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Abstract In this paper, we prove a central limit theorem for a sequence of multiple
Skorokhod integrals using the techniques of Malliavin calculus. The convergence is
stable, and the limit is a conditionally Gaussian random variable. Some applications
to sequences of multiple stochastic integrals, and renormalized weighted Hermite
variations of the fractional Brownian motion are discussed.
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1 Introduction

Consider a sequence of random variables {F},,,n > 1} defined on a complete prob-
ability space (£2, F, P). Suppose that the o-field F is generated by an isonormal
Gaussian process X = {X (h), h € $} on a real separable infinite-dimensional Hilbert
space $). This just means that X is a centered Gaussian family of random variables
indexed by the elements of ), and such that, for every h, g € 9,

E[X(W)X(g)] = (h,&)s. (1.1)
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Suppose that the sequence {F,,n > 1} is normalized, that is, E(F,) = 0 and
lim, 00 E (FnZ) = 1. A natural problem is to find suitable conditions ensuring that
F, converges in law towards a given distribution. When the random variables F),
belong to the gth Wiener chaos of X (for a fixed ¢ > 2), then it turns out that the
following conditions are equivalent:

(1) F, converges in law to N (0, 1);
(ii) lim, o E[Fy]=3;
(ifi) limy—oo D3y = ¢ in L2(82).
Here, D stands for the derivative operator in the sense of Malliavin calculus (see

Sect. 2 below for more details). More precisely, the following bound is in order,
where N denotes a standard Gaussian random variable:

2
sup|P(F, <z) — P(N <z2)| s\/E[<1—$||DFn||%> } (1.2)

zeR

q— 1 4
<V 3 |E(F}) —3|. (1.3)

The equivalence between conditions (i) and (ii) was proved in Nualart and Pec-
cati [22] by means of the Dambis, Dubins, and Schwarz theorem. It implies that the
convergence in distribution of a sequence of multiple stochastic integrals towards a
Gaussian random variable is completely determined by the asymptotic behavior of
their second and fourth moments, which represents a drastic simplification of the
classical “method of moments and diagrams” (see, for instance, the survey by Pec-
cati and Taqqu [26], as well as the references therein). The equivalence with condition
(iii) was proved later by Nualart and Ortiz-Latorre [21] using tools of Malliavin cal-
culus. Finally, the Berry—Esseen-type bound (1.2) is taken from Nourdin and Peccati
[16], while (1.3) was shown in Nourdin, Peccati, and Reinert [14].

Peccati and Tudor [27] also obtained a multidimensional version of the equiva-
lence between (i) and (ii). In particular, they proved that, given a sequence {F;,, n > 1}
of d-dimensional random vectors such that F,’; belongs to the g;th Wiener chaos for
i=1,...,d,where 1l <gy <---<gqy, then if the covariance matrix of F; converges
to the d x d identity matrix I, the convergence in distribution to each component to-
wards the law N (0, 1) implies the convergence in distribution of the whole sequence
F,, towards the standard centered Gaussian law N (0, 1).

Recent examples of application of these results are, among others, the study of
p-variations of fractional stochastic integrals (Corcuera et al. [4]), quadratic func-
tionals of bivariate Gaussian processes (Deheuvels et al. [6]), self-intersection local
times of fractional Brownian motion (Hu and Nualart [7]), approximation schemes
for scalar fractional differential equations (Neuenkirch and Nourdin [12]), high-
frequency CLTs for random fields on homogeneous spaces (Marinucci and Peccati
[10, 11] and Peccati [23]), needlets analysis on the sphere (Baldi et al. [1]), esti-
mation of self-similarity orders (Tudor and Viens [31]), weighted power variations
of iterated Brownian motion (Nourdin and Peccati [17]), or bipower variations of
Gaussian processes with stationary increments (Barndorff-Nielsen et al. [2]).
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Since the works by Nualart and Peccati [22] and Peccati and Tudor [27], great
efforts have been made to find similar statements in the case where the limit is not
necessarily Gaussian. In the references [25] and [24], Peccati and Taqqu propose
sufficient conditions ensuring that a given sequence of multiple Wiener—It6 integrals
converges stably towards mixtures of Gaussian random variables. In another direc-
tion, Nourdin and Peccati [15] proved an extension of the above equivalence (i)—(iii)
for a sequence of random variables {F},,n > 1} in a fixed gth Wiener chaos, g > 2,
where the limit law is 2G> — v, G2 being the Gamma distribution with parame-
ter v/2.

The purpose of the present paper is to study the convergence in distribution
of a sequence of random variables of the form F,, = §7(u,), where u, are ran-
dom variables with values in $®¢ (the gth tensor product of §), and §9 denotes
the multiple Skorokhod integral (that is, 8%(u) = 8(8(u)), 8> (u) = 8§(8(8(u))), and
so on), towards a mixture of Gaussian random variables. Our main abstract result,
Theorem 3.1, roughly says that under some technical conditions, if (u,, DY F;) geq
converges in L'(£2) to a nonnegative random variable S2, then the sequence F,
converges stably to a random variable F with conditional characteristic function

E(e"AF|X) = E(e_%sz). Notice that if u, is deterministic, then F; belongs to the
gth Wiener chaos, and we have a sequence of the type considered above. In particu-
lar, if S2 is also deterministic, we recover the fact that condition (iii) above implies
the convergence in distribution to the law N (0, 1).

We develop some particular applications of Theorem 3.1 in the following direc-
tions. First, we consider a sequence of random variables in a fixed Wiener chaos, and
we derive new criteria for the convergence to a mixture of Gaussian laws. Second,
we show the convergence in law of the sequence §9(u,), where ¢ > 2, and u, is a
g-parameter process of the form

n—1

1
up =n?"2 Z S B/ Lk /n, 1) /n14 5
k=0

towards the random variable oy 4 fol f(Bs)dWy, where B is a fractional Brownian
motion with Hurst parameter H € (ﬁ, %), W is a standard Brownian motion inde-
pendent of B, and oy , denotes some positive constant. This convergence allows
us to establish a new asymptotic result for the behavior of the weighted gth Her-
mite variation of the fractional Brownian motion with Hurst parameter H € (ﬁ, %),
which complements and provides a new perspective to the results proved by Nourdin
[13], Nourdin, Nualart and Tudor [19], and Nourdin and Réveillac [18]. The reader
is referred to Sect. 5 for a detailed description of these results.

The paper is organized as follows. In Sect. 2, we present some preliminary results
about Malliavin calculus. Section 3 contains the statement and the proof of the main
abstract result. In Sect. 4, we apply it to sequences of multiple stochastic integrals,
while Sect. 5 focuses on the applications to the weighted Hermite variations of the
fractional Brownian motion.
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2 Preliminaries

Let $ be a real separable infinite-dimensional Hilbert space. For any integer g > 1,
let H®9 be the gth tensor product of §. Also, we denote by H©9 the gth symmetric
tensor product.

Suppose that X = {X (h), h € $} is an isonormal Gaussian process on §), defined
on some probability space (§2, F, P). Recall that this means that the covariance of
X is given in terms of the scalar product of $) by (1.1). Assume from now on that F
is generated by X.

For every integer g > 1, let H, be the gth Wiener chaos of X, that is, the closed
linear subspace of L2(£2) generated by the random variables

{Hy(X (). h €9, lhls =1},

where H, is the gth Hermite polynomial defined by

—1)4 d4
H,(x) = (S X2 —(efxz/z).
q! dx1

We denote by H the space of constant random variables. For any ¢ > 1, the mapping
I, (h®1) =g¢q !H,; (X (h)) provides a linear isometry between $H%4 (equipped with the
modified norm \/¢!| - || ge¢) and H, (equipped with the L?(£2) norm). For ¢ =0, by
convention Ho =R, and Iy is the identity map.

It is well known (Wiener chaos expansion) that L%(£2) can be decomposed into
the infinite orthogonal sum of the spaces H,,. That is, any square-integrable random
variable F € L?(£2) admits the following chaotic expansion:

F=Y"1,(fy), (2.1)
q=0

where fo = E[F], and the f; € Ho4, g > 1, are uniquely determined by F. For every
g > 0, we denote by J, the orthogonal projection operator on the gth Wiener chaos.
In particular, if F € L2(£2) is as in (2.1), then JyF =1,(fy) forevery g > 0.

Let {ex, k > 1} be a complete orthonormal system in §. Given f € §°P, g € §©¢

and r € {0, ..., p A g}, the rth contraction of f and g is the element of §H®(ptq—2r)
defined by
o0
f® g= Z (fiei, ®--®ei)ger (g, e, - Qe )ger. 2.2)

Notice that f ®, g is not necessarily symmetric. We denote its symmetrization by
f®,g € HOP+Ta=2") Moreover, f ®y g = f ® g equals the tensor product of f
and g, while, for p =¢q, f ®; g = (f, &) geq.

In the particular case $ = L2(A, A, ), where (A, A) is a measurable space and
W is a o-finite and nonatomic measure, one has that $©7 = L%(Aq, A®4 1®9) is
the space of symmetric and square-integrable functions on A4. Moreover, for every
fen®a, I, (f) coincides with the multiple Wiener-It6 integral of order g of f with
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respect to X (introduced by It6 in [8]), and (2.2) can be written as
(foro), ..., tp+q72r)
= f(tlv"'slp—rssl3"'»sr)
Ar

X g(tpfr%»l, coslprg—2rs S1s e sp)dp(st)...du(sy).

Let us now introduce some basic elements of the Malliavin calculus with respect
to the isonormal Gaussian process X. We refer the reader to Nualart [20] for a more
detailed presentation of these notions. Let S be the set of all smooth and cylindrical
random variables of the form

F=g(X(@1,....X (), (2.3)

where n > 1, g : R” — R is a infinitely differentiable function with compact sup-
port, and ¢; € §. The Malliavin derivative of F with respect to X is the element of
L2(£2, ) defined as

"
DF — Za_i(xwl),...,x@n))@-
i=1

By iteration, one can define the gth derivative D?F for every g > 2, which is an
element of L?(£2, H9).

For ¢ > 1 and p > 1, D% denotes the closure of S with respect to the norm
|l - lpe.r defined by the relation

q
P _ i || P
IFI5ar = E[FIP]+ Y E(|D'F|gei)-
i=1
The Malliavin derivative D verifies the following chain rule. If ¢ : R” — R is con-
tinuously differentiable with bounded partial derivatives and if F = (Fq,..., F,,) isa
vector of elements of D!2, then ¢(F) € D2 and

n
dp
Do(F) = —(F)DF;.
¢ (F) Z 7, (D
i=1
We denote by & the adjoint of the operator D, also called the divergence opera-
tor. The operator § is also called the Skorokhod integral because in the case of the
Brownian motion it coincides with the anticipating stochastic integral introduced by

Skorokhod in [30]. A random element u € L2(£2, $) belongs to the domain of §,
denoted Dom §, if and only if it verifies

E(DF.w)5)] <cuE(F?)
for any F € D2, where ¢, is a constant depending only on u. If u € Dom$, then

the random variable §(u) is defined by the duality relationship (called “integration by
parts formula”)

E(F8(u))=E((DF,u)g), (2.4)
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which holds for every F € D2, Formula (2.4) extends to the multiple Skorokhod
integral §7, and we have

E(F§7w) = E({DTF,u)¢q,) (2.5)

for any element u in the domain of 8¢ and any random variable F € D?-2. Moreover,
89(h) = I,4(h) for any h € $H9.
The following property will be extensively used in the paper.

Lemma 2.1 Let g > 1 be an integer. Suppose that F € D92, and let u be a sym-
metric element in Dom §9. Assume that, forany 0 <r + j <gq, (D"F, 8/ (u)) gor €
L2(.Q,f)®q_’_j). Then, for any r =0,...,q — 1, (D" F,u) ger belongs to the do-
main of §97", and we have

q

Foluy=Y" <z)sqr (D" F.u)ger)- 2.6)

r=>0

(We use the convention that 8°(v) = v, v € R, and D°F = F, F € L*(£2).)

Proof We prove this lemma by induction on ¢g. For ¢ = 1, it reads Fé(u) =§(Fu) +
(DF, u)g, and this formula is well known, see, e.g., [20, Proposition 1.3.3]. Suppose
the result is true for ¢. Then, if u belongs to the domain of 877!, by the induction
hypothesis applied to 6 (u),

q
F87M (u) = F87(8(u)) =; (r)aq "(D7F,8w)) ger)- 2.7

On the other hand,
(D"F,8))ger =8((D" F,u)ge) + (D"HF, U)gor- (2.8)
Finally, substituting (2.8) into (2.7) yields the desired result. g

For any Hilbert space V, we denote by %7 (V) the corresponding Sobolev space
of V-valued random variables (see [20, page 31]). The operator 87 is continuous from
D57 ($®9) to D¥~2P for any p > 1 and any integers k > g > 1, that is, we have

||8q(u)||]D)qu,p = Ck,p”u”]D)kﬂ(ﬁ@lI) (2.9)

for all u € DX P ($®9) and some constant ck,p > 0. These estimates are consequences
of Meyer inequalities (see [20, Proposition 1.5.7]). In particular, these estimates im-
ply that D9-2($H®7) c Dom 87 for any integer g > 1.

We will also use the following commutation relationship between the Malliavin
derivative and the Skorokhod integral (see [20, Proposition 1.3.2]):

D8(u) =u + 8(Du) (2.10)
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for any u € D>2($). By induction we can show the following formula for any sym-
metric element u in D/ 52 (§H®J):

JAk .
DW= (I;) (f) 16771 (DK 1), (2.11)
i=0

We will make use of the following formula for the variance of a multiple Skorokhod
integral. Let u, v € D?72($®9) c Dom 9 be two symmetric functions. Then

E(3# 089 0) = E({u. D9 (37 1))

=3 (4) e o)

i=0
9 )2 ' .
=> <l> E({DT™ u, DT 0) g i))- (2.12)
i=0
The operator L is defined on the Wiener chaos expansion as
o
L= Z —qJq
q=0

and is called the infinitesimal generator of the Ornstein—Uhlenbeck semigroup. The
domain of this operator in L2(£2) is the set

o0
DomL = {F eL*(2): Zqznquuiz(m < oo} =D*2.
g=1

There is an important relation between the operators D, §, and L (see [20, Propo-
sition 1.4.3]). A random variable F' belongs to the domain of L if and only if
F € Dom(§D) (i.e., F € D"2 and DF € Dom$§), and in this case

8DF = —LF. (2.13)
Note also that a random variable F as in (2.1) is in D2 if and only if
o
> aa!l fllge < oo,
g=1
and, in this case, E(|DF|3) = P qq!||fq||§)®q. If §=L%A, A p (with

nonatomic), then the derivative of a random variable F as in (2.1) can be identified
with the element of L2(A x £2) given by

DoF =Y qly1(fy(a). a€A. (2.14)
g=1
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Finally, we need the definition of stable convergence (see, for instance, the original
paper [29] or the book [9] for an exhaustive discussion of stable convergence).

Definition 2.2 Let F, be a sequence of random variables defined on the probability
space (§2,F, P), and suppose that F is a random variable defined on an enlarged
probability space (£2, G, P) with F C G. We say that F,, converges G-stably to F (or
only stably when the context is clear) if, for any continuous and bounded function f :
R — R and any bounded F-measurable random variable Z, we have E[ f (F,,)Z] —
E[f(F)Z] as n tends to infinity.

3 Convergence in Law of Multiple Skorokhod Integrals

As in the previous section, X = {X (h), h € H} is an isonormal Gaussian process as-
sociated with a real separable infinite-dimensional Hilbert space . The next theorem
is the main abstract result of the present paper.

Theorem 3.1 Fix an integer g > 1, and suppose that F, is a sequence of random
variables of the form F, = 89 (u,) for some symmetric functions u, in D*4-24 (7).
Suppose moreover that the sequence F, is bounded in L' (£2) and that:

(i) (un, (DF)®" @ --- @ (DI F,)®k-1 @ h) gsq converges in L (£2) to zero for
all integers v, k1, ..., ky—1 > 0 such that
ki +2ky+---+(q—Dky—1+r=gq
and all h € H®';
(i) (un, D1F,;)qeq converges in LY (£2) to a nonnegative random variable S?.
Then, F, converges stably to a random variable with conditional Gaussian law

N(0, $?) given X.

Remark 3.2 When g = 1, condition (i) of the theorem is that (u,, h)¢g converges to
zero in L'(§2) for each h € $. When g = 2, condition (i) means that (u,,, h ® 8) g®2,
(un, DFy @ h) g2, and (uy,, DF, ® DFy)ge2 converge to zero in L' (£2) for all A,
g € $. And so on.

Proof of Theorem 3.1 Taking into account Definition 2.2, it suffices to show that for
any hi, ..., hy, €%, the sequence

&n = (Fnax(hl)v---,X(hm))

converges in distribution to a vector (Fo, X (h1), ..., X(h;;)), where Fo, satisfies,
for any A e R,

E(@ X (), ... X(hy)) =&~ 5 5. 3.1)

Since the sequence F; is bounded in LY(£2), the sequence &, is tight. Assume that
(Foo, X(h1), ..., X(hy)) denotes the limit in law of a certain subsequence of &,,
denoted again by &,.
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Let Y = ¢(X(h1),..., X (hy)) with ¢ € C)°(R™) (¢ is infinitely differentiable,
bounded, with bounded partial derivatives of all orders), and consider ¢,(}) =
E (e’)‘F nY) for A € R. The convergence in law of &,, together with the fact that F,
is bounded in L!(£2), implies that
lim ¢,(A) = lim iE(F,e™™"Y) = i E(Foe'*™Y). (3.2)
n—0o0 n— 00

On the other hand, by (2.5) and the Leibnitz rule for D7, we obtain

Fpe*tny) =i E(89(un)e™ 1Y)

f1n, D7 (€11)) )

< ) un,Da 1)»F,,)®Dq ay>ﬁ®q)

< ) (l}\.)kl+ kg

x E(e"m(un, (DF)®N&. - &(DF,)?“®DI7Y) o)

q
—; <Q) Z kva—‘(l)‘)kﬁ kg,

a

¢,(\) =iE
=iE

—_ ~

i Mm i Ma

Il
=)

x E(e™(u,, (DF)® @ - @ (D F,)®™ @ DI7Y) ).,

where the second sum in the two last equalities runs over all sequences of integers
(k1,...,k,) such that k| + 2k + - - - 4+ ak, = a, due to the Fad di Bruno’s formula.
By condition (i), this yields that

¢, (A) = —rE (e (uy, DYF) o0, Y) + Ry

H®a
with R, converging to zero as n — 0o. Using condition (ii) and (3.2), we obtain that
iE(Foe™>Y) = —LE(e*>5%Y).

Since S? is defined through condition (ii), it is in particular measurable with respect
to X. Thus, the following linear differential equation verified by the conditional char-
acteristic function of F holds:

%E(e”FMX(hI), s X () = =2 ST E (™= |X (1), ..., X (hw)).

By solving it, we obtain (3.1), which yields the desired conclusion. g

The next corollary provides stronger but easier conditions for the stable conver-
gence.
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Corollary 3.3 For a fixed g > 1, suppose that F, is a sequence of random variables
of the form F, = 8% (u,) for some symmetric functions u, in D> ($%%). Suppose
moreover that the sequence F, is bounded in D?°P for all p > 2 and that:

@) {(un, h)geqe converges to zero in Ll(.Q) for all h € $®4, and u, ® D!'F, con-
verges to zero in L2(.Q; 5’J®<‘1’D)for alll=1,...,q — 1;
(ii) (un, D1F,)g®q converges in L' (£2) to a nonnegative random variable S*.

Then, F, converges stably to a random variable with conditional Gaussian law
N, S2) given X.

Proof Tt suffices to show that condition (i’) implies condition (i) in Theorem 3.1.
When k, # 0 for 1 <a <qg — 1, we have, for all h € H&" (with r =q — k1 —
2ky — - —aky),
k
((tns (DF)®" @+ ® (D" F)® @ h) g, |
= |(un Qa DaFn,

(DFn)®k1 ® - ® (Dalen)@’kafl ® (Da Fn)®(ka_1) ® h)ﬁ@(qfa)

= ”“" ®a DFy ”55®<q—a>

< [(DF® & & (D1 F,)® 1 @ (DO F,) &%

®h| HB@—a)*

The second factor is bounded in L2(£2), and the first factor converges to zero in
L2(2) foralla=1,..., q — 1. In the case a = 0, we have that (u,, h) qes converges
to zero in L' (§2) for all h € H®, by condition (i’). This completes the proof. [l

4 Multiple Stochastic Integrals

Suppose that § is a Hilbert space L2(A, A, i), where (A, A) is a measurable space,
and u is a o -finite and nonatomic measure.

Fix an integer m > 2, and consider a sequence of multiple stochastic integrals
{F, = Ly(gn), n > 1} with g, € $©™. We would like to apply Theorem 3.1 with
q = 1 to the sequence F;,. To do this, we represent each F, as

Fy=38(uy,) withu, = 1,_1(g)

for some function g, € $®" which is symmetric in the first m — 1 variables.

Notice that from (2.14) we have DF,, =mI,,—1(g,). Hence, since F,, = —%LF,, =
%S(DF,,) by (2.13), g, is always a possible choice for g,. (In this case, g, is sym-
metric in all the variables.) However, as observed, for instance, in Example 4.2 below,
the choice g, = g, does not allow us to conclude in general.

Proposition 4.1 For a fixed integer m > 2, let F,, be a sequence of random vari-
ables of the form F, = I,,(g,) with g, € $°™. Suppose moreover that F, is bounded
in L>(2) and that F,, = §(uy,), where u, = L,_1(8n) for some function g, € H&™
which is symmetric in the first m — 1 variables. Finally, assume that:
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(@) (8n ®m—18n, h®2)5®2 converges to zero for all h € 9;
(b) (un, DFy)g converges in LY (£2) to a nonnegative random variable S*.

Then, F, converges stably to a random variable with conditional Gaussian law
N(0, S?) given X.
Proof Tt suffices to apply Theorem 3.1 to u,, = I,,,—1(g,) and ¢ = 1. Indeed, we have

E({un. hY5) = ({1 (8n). 1) = E(In-1 (8 1 1))

= (m — 1)‘”§n ®] h”;@(mfl)
= (m - 1)‘(/g\n Rm—1 z/g\na h®2>ﬁ®2 — 0,

which implies condition (i) in Theorem 3.1, see also Remark 3.2. Condition (ii) in
Theorem 3.1 follows from (b). O

Example 4.2 (See also [28, Proposition 2.1] or [25, Proposition 18] for two different
proofs using other techniques) Suppose that {W;, ¢ € [0, 1]} is a standard Brownian
motion. (This corresponds to A = [0, 1] and x the Lebesgue measure.) Assume that
m =2 and take g, (s, 1) = 3/n(s v )". Then

1
Fy=h(gn) = ﬁ/ "W, dW,
0
and
1
Dy F, = /ns" Wy + ﬁ/ "W, dW;.
N
We can take u, (1) = /nt"W;, that is, g, (s, 1) = /nt"1[0,1(s). In this case,
(80 ®18n)(s. 1) =ns"t"(s A1),

which converges to zero weakly in L2(£2), and

1 1 t
(un, DFy) 5 =/ ntz”W,zdt —i—n/ "W, (/ s"Wdes> dr,
0 0

0

which converges in L2(£2) to %le Therefore, conditions (a) and (b) of Proposi-
tion 4.1 are satisfied with S% = %le, and F;, converges in distribution to Lz Wi XN,
with N ~ N (0, 1). One easily sees on this particular example that the choice g, = g,
does not allow us to conclude in general (except when 52 is deterministic); indeed,
one can check here that (u,,, DF,) ¢ = %HDFH ||§J does not converge in L'(£2).

If we take g, = g, and S% = 1, then condition (b) coincides with condition (iii) in
the introduction. In this case, Nualart and Peccati criterion combined with Lemma 6
in [21] tells us that, if the sequence of variances converges to one, then condition (a)
is automatically satisfied.
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On the other hand, we can also apply Theorem 3.1 with u;, = g,. In this way, ap-
plying Corollary 3.3, we obtain that the following conditions imply that F,, converges
to a normal random variable N (0, 1) independent of X:

(o) gn converges weakly to zero;
B) llgn @1 gn || go26¢-1) converges to zero forall/=1,...,q — 1;

) q'llgnllﬁ@, converges to 1.

Indeed, notice first that if g, is bounded in $©9, then F, is bounded in all the
Sobolev spaces D?”, p > 2. Then, condition (ii) in Corollary 3.3 follows from (y)
and the equality D?(1,(g,)) = ¢!g,. On the other hand, condition (i') in Corollary 3.3
follows from (ii) and

v
E[Hgn ®: D'F, ”i;@(q-/)] - (qq—il)'zE[Hg" <Y Iq*l(g”)”%@"_“]
2
_ (qq__l)'z E[1g=1(gn ®1 80) | 5000
(q l)' — | 8. ®ign Hﬁ@z(q )
q”
< " l)'||gn ) gn||5,~)®z<q -0

In this way, we recover the fact that condition (iii) in the introduction implies the
normal convergence.

5 Weighted Hermite Variations of the Fractional Brownian Motion

5.1 Description of the Results

The fractional Brownian motion (fBm) with Hurst parameter H € (0, 1) is a centered
Gaussian process B = {B;, t > 0} with the covariance function

1
E(ByB;) = Ry(s,t) = E(t”’ + 52— — 527, (5.1)
From (5.1) it follows that E|B; — Bs|*> = (t — s)*" for all 0 < s < ¢ and that, for
each a > 0, the process {a=H By, t > 0} is also an fBm with Hurst parameter H

(self-similarity property). As a consequence, the sequence {B; — Bj_1, j=1,2,...}
is stationary, Gaussian, and ergodic, with correlation given by

1
pH(n):5[|n+1|2H—2|n|2H+|n—1|2H], (5.2)

which behaves as H(2H — 1)|n|* =2 as n tends to infinity.
Set ABy/n = B(ct1y/n — Bkjn, where k = 0,1,...,n, and n > 1. The er-
godic theorem combined with the self-similarity property implies that the sequence
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n2Hi-1 ZZ;(I) (ABk/,,)2 converges, almost surely and in L (£2),to E(Blz) = 1. More-
over, it is well known (see, e.g., [3]) that, provided H € (0, %), a central limit theorem
holds: the sequence

n—1

1= 1
WZ(#”(AB,(/”)Z— 1) = EZHz(nHABk/n) (5.3)
k=0 k=0

converges in law to N (0, 0121) as n — oo for some constant o > 0. (Notice also that,
by normalizing with /nlogn instead of /n, the central limit theorem continues to
hold in the critical case H = %.) When H > %, the situation is very different. Indeed,
we have in contrast that

n—1 n—1
n' 2N (0 (ABin)? — 1) =0T Hy (n' ABy )
k=0 k=0

converges in L%(§2). More generally, consider an integer ¢ > 2. If H < 1 — ﬁ, then
the sequence

1 n—1

—= > Hy(n" ABys) (5.4)
vz k=0

converges in law to N (0, aqz, g) (for some constant o, g > 0), whereas, if H >
1-— i, then the sequence

n—1

n?—aH-1 Z Hy (n™ ABy/»)
k=0

converges in L2(9).

Some unexpected results happen when we introduce a weight of the form f (By,)
in (5.4). In fact, a new critical value (H = ﬁ) plays an important role. More precisely,
consider the following sequence of random variables:

n—1

1
> F(Bijn) Hy (n™ ABy ). (5.5)

Gy=—
' ‘/ﬁk=o

Here, the integer ¢ > 2 is fixed, and the function f : R — R is supposed to satisfy
some suitable regularity and growth conditions. In [13, 19], the following conver-
gences as n — 0o are shown:

o IfH < i,then

L2 (—=1)4
H —_—
24q!

H-—1
ni"72 G,

1
/ F@(By)ds. (5.6)
0
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o Ifﬁ<H<1—ﬁ,then

1
stabl
Gu = o1 / £(By)dWs, (5.7)
0

where W is a Brownian motion independent of B, and

a,zj,’q =gq! Zpy(r)q < 00. (5.8)

rez

o IfH:l—i,then

Gn  stably 2( 1 )‘1/2< 1)(1/2/1
e\ ai\ T 1= By)dW,
logn q! 2q q 0 Sf(Bs) s

where W is a Brownian motion independent of B.
o If H>1— 5, then

1 L%(R2 1
pt=i=t g D / F(By)dZ?,
0

where Z@ denotes the Hermite process of order ¢ canonically constructed from
B (see [19] for the details).

In addition, when g =2 and H = %, it was shown in [18] that G, converges stably
to a linear combination of the limits in (5.7) and (5.6). (The proof of this last result
follows an approach similar to the proof of our Theorem 3.1 and allows one to derive
a change of variable formula for the fBm of Hurst index %, with a correction term
that is an ordinary Itd integral with respect to a Brownian motion that is independent
of B.) But the convergence of G, in the critical case H = ﬁ, q > 3, was open till
now.

In the present paper, we are going to show that Theorem 3.1 prov1des a proof of
the following new result, valid for any integer g > 2 and any index H € (£ a5 2)

—1
VA ab 1
L yi Zf(q)(Bk/n)sa—;UH,q/ f(Bs)dWs. (5.9)
! 0

k=0

G, —

(See Theorem 5.3 below for a precise statement.) Notice that (5.9) provides a new
proof of (5.7) in the case H € ( ﬁ, %) (without considering two different levels of

discretization n < m, as in [19]). More importantly, in the critical case H = ﬁ, con-
vergence (5.9) yields:

stably ( 1)
—

Qg / f(q)(B)dS+01/(2q)q/ S (Bs)dWs.

n
Hence, the understanding of the asymptotic behavior of the weighted Hermite vari-

ations of the fBm is now complete (indeed, the case H = 2 , q = 3, was the only
remaining case, as mentioned in the discussion above).
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The main idea of the proof of (5.9) is a decomposition of the random variable G,,
using (2.6). The term with r = 0 is a multiple Skorokhod integral of order ¢ and, by
Theorem 5.2 below, it converges in law for any H € (L 15 2) The term with r = ¢

behaves as —n~ 3—qH (quq),q Zk:o f(q)(Bk/n). The remaining terms (1 <r <g — 1)

converge to zero in L2(2).
5.2 Some Preliminaries on the Fractional Brownian Motion

Before proving (5.9), we need some preliminaries on the Malliavin calculus associ-
ated with the fBm and some technical results (see [20, Chap. 5]).

In the following, we assume H € (0, %). We denote by £ the set of step functions
on [0, 1]. Let $ be the Hilbert space defined as the closure of £ with respect to the
scalar product

1
(L0, Ljo,s1)g = Ru(t,5) = E(SH + 1" — 1 —s|H).

The mapping 1jp,;] — B; can be extended to a linear isometry between the Hilbert
space ) and the Gaussian space spanned by B. We denote this isometry by ¢ —
B(¢). In this way, {B(¢), ¢ € f_)} is an isonormal Gaussian space. (In fact, we know

that the space ) coincides with I0 K (L2[0, 1]), where
H-1 H-3
B = _)/ (= 0" () dy

is the left-sided Liouville fractional integral of order H — 5, see [5].)
From now on, we will make use of the notation

& = 1[0,t]9

O/n = €+ 1y/n — €k/n = V@/n,(k+-1)/n]>

fort €[0,1],n > 1,andk =0, ..., n— 1. Notice that H, (0" AByyu) =n?" 1,(37%).
We need the following technical lemma.

Lemma 5.1 Recall that H < 5. Letn > 1 andk=0,...,n — 1. We have

(@) |E(B(B;y — By))| <(t— s)ZHforany rel0,1]and0<s <t <1I1.

(b) (e, dk/n) sl <n=2H foranyt €10, 1].

(©) sup;epo.1 ZZ;& [(&r, Ok/n) 551 = O(1) as n tends to infinity.

(d) For any integer q > 2,

n—1

2

k=0

(D1

SaaH | = O(nsz(‘Fl)) as n tends to infinity. (5.10)
n

(8k/na ak/n)% -
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(e) Recall the definition (5.2) of py . We have
(0j/ns Ok/n) e = n 21 ok — j).

Consequently, for any integer q > 1, we can write

n—1

Z /s B/n) 917 = O(n' ™25 as n tends to infinity. (5.11)
k,j=0

Proof We have

E(Br(B[ _Bs)) — %(r2H+t2H _ |t_r|2H) _ %(r2H +S2H _ |s_r|2H)
= %(ﬂ” -5 + %(Is — P = —rPH).

Using the inequality |2 — g2H | < |b — a|*H for any a, b € [0, 1], we deduce (a).
Property (b) is an immediate consequence of (a). To show property (c), we use

1
(&1, Ok/n) s = m[(k+ DX — 1 — k41— nt P 4 |k —nt 7]

Property (d) follows from

(€k/n7 ak/n)f) = [(k + 1)2H — sz — l]

2n2H
and
¢ D71 2H _ ,2H q
€x/ns Onlsy = 203007 | = S 2qm [+ DT =k —1]" — (= 1)|

1 & i
= Sl > (‘f) [+ 12— 12H]
i=1

1 il q
< W[(k—f-l)y{ —kZH]Z<i).

i=1

Finally, property (e) follows from

n—1 n—1
D @j/me dgmds |t <0723 ou (= k)|
k,j=0 k,j=0
<n'7241 Jon ).
rez [
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5.3 An Auxiliary Convergence Result

From now on, we fix ¢ > 2 and make use of the following hypothesis on f : R
— R:
(H) f belongs to C%4 and, for any p>2andi=0,...,2q,

E( sup |fOB)|") <oo. (5.12)
tel0,1]

Notice that a sufficient condition for (5.12) to hold is that f satisfies an exponential
growth condition of the form | f QD (x)| < ke™!” for some constants ¢, k > 0, and
O<p<?2.

The aim of this section is to prove the following auxiliary convergence result.

Theorem 5.2 Suppose H € (%, %), and let f be a function satisfying Hypothe-
sis (H). Consider the sequence of q-parameter step processes defined by

n—1
1
up =nt=1 Zf(Bk/n)a,;% (5.13)
k=0

Then u, € Domé?, and §9(uy) converges stably to oy 4 fO] f(Bs)dWs, where W is
a Brownian motion independent of B, and oy 4 > 0 is defined in (5.8).

Proof The fact that u, belongs to Domd? is a consequence of the inclusion
D9-2($H®7) ¢ Domé? and hypothesis (H). We are now going to show that the se-
quence F, = 89(u,) satisfies the conditions of Theorem 3.1. We make use of the
notation

o, j =A{k/n>0j/n) %> Bk, j = (Ok/n> j/n) s (5.14)

fork, j=0,...,n—1andn > 1. Also, C will denote a generic constant.

Step 1. Let us show first that F,, is bounded in L2(£2). Taking into account the con-
tinuity of the Skorokhod integral from the space D4 2($®4) into L2(£2) (see (2.9)),
it suffices to show that u,, is bounded in D9-%($®7). Actually we are going to show
that u,, is bounded in D% 7 ($H®K) for any integer k < 2¢ and any real number p > 2.
Using estimate (5.11), we obtain

n—1
_ 2
ltnlgyeq =n*7=" > F(Biyn) £ (BB <C sup | (B
k, j=0 =t=1

Moreover, for any integer k > 1,

n—1
_1
DFu, =nif—2 Zf(k)(Bj/n)S%kn ® 8}8}?1,
Jj=0
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and we obtain in the same way

n—1

| D s i =m0 3" OBy f O Byl 2yl B

1,j=0

<C sup [fP B

0o<r<l

Then the result follows from hypothesis (H).

Step 2. Let us show condition (i) of Theorem 3.1. Fix some integers r, ki, . ..

s kq—l

> 0 such that ky +2ky +---+ (g — Dkg—1 +r =¢q. Let h € $H®". We claim that
(un, (DFn)®kl R Q (Dq_lF,,)®kqfl ®h) geq converges to zero in L'(£2). Suppose
first that r > 1. Without loss of generality, we can assume that / has the form g ® ¢;
with g € H®C=D . Set @, = (DF)® @ --- @ (D971 F,)®4-1 ® g. Then we can

write

n—1
_1 —1
(n, @u ® &) y00 =112 Y F( By Pu)gyeiqn) (Ohms €1) 5.
k=0

Asa consequence,

n—1
E(|(tn, @ ®er)goa]) <nt™72 3 E(| £ Biym o5 ™" @u)goian )| Ghsm. €005 -
k=0

Condition (c) of Lemma 5.1 implies

n—1

Z|(ak/ns 81)5§| <C.

k=0
Hence,
E(|tn. @ ® 1) g00]) < Cn (E(I9al1 % 000)) -
On the other hand,
g1
19n 12 000 = 1812600 [T 10"
m=1
and applying the generalized Holder inequality, we have
g—1
E(19u1 ) = € [T(E(I0" R 207
m=1

qg—1
=C 1_[ || Dan ||ik2”?m(q—1)(_(2;5®m)'

m=1
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By Meyer’s inequalities (2.9), forany | <m < g — 1 and any p > 2, we obtain, using
Step 1, that

| D™ F, “Lp(.(z;sam) = [[D"™6 (un) HLp

(£2;H®m)
< |89 @n) | gy < Cllttnlpmta.p(sy2ay < C.
Therefore,
E(|(un, B ® &) 500 |) < Cn1 77,

which converges to zero as n tends to infinity because H < %

Suppose now that r = 0. In this case, we have &, = (DF,)®" @ --- ®
(D7 'F,)®%-1, Then
®q

<8 /n’¢ ),F_)®11
From (5.15) and (5.13) we obtain

ki ®(@g—1) 1 1
= (3j/n, DFy)g - (aj/j , DI~ F)g®(q b (5.15)

(ttn, Pp) g2g =n" Zf(Bk/n> H O D" Fy - (5.16)
Notice that forany m =1,...,g — 1, the term <aj9/’;’, D™ F,) gen can be estimated

by n"H || D" F, || sem. Then, taklng into account that

sup E(| D" F, ”%@,m) <00
n

for any p > 2 and that Zi_:ll mky, = g, we obtain for E(|(un, ®y) geq|) an estimate
of the form C./n, which is unfortunately not satisfactory. For this reason, a finer

analysis of the terms (8;87:: , D™ Fy) gom is required.
First, we are going to apply formula (2.11) to compute the derivative D™ F,,, m =

,...,qg—1:

m
D"F =Y (";) (?)i!8q_i(D’"_iun)
i=0

m n—1
=S () ()i S e e ).
l l
i=0 =0

(5.17)

Set ¥, J (8®m D™ F;) om , and recall the definition of a, ; and By, ; from (5.14).
From (5.17) we obtain

m
q/r:”*j:an—£Z<.)( )l'Za ,3 84— i f(m z)(Bl/ )8®(q l))
i=0
— Z @fl’m’j (5.18)
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with

@,i’m’jzan 7()( )l!za ’31]3q l(f(m l)(Bl/n)af?,(,q_i))'

By Meyer inequalities (2.9) we obtain, using also assumption (H), that, for any p > 2,

1697 (£ D B o < CLE™ D By | pamin gysas

<Cn~@OH, (5.19)

Using Lemma 5.1 (b) and (e), we have Ial’ | < cpn=m=D2H 4pq Yo |:31 j| <

Cn~2%H Therefore, for any i > 1, we have

n—1
o1, = Cnf =t Sl < Cont L (50
=0

On the other hand, if i =0, Lemma 5.1(c) and (5.19) yield

” ¢3,m,j ||LP < Cnf%72mH+2H. (5.21)

Notice that the estimate for the L? (£2)-norm of (DO "-J in the case i = 0 is worse than

fori > 1. We w111 see later that, for p =2, we can get a better estimate for 450‘"”

Because > 7 _ k > 2, the number of factors in [ _,(9;/n, D™ Fy )ﬁ@,m is at
least two. As a consequence we can write
. n—1 ) o
(tn. Pn)gog =n?=2 3" £ (B0 0, )]
j=0
for some 1, v (not necessarily distinct), where
0 = (wi-T ) (g Y ]‘[ (5.22)

#u

Consider the decomposition
(Un, Qpn),ﬁ@q = A, + By,

where

Ap=nit" Zf(B//n)<ZZL+k>1¢"”q>k”>o’

i=0 k=0
ln—l
H-1 0,i8,j 50.v.) ]
By =nt"23" f(Bj )0y &y 0.
j=0
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From (5.22) and the estimate || %" ||» < Cn=™H forall p>2and 1 <m <gq, we
obtain

l o) (= cn—H@—n—v), (5.23)
Then, from (5.20), (5.21), and (5.23) we obtain

noov
E(lAnD < quH-Q-%n—H(q—lL—V) <Zzn—1—2(M+U)H+(i+k)H
i=1k=1

" Y
+ Zn—l—Z(M+v)H+iH+2H + Z n—1—2(u+u)H+kH+2H>
i=1 k=1

1 1 1
L H-uH | —l42H-vH
=Cn 2+4+n 2 M +n 2 ,

which converges to zero as n tends to infinity, because @, v > 1 and H < %
For the term B,, using again estimates (5.21) and (5.23), we get

E(1B)) < CndH+3—H(@q=pu=—v)=1=2H(u+v)+4H _ =5 —H(u+v)+4H
< Cn*%+2H’

which converges to zero as n tends to infinity if H < 4_1‘. To handle the case H €

[%, %), we need more precise estimates for the L2(£2)-norm of 053")’] . We have,

using formula (2.12),
2
_1
ndH—3 Zaxqu (f(V)(B[/”)aIQ?Z) )

, 2, 0\2
E[(o)"7)] = (?) (m> i!2E<
l l =0
2 i\ 2 n—1
nqu—l(‘i]) <l> i Z of ol

1,I'=0

n—1

E(8( £ (Bym)djym)s? (£ (Buy)oy )
n2 1 m 2
gt - () () i Za,]a,jzo e
INE
x E(fOrD(By,) £OTT0(Byy))
q .
=Y R
i=0

If i > 1, then ;’;1:0 ,Blzi, < Cn'"%H  and we obtain an estimate of the form
IRl ,2 < Cn?”, where

1
=§(2qH— 1—4vH —4(q—i)H+1—4iH)=—qH — 2vH.
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For i =0, then sup,, Z?;lzo |y ey 1| < 00, and we get

1 1
y = 5(2qH— 1-2HQ2v+2q —2))=—qH —2vH — 5+2H.
‘We have obtained the estimate
| @0 ||, < cpmaH -2 HF2H =5 (5.24)

Fix 4q—H < a < 1. This choice is possible because = q < 1. We have, by Holder’s

inequality,

n—1
B(18,) = Cut =4 3 [0 @5 @ ol |~ o
j=0

1 .
L1-«a

Using (5.24), (5.21), and (5.23), we obtain
E(|Bul) <Cn”, (5.25)

where

1
y=qH+§+[—2qH—2(u+v)H+4H—1]oe

—H(@—p—v)+(—a)(—1—-2H(u+v)+4H)

1
=—§+4H—H(M+U)—2aqH

1 1
§—§+2H—2aqH§§—2aqH<0,

because H < 5. Therefore, E(|B,|) converges to zero as n tends to infinity.
Step 3. Let us show condition (ii). We have

nl

(tn, DIFy) gy =" Zf(B,/n)a s DY Fy) g

From (5.18) we get

n—1

q 2
® _1 q . i . - (g—i
(957 D Fa)gyou = " 22(1‘) it el B0 (T By ).
i=0 =0

Therefore, we can make the decomposition

(l/tn, Dan)g)@q =Ap+ By + Gy,

where
n—1
Ay =n®TNgL Y 7 B Bin) £ (Bjgn).
1,j=0
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q—1 2 n—1
_ q\”. o » » .
Bn:"lqu ! E <l> i! E aZjl:B[l,jf(Bj/n)Sq l(f(q l)(Bl/n)al?,(lq l)),
i=1

1,j=0

n—1

Co= 03 ol £ (B8 (£ (Bryn)df),").
1,j=0

The term A, converges to a nonnegative square-integrable random variable. Indeed,

n—1

V
An = Z FBrya) fBjn) (k= j+ 1P 1k — j— 1P =20k — j)2H)7
=0

oo (n—D)A(m—1-p)

2qn Z > fByFBGpym(lp+ 112

p=—00  j=0v—p

+1p =177 —20pPH)",

which converges in L'(£2) to

(Zpﬁ(kﬂ) / f(By)* ds.

keZ

Then, it suffices to show that the terms B,, and C converge to zero in LZ(SZ). For the
term B,, we can write, using the fact that Zz =0 |a ,81"’/.| < Cn~2aH+1

q—1 n—1

E(1Bul) < Cn®1 =03 N Jad g1 {897 (£  Brymdy ™) | 1

i=11,j=0
q—1
< C Z n_H(q_l),
i=1

which converges to zero as n tends to infinity. Finally, for the term C,,, we can write

E(ICal) < Cnt 5 sup | @077 |, < Cna=20H+2H—5)\0
j

and % —2qH + (2H — %) Vv 0 < 0, because if 2H — % < 0, this is true due to % —
2gH <0, and if 2H — % >0, then we get 2H (1 — g) < 0. This completes the proof
of Theorem 5.2. O
5.4 Proof of the Stable Convergence (5.9)

As a consequence of Theorem 5.2, we can derive the following result, which is noth-
ing but (5.9):
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Theorem 5.3 Suppose that f is a function satisfying Hypothesis (H). Let G,, be the
sequence of random variables defined in (5.5). Then, provided H € (é, %), we have

—1qu =D?

G,—n 2 21!

1
Zf(q)(Bk/ ) qu/ f(By)dWy,

where W is a Brownian motion independent of B, and oy 4 > 0 is defined by (5.8).

Proof We recall first that H,(n" (ABy/y)) = anaq(a 7). Then, using (2.6)
yields

q

f(Bk/n)3 (8](3(,11) —Z(j)a 84— ’(f(r)(Bk/n)8®(q r))7

r=0

where oy x is defined in (5.14). As a consequence,

qg n—1

Gn __"qH_ZZ< )"‘ s f(r)(Bk/n)f)@(q r))

r=0k=0

g—1
=—6q(un)+254 "(v) + Ru,
r=1

where u,, is defined in (5.13),

-1
1 (q 1
o= () o 1B

k=0
and

1 _1
Ry, = _'an Zak f(q)(Bk/n)
q: k=0
The proof will be done in two steps.
Step 1. We first show that if H € (0, é) then, forr=1,...,q —1, (Sq_’(v,(,r)) con-

verges to zero in L?(£2) as n tends to infinity. It suffices to show that v( " converges

to zero in the norm of the space D7~" 2(5H®@-1)). For0 <m < q — r, we can write,
using the notation S ; defined by (5.14),

E(|D" o [Gea-rim)

1
- <a< >> 2qH-1 Z (ST Bryn) SO (Bryn)) o gof e Bl
: k,1=0

< Cn2qul n72H(2r72+m+q7r)

— Cp2H—1-2Hm
which converges to zero as n tends to infinity.
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Step 2. To complete the proof, it suffices to check that

n—1

1 g (=D
R,—n"2 qHZq—q'Zf(q)(Bk/n)
" k=0

converges to zero in L2(£2) as n tends to infinity. This follows from (5.10) and the
estimates

1 . n—1 (=1 1 n—1
_'an—g Zag,kf(q)(Bk/”) _ T n-279H Zf(q)(Bk/n)
q! =0 7 k=0 L2

n—1

1

k=0

q

1
__ - |« —qH+2H—5
o i San2ai | = Cn .

Notice that —g H +2H — % < 0. The proof is now complete. 0
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