* +Cn™" Y Bu(lnta] k)
k=|nt2|+1 k=|nt2|+2
[nts]
<Cn'4+Cnt > (k—|nty]) < Cn!
k=|nt2]+1

and again by condition (ii), for § = % —a,

\_ntzJ 1 nt3J

Z Z B, k)

\_nth —+1

\_nth 1 nth

n! Z Z = nta]) 0+ (k= )7

\_ntzJ +1

|_nt3J nth \_nth
C”_1<ZW>(2J )*C’“Z nta] =)
k=1

7j=1
SCn_ﬂ—l-Cn_l/Q;

hence the sum is bounded by Cn~¢ for e = min{f,~, %} O

LEMMA 6.2. For 0<t<T and integer j > 1,

‘<5ta ]/n> |<CTL 12

for a positive constant C' which depends on T'.

PROOF. By conditions (i) and (ii), we have for j >1 and ¢t > 0,
[nt]—1
(et 05m)nl <) Oh/ms Ojm)s| + (€t — €t Dj/n)s |
k=0
(41)

<C’Zn_1/2 —kTAD) +O(n V) <onV2, .
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6.1. Proof of Lemma 4.4. By the Lagrange theorem for the Taylor ex-
pansion remainder, the terms Ro(Wy; /), R1(W(2;_2)/n) can be expressed in
integral form,

1 [Wa2i/n
Ro(Wajm) =5 (Waj/m — w)? f® (w) du
2 Wiaj-1)/n

and

1 Waei-n/m 2 £(3)
RI(W(ijZ)/n) = ) /W (W(2j72)/n —u)*f*(u) du.
(2j-2)/n

After a change of variables, we obtain

Ro(Waj/n)
1 3 (19,03
= §(W2j/n - W(Qj—l)/n) f v f (UW(2j—1)/n + (1 - U)WQj/n) dv
and

1
Ri(Wij_ay/n) = §(W(2j—2)/n — Wj—1)/n)°

1
X /0 UZf(:g)(’UW(ijl)/n +(1 - U)W(2j72)/n) dv.

Define

L1t
Go(2i) =5 | VA F DWWy 1y + (1= ) Wayn) do

and

, e
G1(2j —2)= ) /0 sz(g) (UW(ijl)/n +(1— ’U)W(ijZ)/n) dv.
We may assume r = 0. Define AWy, = Wpy1y/n — Wy, We want to show
that

[nt/2] 2
=1
(42) '

<C {%tJ n=3/2,

This part of the proof was inspired by a computation in [6]; see Lemma 4.2.
Consider the Hermite polynomial identity 2% = H3(z) + 3H1(z). We use the
map 6(h®7) = Hy (W (h)) [see (2) in Section 2|, for h € § with || k| s = 1. For
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each j, let w; := || AW, ||, and note that condition (i) implies w; < Cn~ /4

for all j. Then
AW3 AW, AW,
;/n_H3< J/n>+3H1< J/n>
wj wy wy
®3

0; Ajn
w] 'LUJ

AW, = 53(6;8}?1 ) + 3w} 5(9; /).

so that

It follows that we can write
Go(2)AWy; 1y — G1(2] = 2)AWy; )

:G0(2j)(53(3g§ 1)/n) G1(2j )53(683 2)/n)

+ 3w%jG0(2])5(8(2j71)/n) - 3w%j71G1(2‘7 - 2)5(8(23'72)/71)-

It is enough to verify the individual inequalities

[nt/2] 27 -
(43) [ Z Go(2)8°(035_1y)| | SC|5 [n2,
[nt/2] 27 nt
(44) Z G1(2) = 2)8° (05 _y) )| | C o) n=3/2,
[nt/2] 27 nt
(45) > w3Go(2)0(0p;nm)| | SC| 5|
j=1 | -
and
[nt/2] 2 ot
(46) E[ > wh; 1 Gr(2) = 2)8(Dj-2ym)| | < C{;J n3/2,
j=1

We will show (43) and (45), with (44) and (46) being essentially similar.
Proof of (43). Using (3) and the duality property,

int/2] 2
( > Go(2)(9;- 1)/n)) ]

[nt/2]

:EZ

Jk=1

Go(25)Go(2k)
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3
x (Z (D5 @ Oop ) (025 -1) s 3(2k1)/n>1%>]
r=0

[nt/2] 3
< D H0@j—1)m Oeh—1) /)5
j,k=1 r=0
x E[[(D°*(Go(21)Go(2k)): 85, 1) /n © Dgp_ty ) sys-r -

For integers r > 0, we have

1

. - 1

D"Go(2j) =D /0 §v2f(3)(vW(2j_1)/n+(1—v)ng/n)dv
1

1
(47) = 5/0 U2f(3+r) (VWigj—1ym + (1 —0)Waj/p)

X (UE%’;_I)/n +(1- v)f;‘%’n/n) dv.
By product rule and (47) we have

E[[(D°"%(Go(2/)Go(2k)), 05771/ © Ogpty jm) g2 ]

<C Z E[ sup ‘f(“)(UW(ijl)/n"‘(l—U)W(gj,g)/n)
atb—6—2r OSUWSI

< fO(WWiag—1ym + (1 — w)W(Zku)/n)‘]

1 1
X/o /o \((vsg‘;_l)/n—k(l —v)e?}"/n)
® (wsg?gfl)/n +(1- w)z’;‘é@]f/n),

3— 3—r
agj!ln)/n ® agk—l)/n>_ﬁ7)®6—2r‘ dv dw.

Notice that by condition (0), E[sup|f®+)(£)[P] < oo, where the supremum
is taken over the random variables {{ = oW, + (1 —v)W,,,0<v < 1,0 <
s1,82 <T}. From Lemma 6.2, for integers a and b with a +b=6 — 2r, we
have the following estimate:

1 1
[ RS Y (e 7

® (wsg?cq)/n +(1- w)é—é@kb/n)’

(48)

(49)

3—r 3—
88]'*1)/71 ® 8(‘3;@31)/7%@6—% | dv dw

< COn~G1),
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It follows that if  # 0, then by Lemma 4.1, equation (48) and equation (49),
[nt/2]

C D [Oj-1)/n Ok-1)/n)5]
k=1

[nt/2]

<O 01y /ms D21y /n)5]
k=1

< C \‘%tJ nr/2—3’

which satisfies (42) because 5 —3 < —3. On the other hand, if » =0, then

and we are done with (43).

Proof of (45). Proceeding along the same lines as above,
[nt/2] 2
E[( Z w%jG0(2j)5(8(2j—1)/n)> ]
j=1

[nt/2]
= E[ D wiw3Go(2§)Go(2k)
Ji.k=1

x {6%(9(2j-1)/n ® O2k—1)/n) + (02j—1)n 3(2k_1)/n>sa}]

[nt/2]
SCn_l E|E sup Gal(l 2 s ma o
j,%; [ 0§€SLnt/2J| o(OF (O(2j-1)/n: O2re-1), >5§|}
[nt/2]

+Cn~t Y E[ Y E|D"Go(2§)D*Go(2k),
j,k=1 a+b=2

5% (D2j-1)n ® O2k—1)/n)) 02 \] :

By Lemma 4.1 we have an estimate for the second term,
[nt/2]

a nt| _
On™ > (0aj1y/m- Ok-ym)s SCBJn 52,
J,k=1
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Then the first term has the same estimate as (48) when r = 2, which proves
(45) and the lemma.

6.2. Proof of Lemma 4.5. Asin Lemma 4.4, we may assume r = 0. Start
with B, (t). Define

[nt/2]

2 2
Z f W(Z] 1/n)<5(2j 1)/n’agj 1)/n ag] 2)/n>
[nt/2]

Z FO Wiaj-1)/n){E@j-1)/m O2j—1)/n — O2j—2)/m )

X (8(2]'71)/71 - 8(2]'72)/11)7
so that B, (t) = 26(7,(t)). By Lemma 2.1, we have

16 (v (2 ))HLz ) S Ellva(t )5 +El Dy (t) || 502
We can write

[nt/2]

[[vn (t ||y3 Z f( 23 1)/n)f(3)(W(2k71)/n)

7,k=1
X <€(2j71)/n7 3(23'71)/11 - 8(2j72)/n>.73
X (€(2k—1)/n» O(2k—1)/n — O(2k—2)/n)
X (O2j—1)/n — O2j—2)/n> O2k—1)/n — O(2k—2)/n) 5

Sup <5(2j71)/n7 3(23'71)/11 - 8(2]'72)/n>%

1<j<|nt]
[nt/2]
X Y HO@j—1)/n — O2j—2)/m> Dak—1)/n — O2k—2)/n)5]-
k=1

Note that E[supy<g<; |£B)(W,)|?] = C by condition (0), and by Lemma 6.2,

(e, O2j—1)/m — O2j—2)/n) 5| < Con~1/2 for all j,t. By Corollary 4.2 we know
[nt/2]

nt| _
D U0@j-1)/n — O2j—2)/n O2k—1)/n — Ok—2)/m)s| < C {EJH 12,
7,k=1

Hence, it follows that E||v,(t)[|3 < CL”tJnflnfl/Z <C|%]n

n~3/2. Next,
[nt/2]

Dyn(t) Z f( Wiaj— 1/n)<€(2] 1)/ns 92j-1)/n —a(2j—2)/n>5§

X (e@2j-1)/n @ (O2j—1)/n — O2j-2)/n));
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and this implies
Dy (t)l[§e2 < sup [ £ (W)
0<s<t

[nt/2]
Z <€(2j71)/n>a(2j71)/n - 8(23'72)/n>f9

J,k=1

X

X (€(2k—1)/n> O(2k—1)/n — O(2k—2)/n) s

X [{e@j—1)/m @ (D2j-1)/n — O2j—2)/n);
€k—1)/n @ (O2k—1)/n — O2k—2)/n)) 522

< (4) 2 . . — Oy 2
fOSSgI;t\f (W) <81;P<€(231)/n73(2]1)/n 3(2372)/11);;)

X sup [(gs;&r)5
0<s,r<t
[nt/2]
X Z ‘(8(2]'71)/71 — 0@2j—-2)/n>O2k—1)/n — 6(2k72)/n>5§|'
jk=1
By condition (0), E[supy<<; |f® (W,)|] is bounded, and SUPg<s r<t |(€r,€s) 5]
is bounded. Hence, it can be seen that E|| D, (t) H%@,Q gives the same estimate

as yn(t).
For C,,(t), using condition (0) and the identity a? — b* = (a — b)(a + b),
we can write

E[Cy(t)?] <E[ sup |fO W)
0<s<t

X( sup ‘(5(2]'—1)/7178(2]'—1)/71_a(2j—2)/n>5§‘

1<5j<nt/2
[nt/2] 2
X Z |<5(2j1)/n>a(2j1)/n+a(2j2)/n>ﬁ‘> .
j=1

By Lemma 62, ‘(5(2]'_1)/”, 8(2]'_1)/“ — 6(2j_2)/n>,3| < CQTLil/Z and by condi-
tion (iv),

nt/2] nt/2]
> He@i—1y/ms Li@j—2)mzimy)al < Cn 2+ Cn 2 Y (25— 2)71/2
j=1 j=2

1/2
<(C {%tJ n~1/2,
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Hence it follows that E[C,(t)%] < C|%|n~? for some constant C, and the
lemma is proved.

6.3. Proof of Lemma 4.9. Fori=1,...,d, set
[nti/2]
= ) Wm0 1ym = 9a5-2)m)
j=|nti—1/2]+1
and recall that F! = §?(uf). As in Remark 3.3, we want to show:

Condition (a). For each 1 <i < d, the following converge to zero in L*(£2):
(a.1) (uy,, h1 ® ha)ge2 for all hi,he € $ of the form e, (see Remark 3.4).

(a.2) (ul, DFJ ® h)gee for each 1 < j<dand h € $.
(a.3) (ul,, DFJ ® DFF)geo for each 1 < j, k <d.

Condition (b).
(b.1) (uf, D2FJ>5®2 —0in LY if i #j.
(b.2) (ul,, D*F!) g2 converges in L! to a random variable of the form

. t;
Flo=c [ f'"(W)n(ds).
ti—1

The proofs of (a.1) and (a.2) are essentially the same as those given in [5]
(see Theorem 5.2), but the proof of (a.3) is new.

Proof of (a.1). We may assume i = 1. Let h1 ® ho = £, ®@¢, € H®? for some
values s,7 € [0,t]. Then

[nt1/2]
(tp, b1 ® ho)ges = Z " Wj—1)m)(02j—1)/n — (2j—2)/n Es)5

X <8(2j71)/n - a(2j72)/n?57'>5§§
so that
(g, b1 @ ha) |

< sup [f"(W,)|  sup  sup [(D2j—1)/n — O(2j-2)/nsEs) 8]
0<s<t 1<j<|nt1/2) 0<s5<ts

[nt1/2]
XD H0ej-1ym = Oaj-2)/msr)sl-
=1

It follows from condition (iii) that for fixed 7 >0,

nt1 /2]
> 0@j—1)/m — O2j—2)/mrEr)s]
=1
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|_nt1/2J
= > [E[Wr(Wajm — 2Wiaj—1)m + Wizj—2ym)]|
j=1
50
( ) |_nt1/2J
<CnV24onTV? 3T (25— 2) 73 4 |r = 2572 A 0)
j=2

<Cn7Y?,

and Lemma 6.2 implies

sup  sup [(92j—1)/n — Ogj—2)/n:Es)s| < Cn /2
1<j<|nt1/2) 0<s<t

so that
E(\(u}l, hi ® h2>5§®2 |) < Ctlnil — 0.

Proof of (a.2). As in (a.1), assume i = 1. Using the same technique as in
(a.1), we can write DF} ® h as DFfZ ® e, for some 7 € [0,T]. By Lemma 2.1,
DF} = D&*(u},) = 6%(Du3,) + §(uf,), which gives

(tn, DF}, @ er) g2 = (11, 6 (D1t],) @ €7 ) o + (i, 8(u,) @ 1) 0.
For the first term,
E‘(u}l,(SZ(DuZI) ® 57>5§®2|

I_ntl /2J

= > Elf"Wer1)/)O@e-1)/n — O@e—2)/m> 6> (D))
=

X (O(20-1)/n — O20-2)/n>E7) 5|

<2E| suwp |/"(WI[E[  sup  [(0yn,82(Dud)g ]
0<s<t1 1<0<nt1 /2]

[nt1/2]
X Z 1{O20=1)/n — O20—2)/n>Er)s5 |-
=1

By (50), the sum has estimate Cn~1/2, and for the second term we can take
(01 /ns 8% (D)) | < sup 10e/215116% (D)l -

It follows from condition (i) that [|0;,,[|5 < Cn~Y/4. This leaves the [|02(Du)| 5
term. By the Meyer inequality for a process taking values in $,

(51) E[8*(Duf)ll5) < 1Bl Du|[gen + 2Bl D*uf e + B[ DPu) s,
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so that by Lemma 4.7, E[[|6*(Du)|[3] < C, and we have
E|(u},6%(Dul) @ Er)go2| < Cn=3/4,
Then similarly,

(b, 5(ud) @ ) gos|

<2| sup |[f"(W, )\SUP| Ot /m» 0 ( \Z| (20-1)/n — O(20—-2)/n+Et)5| | -

0<s<ty
Similar to the above case, for each 1< ¢ < 28],
El (/s 513V | < B9yl 6 )
< On VA (E|[uf || gez + Bl Dui | ges)
< Cn~V4,
and hence with (50) we have
Ef (ul (1) ® 1) yoal] < Cn /1.

Proof of (a.3). For this term we consider the product (u, DFj,®@ DFF)¢eo.
Lemma 6.1 shows that scalar products of this kind are small in absolute value
when the time intervals are d15301nt and therefore it is enough to consider
the worst case (u), DF} @ DF}) 5«2, and assume t; =t. We have

E[/(u,,, DF, ® DFy)ges|]

[nt/2]
< Z\E "(Wiae—1)/n) 0351y = Oty n)s DFn ® DEy) o

[nt/2]
<C Z E[[{@¢—1)/ns DFp )5 — (O2e—2)/ns DFL)3 ]

\ /\

nt/2]
Z D201y jn — O20—2)jn>» DF) 5| (L ((20-2) /m,20/n)s D) g |]-
=1

Using the decomposition DF} = ¢%(Dul) + §(u}), the above summand ex-
pands into four terms:

(1) [{B@e—1)/n — O2e—2)/m> 6" (Dun)) {1 ((20-2) /m.20/m)» 0> (Duip)) g |3
(2)  1{O@e-1)/n — O20—2)/ms 6" (Dun)) g | (L (20-2) /m.20/n) 6 (un))
(3) \<3 20—1)/ 8(2£ 2)/n» (UTIL» H< (20— 2)/n,2€/n]752(Du711)>5§‘;
(4)  [{O@e-1)/n — O20—2)/m> 6 (Up)) || (L[(20—2) .20 /m] 6 (U )) |-
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We will show computations for the terms (1) and (4) only, with the others
being similar. For (1) we have

[nt/2]
C Z O20—1)/n — O20—2)jn» 02 (Dup)) g |[(L[(20—2) n,20/n)» 0> (D)) ]
[nt/2]
=C > Eld@e-1)/n — e-2)/n:
£m,m/=1

*(f (Wiam-1)/m)e@m—1)/mOm—1)/n — Ogm—zy/)))s

X [(L[2e-2)/n,20/m)>
8% (P (Wiams -1 n)e@mr—1) m Oy 1y m = Do —2) ) s

<C swp EIPEO W1y Oy — 05y ) o2
1<k<|nt/2]

[nt/2]
X > O@e—1)/n — Oe—2)/ms E@m—1)/n)5 |
lmm/=1

X [(L[(20=2)/m,2¢/m]> € 2m/—1) /) 5 |-

By Lemmas 2.1 and 4.7, the Skorohod integral term is bounded by Cn~1/2,
and we use conditions (iii) and (iv) for the scalar products to obtain an
estimate of the form

[nt/2]
Cn™2 3" ((2m— 1) 4|20 — 2m| %)
{m,m/=1
X ((20—2)712 4 |20 — 2m/| 73
SC'n_l/Q.

For term (4), we have by a computation similar to the proof of Lemma 4.7,

E[16(f® (Wiak—1y/n) O2k—1)/m — Ozk—2)/n))ll5] < Cn 4,
and by conditions (i) and (ii) we have

[nt/2]
Cn=2 Y 7 10e-1y/n = Dae-2)/n: Ozm—1)/n — Ozm—2)/n)s)|

lm,m/=1

X [(L[(20—2) /m,2¢/n]> O2m’ —1) /. = O(2ms—2) /) 9|
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[nt/2]
<O 3" (|20 —2m[T) (120 — 2m|7%)
lmm/=1
< Cn~1/2,
Proof of (b.1). By Lemma 2.1, we can expand D?F,, as follows:

(52) (u;, D2F£>ﬁ®z = <U2>52(D2U¥z)>5®2 + 4<U2>5(DU%)>yJ®2
+ 2<U;7 U‘ZZ>YJ®2’

Without loss of generality, we may assume that ul, is defined on [0,%1],
and F} is defined on [t1,ts] for t; < t3, so that the sums are over

[nt1/2]
Uy, = Z f”(W(%—l)/n)(ag?_l)/n - 822_2)/71)
/=1

and
[nt2/2]
u%, = Z f//(W(mel)/n)(agilfl)/n - agiﬁhg)/n)
m=|nt1/2]+1
First term.

E|(uy,,6*(D*u})) o]

|_nt1/2J
=E < > F"Wiae1)m) (03571 = Oot—2y/m)s

/=1

[nt2/2]
6 ( Z f(4)(W(2m—1)/n)5%i%1)/n
m=|nt1/2]+1

2
@ (Ogmty/m ~ ang)/n)> >
o2

<E| sup |f"(W,)]
0<s<t

2 2 2
B[S S ey Uy~ 0o
¢ m

182 W 1)) O, = O]

<E[ sup |f"(W,)]]
0<s<t
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[nt2/2] [nt2/2]
><Sllp||5 9)ll2) D, Y [e@m—1y/m:Oae—1)/m)%

/=1 m=1
— (E@m—1)/n>O20-2)/n)9)-

First we need an estimate for the 62(g4) term, where in the notation of
Lemma 4.7,
e ®2 ®2
1= [ )(W(mel)/n)(a@mfl)/n a(zm 2)/n)
By Lemma 2.1, |6%(g4)lz2() < c1Ellgallgo2 + 2| Dgal| e + c3E| D ga | goa,
and so ||52(g4)”L2(Q < Cn~'2 for each |21 ] <m < |™2]. We can write
E|(up, 0% (D*uy,)) oo
[nt2 /2]

<Cn~Y? Z [(E@m—1)/n O@e-1)/n)% — (E@m—1)/n: O2e—2)/n )5
l,m=1

We need an estimate for the double sum. We have by condition (iii),

[nt2/2]
> e@m-1y/ms Oe—1)m)% = (E@m-1)/m O2e—2)/m) 3]
lm=1
< supl(e(am—1)/ns L[(20-2)/n,2¢/n)) 5|
lm
(nt2 /2]
X > {e@m1)/ms Oe—1)/m — O2e—2)m)s|
lm=1
[nt2/2]
<CnV2 N ConTVA([e—m| T3P 4 (0 - 1)) A1)
l,m=1
[nt2/2] oo
DI o)
(=1 p=1

This provides an upper bound for the double sum, and hence the first
term of (52) is O(n~1/?). Note that in the above estimate the double sum is
taken over 1 </, m < L"”J It follows that this estimate also holds for the

case i = j, that is, E|[(uf, 62(D?u},))ge:| < Cn~1/2.

Second term. Using t1 < to as above,
E‘(“Z,d(Duzz»yJ@ﬂ

[nt1/2]
< Z F"(Waj—1y/)(0 (2]_1)/ 3(23 2)/n);
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[nt2/2]
2 ®2
( Z f( 2k 1 /n) (2k—1)/n & (agkfl)/ a(gk 2)/n)>>
=lnt1/2] H%*

T Weaj—1ym)E@r-1)/n @ (O2k-1)/n — O2k—2)/n);

(O2j—1)/n — D2j—2)/m) ) o2

X |6 (Wiak_1)/m) (O2k—1)/n — O2h—2)y/m))]
< CE[ sup | (W] (supl(ess n)sl ) (5005069 2o

0<s<t

\_ntzJ \_ntzj

X Z Z|<8j/n78k/n>fl|7

§=0 k=0

where in this case, g3 corresponds to the term including G (Wt) It fol-
lows from Lemma 6.2 that sup |{(es, Oy /n) 5| < Cn~ 1/2; and the double sum is
bounded by Cn'/? by Corollary 4.2. This leaves an estimate for [|6(g3)|| L2(Q

By Lemma 2.1, [|0(g3)l|r2(q) < c1llg3lls + 2l Dgs | ge2. For this case,

losl3 < [ sup O] 1001170 = Ooe-2yjally < O,
hence ||g3||s < Cn~'/%. Similarly,
[Dgsllpe2 < E[ sup \f(4)(Ws)\} sup |lesllsll0@r—1)/n — O2k—2)/m lls
0<s<t 0<s<t

<Cn Y4,

hence the second term is O(n~1/4). As in the first term, the double sum
estimate shows that this result also holds for (u!,6(DF!))gez.

Third term. We can write

\_nt1 /2J \_ntg /2J

|<un7un>5§®2|< SUP ‘f” Z Z |<3{85§ 1/n 3&‘3? 2)/n’
/=1 m:Lnt1/2J+1

2 ®2
agm 1)/n a(2m 2)/n>ﬁ®2"

and it follows from Lemma 6.1 that E|<ufl,u%>ﬁ®z| < Cn~¢, for some € > 0.
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Proof of (b.2). As in case (b.1), this has the expansion (52). From remarks
in the proof of (b.1), the first two terms have the same estimate as the i # j
case, hence only the term (u;,,u;, ) =2 is significant.

1tThz‘rd term. Assume for the summation terms that the indices run over
[P +1< 5,k < [ %], We have

<Uiu U§1>,~3®2 = Z f”(W(Zj—1)/n)f”(W(2k—1)/n)
3k
2 2 2 2
X (05; 1)/ — O2j-2)/m Vzk-1)m ~ Doh-2)n) o2
Expanding the product, observe that

2 2 2 2
(025 -1)/n — Oaj—2)/m Oak-1)/n — O2h—2)/m) 552

= Bn(2f — 1,2k — 1) — B,(2§ — 1,2k — 2)?
— Bn(24 = 2,2k — 1)* + 3,(2) — 2,2k — 2)?,
where 3, (¢,m) is as defined for condition (v). For each n, define discrete
measures on {1,2,...}¥2 by

= Bu(25 — 1,2k — 1)% + B (25 — 2,2k — 2)%0j4;
g k=1

[o¢]
P = Bu(2 — 1,2k — 2)% + B (2] — 2,2k — 1)%0j4,
Jk=1
where in this case d;;, denotes the Kronecker delta. In the following, we show
only 7,7, with 7, being similar. It follows from condition (v) that for each

t>0,
u([0,4%) ra&%ﬂnq%tJ’ V?tJ)

[nt/2]
=lim > Bn(2) — 1,2k — 1) + B, (25 — 2,2k — 2)°
n
],kil
=n"(t).
Moreover, if 0 < s < t, then

w5 15)
(5} [5])

ns/2]  lnt/2)
+ 30 B2 - 1,2k — 1)2 + (25 — 2,2k — 2)%,

Jj=1 k=|ns/2]+1
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which converges to u*(]0,s]?) because the disjoint sum vanishes by Lem-
ma 6.1. Hence, we can conclude that p, converges weakly to the measure
given by p([0,s] x [0,t]) =nT (s At). It follows by continuity of f”(W;) and
Portmanteau theorem that

[nt/2]

S Weajenym) ' Wiak—1)/n) (Bn (2 — 1,2k — 1)% + B, (25 — 2,2k — 2)°)
gk=1

= [ OV W s (s, )

converges to
t
| st as).
0

Combining this result with a similar integral defined for p~, we have for
t>0,
[nt/2]
lim Z P Wigj—1ym) " Wigk—1y/n)

n—00
J,k=1

2 2 2 ®2
X 05 -1y — Oaj - 2)/n,agk 1/m = Oak2)/m) o2

= [ srovoutias - [ o = [

where we define n(t) = n*(t) — n~(t). It follows that on the subinterval
[ti—1,t;] we have the result
t;
(up up ) goz — | f"(Ws)?n(ds)

ti—1

in L1(Q) as n — co.
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