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THE FOURTH MOMENT THEOREM
ON THE POISSON SPACE

CHRISTIAN DOBLER AND GIOVANNI PECCATI

ABSTRACT. We prove an exact fourth moment bound for the normal approxima-
tion of random variables belonging to the Wiener chaos of a general Poisson random
measure. Such a result — that has been elusive for several years — shows that the
so-called ‘fourth moment phenomenon’, first discovered by Nualart and Peccati
(2005) in the context of Gaussian fields, also systematically emerges in a Poisson
framework. Our main findings are based on Stein’s method, Malliavin calculus
and Mecke-type formulae, as well as on a methodological breakthrough, consist-
ing in the use of carré-du-champ operators on the Poisson space for controlling
residual terms associated with add-one cost operators. Our approach can be re-
garded as a successful application of Markov generator techniques to probabilistic
approximations in a non-diffusive framework: as such, it represents a significant
extension of the seminal contributions by Ledoux (2012) and Azmoodeh, Campese
and Poly (2014). To demonstrate the flexibility of our results, we also provide some
novel bounds for the Gamma approximation of non-linear functionals of a Poisson
measure.

1. INTRODUCTION

1.1. Overview. The aim of this paper is to prove an exact fourth moment bound
for the normal approximation of random variables belonging to the Wiener chaos of
a general Poisson measure. Differently from previous fourth moment limit theorems
on the Poisson space proved in the literature, our main findings do not require that
the involved random variables have the form of multiple integrals with a kernel
of constant sign (see [LRP13|Sch16,[ET14]), nor that they are finite homogeneous
sums (see [PZ14]) or that they belong to Wiener chaoses of lower orders (see [PTOS,
BP16b|). As discussed below, the methodological breakthrough yielding such an
achievement, consists in the use of carré-du-champ operators on the Poisson space,
that we shall systematically exploit in connection with Mecke-type formulae and
Stein’s method (see [CGS11NP12]). We will see that using carré-du-champ operators
instead of norms of Malliavin derivatives (as done in the already quoted references
[LRP13|[Schi6l[ET14. [PZ14,[PT08,[BP16bh]) will allow us to bypass at once almost
all combinatorial difficulties — in particular connected to multiplication formulae on
configuration spaces — that have systematically marred previous attempts.
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We stress that the idea of using carré-du-champ operators, in order to deduce
quantitative limit theorems by means of Stein’s method, originates in the ground-
breaking works [Led12,[ACP14,[AMMP16], where the authors apply the powerful
techniques of Gamma calculus in the framework of eigenspaces of diffusive Markov
generators (see for definitions, as well as for an introduction to this
approach). As demonstrated in Section B, our results show that such an approach
can be fruitfully applied and extended, in order to control residual terms arising from
the application of Stein’s method in a non-diffusive context.

1.2. Further historical details. The so-called fourth moment phenomenon was
first discovered in [NPO5|, where the authors proved that a sequence of normalized
random variables, belonging to a fixed Wiener chaos of a Gaussian field, converge
in distribution to a Gaussian random variable if and only if their fourth cumulant
converges to zero. Such a result constitutes a dramatic simplification of the method
of moments and cumulants (see e.g. [NP12, p. 202]), and represents a rough infinite-
dimensional counterpart of classical results by de Jong — see [dJ87LIAIR9[JI0], as
well as [DPI7,[DP16] for recent advances. A particularly fruitful line of research was
initiated in [NPO9D|, where it is proved that the results of can be recovered
from very general estimates, obtained by combining the Malliavin calculus of vari-
ations with Stein’s method for normal approximation. Precisely, one remarkable
achievement of this approach is the bound

diot(F, N) < \/‘13—_q1 (E[F4] - 3) (1.1)

where dk. stands for the Kolmogorov distance between the laws of two random
variables, F' is a normalized multiple Wiener-Ito6 integral of order ¢ > 1 on a
Gaussian space and N denotes a standard normal random variable (see e.g. The-
orem 5.2.6 in [NP12|, where analogous bounds for other metrics are also stated).
Such a discovery has been the seed of a fruitful stream of research, now consist-
ing of several hundred papers, where the results of have been ex-
tended and applied to a variety of frameworks, ranging from free probability to
stochastic geometry, compressed sensing and time-series analysis — see the webpage
https://sites.google.com/site/malliavinstein/home for a constantly updated
list, as well as the monograph [NP12] and the reference [LNPI5] for recent develop-
ments related to functional inequalities.

The line of research pursued in the present work stems from the two papers
[PSTUI0,[PZ10], where the authors adapted the techniques introduced in [NPO9D] to
the framework of non-linear Poisson functionals, in particular by combining Stein’s
method with a discrete version of Malliavin calculus on configuration spaces. As
anticipated, the principal aim of this work is to positively answer the following ques-
tion:

Can one prove a bound comparable to ([LI]) on the Poisson space?

Such a question has stayed open since the publication of [PSTUIQ] and, so far,
answers have only been found in very special cases — see Remark below.

One should notice that the relevance of the techniques developed in [PSTUILO0,
[PZ10] has been greatly amplified by the pathbreaking reference [RS13], where it is
shown that one can use Malliavin-Stein techniques on the Poisson space in order to
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study the fluctuation of random objects arising in the context of random geometric
structures on configuration spaces, like e.g. random graphs or random tessellations.
Such a connection with stochastic geometry has generated a remarkable body of
work, that has recently culminated in the publication of the monograph [PR16]. The
reader is referred to [LPS16,LRSY16| for recent developments connected to Mehler
formulae, stabilization and second order Poincaré inequalities, and to for
some related concentration estimates in a geometric context.

1.3. Main results for normal approximations. We fix an arbitrary measurable
space (£, %) endowed with a o-finite measure p. Furthermore, we let

Z,={BecZ : uB)<oo}

and denote by

n=A{n(B) : Be Z,}
a Poisson measure on (£, %) with control u, defined on a suitable probability space
(Q, F,P). We recall that the distribution of 7 is completely determined by the
following two facts: (i) for each finite sequence By, ..., B,, € Z of pairwise disjoint
sets, the random variables n(By), . ..,n(B,,) are independent, and (ii) that for every
B € %, the random variable n(B) has the Poisson distribution with mean u(B).
Here, we have extended the family of Poisson distributions to the parameter region
[0, +00] in the usual way. For B € Z,, we also write n(B) = n(B) — u(B) and
denote by

n=A{n(B) : Be Z,}
the compensated Poisson measure associated with 7. As discussed in Section 2.1] we
require throughout the paper that n is proper, that is, that n can be a.s. represented
as a (possibly infinite) random sum of Dirac masses. Without loss of generality, we
may and will assume that F = o(n). In order to state our main results, we introduce
the following fundamental objects from stochastic analysis on the Poisson space. For
precise definitions and further explanation we refer to |[PR16|, in particular to its
first chapter [Las16], as well as to and Section Pl For a nonnegative integer
q and a square-integrable kernel function f € L*(u?) we denote by I,(f) the ¢-th
order multiple Wiener-It6 integral of f with respect to 1. If L denotes the generator
of the Ornstein-Uhlenbeck semigroup with repect to 7, then it is well-known that
—L has pure point spectrum given by the set of nonnegative integers and that, for
qg € Ng={0,1,2,...}, F is an eigenfunction of —L with eigenvalue ¢, if and only if
F = I,(f) for some f € L*(u?). The corresponding eigenspace C, is called the g-th
Wiener chaos associated with 7.

Next, we introduce the probabilistic distances in which our bounds are expressed.
For m € N, denote by H,, the class of those (m—1)-times differentiable test functions
h on R such that A1) is Lipschitz-continuous and we have

A D)o <1 for I=1,...,m.
Here and elsewhere, for an arbitrary function g on R, we use the notation

l9(y) — g(z)]
ly — |
for the minimum Lipschitz-constant of g. This does not cause any confusion be-
cause this quantity coincides with the supremum norm of the derivative ¢’ of g

19 ]|oo == sup € [0, +o0]
Ty
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when ¢ happens to be differentiable. For real random variables X and Y such that
E|X|,E|Y]| < oo we denote by

An(X,Y) = 4 (£(X), £(1)) = sup [EIR(X)] ~ E[B(Y)]
the distance between the distributions of X and Y induced by the class H,,; observe
that d; coincides with the classical 1- Wasserstein distance, see e.g. [NP12, Appendix
C] and the references therein. We will also study the Kolmogorov distance between
the laws of X and Y, given by
diol(X,Y) := sup|P[X <] = P[Y < ]|,
Tz€R

It is a well known fact (see e.g. [NP12, Appendix C] and the references therein) that
if X is a generic random variable and Y has a density bounded by ¢ € (0, 00), then

dio(X,Y) < /2¢ dy(X, ). (1.2)

The assumptions in our main results will be expressed in terms of the add-one cost
operator DT, that is defined as follows: if F' = §(n) is a functional of 7, then

DIF :=f(n+0d.)—f(n), z€Z,

in such a way that DT F can be regarded as a random function with domain equal
to Z. See Section 2.1] for a formal discussion of such an object.

DEFINITION 1.1. Let F' be an F(= o(n))-measurable random variable.

(i) We say that F satisfies Assumption A if F' € L*(P) and if the four random
functions DYF, FDVF, (D*F)* and F?D"F are all elements of the space
LN X Z,P®p) =LY (PR u).

(ii) We say that F' satisfies Assumption A9 if there exists a set Z, € 2 with
the following properties: (a) u(2\Zy) = 0, and (b) for every fixed z € Zj,
the random variable DI F verifies Assumption A.

REMARK 1.2. Requiring that a given functionals satisfies Assumption A or As-
sumption A% is an unavoidable (minimal) restriction, ensuring that one can apply
Mecke identities (see ([23)—(2.4]) below), as well as exploit several almost sure repre-
sentations of Malliavin and carré-du-champ operators. Using e.g. the multiplication
formula stated in [Las16l, Proposition 5], one can easily prove that both Assumption
A and Assumption A% are verified, whenever F has the form

M
F= Zolq(fq)a

where M < oo and each f, is bounded and such that its support is contained in
a rectangle of the type C' x --- x C, where C' € % verifies u(C') < oco. Such a
class of random variables contains most U-statistics that are relevant for geometric
applications (see the surveys [LRR16,IST16] and the references therein), as well as
non-linear functionals of Volterra Lévy processes [PSTUIL0LPZI0], and the finite
homogeneous sums in independent Poisson random variables considered in [PZ14].
A similar remark applies to the assumptions appearing in the statement of our main
abstract bounds in Proposition 1] and Proposition
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The next result is the main finding of the paper: it provides quantitative fourth
moment estimates with completely explicit constants, both in the 1-Wasserstein and
Kolmogorov distances, for random variables living in the Wiener chaos of a Poisson
measure. Remarkably, the order of the bound (as a function of the fourth cumulant
E[F*] —3) is the same for the two distances, thus significantly improving the estimate
on dg, that one could deduce from (L2).

THEOREM 1.3 (Fourth moment bounds on the Poisson space). Fiz an integer ¢ > 1
and let F' = 1,(f) be a multiple Wiener-1té integral with respect to 1. Assume that
F wverifies Assumption A and that E[F?] = 1; denote by N ~ A4(0,1) a standard

normal random variable. Then,

22¢—1  Jig—1 R
dl(F,N)§< p— + i ) E[FY] -3 (1.3)

< (\/%*2) E[FY] -3 (1.4)

(in the above situation one automatically has that E[F] > 3). Moreover, if F satisfies
Assumption A9 then

dica(F,N) < (11 +2Y2(E[F']/2 + B[F/4) )\ /E[FY] - 3. (1.5)

The following result is an immediate consequence of the bound (I4]).

COROLLARY 1.4 (Fourth moment theorem on the Poisson space). For each n € N
let ¢, > 1 be an integer and let F,, = 1, (f,) be a multiple Wiener-1t6 integral of
some symmetric kernel f, € L*(ui) such that

. 21 71 2 : 47
T}I—{EOE[F"] _nh—{goq”!Hf”Hz_l and nh—?;loE[Fn} =3.

Then, if each F), satisfies Assumption A, the sequence (F,),en converges in dis-
tribution to a standard normal random variable N in the sense of the 1-Wasserstein
distance.

REMARK 1.5. As mentioned before, so far, the fourth moment theorem on the Poisson
space has only been known in very special cases: For double integrals, i.e. ¢ =
2, the qualitative fourth moment theorem was proved in [PT08]. Under different
assumptions, this result is also proved in where also a qualitative fourth
moment theorem for ¢ = 3 is derived. We would like to mention that the method
of proof applied in [BP16b| is rather ad hoc and cannot be generalized to higher
orders of g. We also stress that all existing quantitative fourth moment theorems
on the Poisson space make the restrictive assumption that the kernel function f
has a constant sign (see e.g. [LRP13/[Sch16,ET14]). Furthermore, the multiplicative
constants in these results depend on the order ¢ in a non-explicit way such that
e.g. a statement in the spirit of Corollary [L4] cannot be inferred from them. We
finally mention |PZ14|, where one can find a fourth moment theorem for sequences
of chaotic elements having the form of homogeneous sums in independent Poisson
random variables whose variance is bounded away from zero, as well as [BP14], where
the authors prove a fourth moment theorem for multiple integrals with respect of
a non-commutative Poisson measure (in the framework of free probability theory),
under an additional tameness assumption.
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We also notice the following negative result.

PROPOSITION 1.6. For each q € N, there exists no Gaussian random variable with
positive variance in the q-th Wiener chaos C, associated with 7.

1.4. Main results on Gamma approximations. For v > 0, we denote by I'(v)
the so-called centered Gamma distribution with parameter v which by definition is
the distribution of

ZV = 2X,,/271 — U,
where, X, 51 has the usual Gamma distribution on [0, 4+-00) with shape parameter
v/2 and rate 1. In particular, one has

E[Z,]=0 and Var(Z,)=E[Z)]=2v.
Moreover, the following moment identity (already exploited in [NP(09a]) will play an
important role in what follows:
E[Z}] — 12E[Z%] — 1207 + 48v = 0. (1.6)

The next result is the counterpart of Theorem for centered Gamma approxima-
tion.

THEOREM 1.7 (Fourth moment bound for Gamma approximation). Fizv > 0 as well
as an integer ¢ > 1 and let F' = I,(f) be a multiple Wiener-It6 integral with respect
ton, wverifying Assumption A. Assume that F' € L*(P) and that E[F?] = 2v. Also,
let Z, ~ T'(v) have the centered Gamma distribution with parameter v. Then, we
have the following bound:

dy(F, 7,) < Cl(u)\/‘E[Fﬂ ~ 12E[F9] — 120 + 480

+ Cy(v) (é/zEHDjFﬂ,u(dz))m, (1.7)

where D denotes the add-one-cost operator associated with n (see Section [2) and
where we can let

Ci(v) == % max(l, %) and

Cy(v) == %max(l, %) +max<\/5, \/g—i— \/g) :

REMARK 1.8. (a) The bound (L)) displays an additional term, not directly con-
nected to moments, that is not present in the estimate (3] for normal approx-
imations. For the time being, it is a challenging open problem to determine
whether such a term can be removed.

(b) The previous result implies that, if, for n € N, F}, € Ker(L + ¢,1,,) (¢, > 1) is a
sequence of random variables verifying Assumption A and such that

lim E[F.] =2v, lim (E[F;] — 12E[F}]) = 120% — 48,

n— oo n— o0

and
lim [ E[|DIF,|"|u(dz) =0, (1.8)

n—o0 =z
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then F), converges in distribution to Z,. In the case where ¢, = ¢, and F;, has the
form I,(f,) for some sufficiently regular kernel f,,, then one sufficient condition
in order to have (L) is that all contractions of the type f, *{ f,, converge to zero
in L? where the definition of f, ¢ f, can be found e.g. in [Laslf, Section 6];
see the computations contained in [PSTUIOL p. 465-466]. A detailed discussion
of the Gamma bound (7)) via the use of contraction operators (in the sprit e.g.
of [PT13L[ETI16]) seems to be outside the scope of the present work, and will be
tackled elsewhere; see also [DP16].

1.5. Plan. The paper is organised as follows. Section 2 contains preliminary results
concerning stochastic analysis on the Poisson space. Section 3 focusses on several
new estimates for multiple integrals, whereas Section 4 and Section 5 deal with the
proofs of our main results. Finally, Section 6 contains the proofs of some technical
lemmas.

1.6. Acknowledgments. The authors would like to thank Solesne Bourguin, Si-
mon Campese, Glinter Last and Matthias Schulte for useful discussions. Support is
acknowledged from the grant FIRMTH-PUL-15STAR (STARS) at Luxembourg Univer-
sity.

2. ELEMENTS OF STOCHASTIC ANALYSIS ON THE POISSON SPACE

In this section, we describe our theoretical framework in more detail, by adopt-
ing the language of [LasI0], corresponding to Chapter 1 in [PRI6]. See also the
monograph [LP17].

2.1. Setup. In what follows, we will view the Poisson process n as a random element
taking values in the space N, = N, (Z) of all o-finite point measures y on (2, %)
that satisfy x(B) € Ng U {+o0} for all B € 2. Such a space is equipped with
the smallest o-field A, := A,(Z) such that, for each B € %, the mapping N, >
X — x(B) € [0, +0o¢] is measurable. As anticipated, throughout the paper we shall
assume that the process 1 is proper, in the sense that n can be P-a.s. represented in

the form
n(2)
n = Z 5Xn7
n=1

where {X,, : n > 1} denotes a countable collection of random elements with values
in Z. A sufficient condition for n to be proper is e.g. that (£, 2) is a Polish space
endowed with its Borel o-field, with p being o-finite as above. See |[LP1T, Section
6.1] and [Lasi6, p. 2-3] for more details.  Furthermore, Corollary 3.7 in [LP17]
states that for each Poisson process 7, there exists (maybe on a different probability
space) a proper Poisson process n* which has the same distribution as n. Since all
our results depend uniquely on the distribution of 7, it is no restriction of generality
to assume that 7 is proper.

Now denote by F(N,) the class of all measurable functions § : N, — R and by
L£0(Q) := L, F) the class of real-valued, measurable functions F on 2. Note that,
as F = o(n), each F' € L°(Q) can be written as F' = §(n) for some measurable
function §. This §, called a representative of F, is P,-a.s. uniquely defined, where
P, =Pon~! is the image measure of P under 7 on the space (N,, A47).
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Using a representative f of F', we can define the so-called add-one cost operator
Dt = (D}).cz on LY(Q) (recall that we assume F = o(n)) by

DIF :=f(n+0.)—f(n), z¢€Z2; (2.1)
similarly, we define D~ on £°(Q) via
D7 F :=§(n)—f(n—296,), if z€supp(n), and D F :=0, otherwise, (2.2)

where supp(n) stands for the support of the measure 7; note that, since 7 is proper,
if z € supp(n), then n—4, € N,. Intuitively, —D~ is a remove-one cost operator. We
stress that the definitions of DT F and D~ F are, respectively, P ® p-a.e. and P-a.s.
independent of the choice of the representative f — see e.g. [LP11 Lemma 2.4] for
the case of DT, whereas the case of D~ can be dealt with by using the Mecke formula
(24) below. Similarly, the conditions stated in Assumption A and Assumption
A %) do not depend on the choice of the representative .

We conclude the section by observing that the operator D can be canonically
iterated by setting D) := D and, for n > 2 and zy,...,2, € Z and I € £L°(Q), by
recursively defining

D . F:=D} (DY F).

.......... Zn

2.2. L' theory: Mecke formula and I'y. A central formula in the theory of Pois-
son processes is the so-called Mecke formula from [Mec67| which says that for each
measurable function h : N, X Z — [0, +0o0] the identity

| [ o+ auiaa)| 5| [ 12 (23)

holds true; see Chapter 4] for a modern discussion of this fundamental result.
We will pervasively use the following consequence of (2.3)):

LEMMA 2.1. For some integer d > 1, let {1, ..., 4 be measurable mappings from N,
into [0, +00], and let V : [0, +00]?? — [0, +00] be measurable. Then,

B | [ Vet =8| [ VR0 0.t + 5)ute)]
_E [ V0= 8. 10) st = 62 Rt (2.4

Both sides of (2.4) dg not change if any of the f;, i =1, ..., d is replaced with another
measurable mapping §; such that f; = §;, a.s.-P,,.
Proof. Apply relation (23]) to the random function

h(n+06..2) == V(2) = V(fi(n), f1(n + 82), ... Fa(n), Fa(n + 6.))

= V(110 +0. = 0.), f1(n 4 62), s fa(n + 0= = 62), Fa(n + 62)) Loy (=)>13

in such a way that

h(77> Z) = V(fl(ﬁ - 5z)> f1(77)> EEED) fd(n - 5z)> fd(n))]-{n({z})ZH
The last sentence in the statement follows from [LP11, Lemma 2.4]. O
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REMARK 2.2. Plainly, formulae (23)) and (Z4]) continue to hold when the functions
h(n+6.,z) and V(z) are in L'(P ® p), without necessarily having a constant sign.

For random variables F, G € £°(Q) such that DYF DTG € L' (P ® i), we define

To(F.G) = % { /Z (DFFD*G) p(d) + /Z (D-FD-G) n(dz)} (2.5)

which verifies E[|To(F, G)|] < o0, and E[['o(F, G)| = E[ [, (D FD} G) p(dz)], in view
of the Mecke formula (Z4]). The following statement will play a fundamental role in
our work.

LEMMA 2.3 (L' integration by parts). Let G, H € L°(Q) be such that
GD"H, D"GD"H € L'(P® p).
Then,

E {G ( /Z D H p(dz) — /Z D;Hn(dz))} = —E[T(G, H)]. (2.6)

Proof. The assumptions in the statement imply that (G + DTG)DTH € LY (P ® p).
Applying (2.4) and Remark to

V(z) = a(n+0:){b(n+9.) = b(n)},

where g and h are representatives of G and H, respectively, yields that

{ /D Hn dz] = U(G+D+G)D+Hu(dz) ,

which gives immediately the desired conclusion. U

2.3. L? theory, part 1: multiple integrals. For an integer p > 1 we denote by
L?(uP) the Hilbert space of all square-integrable and real-valued functions on ZP
and we write L?(uP) for the subspace of those functions in L?(p?) which are pP-
a.e. symmetric. Moreover, for ease of notation, we denote by ||-||s and (-, -)s the
usual norm and scalar product on L*(puP) for whatever value of p. We further define
L*(p°) :=R. For f € L*(uP), we denote by I,(f) the multiple Wiener-Ité integral of
f with respect to 7. If p = 0, then, by convention, Iy(c) := ¢ for each ¢ € R. We refer
to Section 3 of [Lasl6| for a precise definition and the following basic properties of
these integrals in the general framework of a o-finite measure space (2,2, ). Let
p,q > 0 be integers:

1) I,(f) = L,(f), where f denotes the canonical symmetrization of f € L*(1?), i.c.

with S, the symmetric group acting on {1,...,p} we have
f(zlv”‘vp 'Zf Zr(1)s )
P TES)

2) I,(f) € L*(P), and E[I,(f)I,(g)] = 0pqD! (f,§)2, where d,, denotes Kronecker’s
delta symbol.
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For p > 0, the Hilbert space consisting of all random variables I,(f), f € L*(u?),
is called the p-th Wiener chaos associated with 7, and is customarily denoted by C,.
It is a crucial fact that every F' € L?(PP) admits a unique representation

F=E[F]+ L(f), (2.7)

where f, € L%(uF), p > 1, are suitable symmetric kernel functions, and the series
converges in L*(P). Identity (2.7) is referred to as the chaotic decomposition of the
functional F' € L*(P).

From Theorem 2 in [Las16] (which is Theorem 1.3 from the article [LP11]) it is
known that, for all F' € L?(P) and all p > 1, the kernel f, in ([Z7) is explicitly given
by

1
fp(zl,...,zp):—E[D(p) F], z,...,€Z. (2.8)

p' Z1;5-+3%p

The following new lemma, which relies on ([Z8) and whose proof is deferred to
Section [6] will be essential for the proof of Theorem

LEMMA 2.4. Let p,q > 1 be integers and let the multiple Wiener-1té integrals F' =
L(f) and G = I,(g) be in L*(P) and given by symmetric kernels f € L*(uP?) and
g € L?(u), respectively.

(a) The product FG has a finite chaotic decomposition of the form
FG =Y proj{ FG | C,} = P81, (h,) with symmetric kernels h, € L*(u").

(b) The kernel hy,,, in (a) is explicitly given by h,,, = f®g, where f @ g € L*(uP™9)
denotes the tensor product of f and g defined by

f ®g(21, - '7Zp+q) = f(zlv - '7Zp)g(’zp+17 . '7Z;D+q)

and f®g denotes its canonical symmetrization.

REMARK 2.5. We stress that the statement of Lemma [2.4] is not a direct consequence
of the product formula for multiple Wiener-It6 integrals on the Poisson space (see
e.g. Proposition 5 in [Las16] and the discussion therein), since such a result assumes
the square-integrability of the so-called ‘star contractions kernels’ f %/ g associated
with f and g. It is easily seen that such an integrability property cannot be directly
deduced from the minimal assumptions of Lemma 2.4

2.4. L? theory, part 2: Malliavin operators and carré-du-champ. We now
briefly discuss Malliavin operators on the Poisson space.

(i) The domain dom D of the Malliavin derivative operator D is the set of all F' €
L*(PP) such that the chaotic decomposition (21 of F' satisfies 37, pp![| f,ll5 <

co. For such an F', the random function Z 3 z + D,F € L*(P) is defined via

D.F = Zp[p—l (fp(zv )) ) (29)

p=1

whenever z is such that the series is converging in L?(IP) (this happens a.e.-
w), and set to zero otherwise; note that fy,(z,-) is an a.e. symmetric function
on ZP71. Hence, DF = (D.F).cz is indeed an element of L2 (IP ® u). It
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is well-known (see e.g. [PT13| Lemma 3.1]) that, FF € dom D if and only if
DYF € L*(P® p), and in this case

D.F =D/F, P®pu—ae. (2.10)

The domain dom L of the Ornstein-Uhlenbeck generator L is the set of those
F € L*(P) whose chaotic decomposition (Z7) verifies > et P2l foll3 < oo (so
that dom L C dom D) and, for F' € dom L, one defines

LF = _Zp[p(fp)- (2.11)

By definition, E[LF] = 0; also, from (2.11]) it is easy to see that L is symmetric
in the sense that

E[(LF)G] = E[F(LG)

for all F',G € dom L for which these expectations are well-defined. Note that,
from (2.I1), we conclude that the spectrum of —L is given by the nonnegative
integers and that F' € dom L is an eigenfunction of —L with corresponding
eigenvalue p if and only if F' = I,,(f,) for some f, € L?(uP), that is:

C, = Ker(L + pI).
For F € L*(P) given by ([Z7) and p € Ny we write
proj{F ‘ Cp} = Ip(fp)

for the projection of F' onto C,, with f, := E[F]. The following identity,
which corresponds to formula (65) in [Lasl6], will play an important role in
the sequel: if F' € dom L is such that DTF € L'(P ® p), then

LF = /Z (DIF)u(dz) — /g (DI F)n(dz). (2.12)

In order to deal with bounds in the Kolmogorov distance, we will also exploit
the properties of the Skohorod integral operator ¢ associated with n, which is
characterised by the following duality relation:

E[Gé(u)] = E[(DG, u)12,)] for all G € dom D, u € dom, (2.13)

where dom d stands for its domain (see [Lasl6, p.14-15]). Recall that the
operator 0 satisfies the classical identity

L =-4D, (2.14)

that has to be understood in the following sense: F' € dom L if and only
if ¥ € domD and DF € domd, and in this case 0DF = —LF. Also, if
u(n, ) € L'(P® u) Ndom d, then

o(u) :/Zu(n—éz,z)n(dz) —/Zu(n,z)u(dz), a.s.-P; (2.15)

see [Lasl@l, Theorem 6] for a proof of this fact.
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(iv) As it is customary in the theory of Markov generators, see e.g. [BGL14], for
suitable random variables F,G € dom L such that F'G € dom L, we introduce
the carré-du-champ operator I' associated with L by

I(F.G) = %(L(FG) _FLG - GLF). (2.16)

The symmetry of L implies immediately the crucial integration by parts for-
mula

E[(LF)G] =E[F(LG)] = —-E[[(F,G)]. (2.17)
The connection between (2ZI7) and (2.6) will be clarified in the discussion to

follow.

(v) The domain dom L~! of the pseudo-inverse L' of L is the class of mean zero
clements F' of L*(P). If F = 3% I,(f,) is the chaotic decomposition of F,
then L~!'F is given by

IF ==Y hh).

Note that these definitions imply that L™'F € dom L (and therefore L™'F €
dom D), for every F' € dom L™, and moreover

LL7'F=F forall F€domL™' and
L 'LF=F —E[F] forall F€domlL.

Using the first of these identities as well as (2I7) we obtain that, for F,G
such that G, G LY (F —E(F)) € dom L,

Cov(F,G) =E[G(F - E[F])] =E[G - LL™(F — E[F])]
= —E[I(G, LY (F — E[F])] (2.18)

In particular, if F' = [,(f) is a multiple integral of order ¢ > 1 such that
F? € dom L, then E[F] =0, L™'F = —¢~'F and

1
Var(F) = 5IE[F(F, F)]. (2.19)
Note that Lemma 2.4 immediately implies that F? = I,(f)* € dom L if and
only if F € L*(P). On the other hand, if G € dom D and GDT(L'F),

DY(L7'F) € LY(P ® p), then combining (in order) (ZI2), ([Z6) and (2I0)
yields

Cov(F,G)=E[G-LL ' (F —E[F])] = -E[l'(G, L™ (F — E[F]))].  (2.20)

2.5. Combining L! and L? techniques. The following result provides an explicit
representation of the carré-du-champ operator I' in terms of I'y, as introduced in
(Z3). Although such a characterization follows quite straightforwardly from the
(classical) results and definitions provided above, we were not able to locate it in the
existing literature, and we will therefore provide a full proof. It is one of the staples
of our approach.
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PROPOSITION 2.6. For all F,G € dom L such that FG € dom L and
DF, DG, FDG, GDF € L'(P® p),

we have that DF = DYF, DG = DTG, in such a way that DF DG = DYF DYG €
LYP®p), and

where Ty is defined in (23]).

In order to prove Proposition 2.0, we state the following lemma which will be
exploited in several occasions.

LEMMA 2.7. (a) For F € L%(Q) and z € Z we have the identities

DiF? = (DiF)* +2FD!F (2.22)
DY F® = (DfF)’ + 3F?DYF + 3F (D F)® (2.23)
D;F?= —(D;F)?+2FD; F (2.24)
D;F® = (D;F)’ +3F?D; F —3F(D; F)”. (2.25)

(b) Let v € CY(R) be such that i)' is Lipschitz with minimum Lipschitz-constant
19" ||sc- Then, for F € LO(Q) and z € Z, there are random quantities R (F, 2)
and R (F,z) such that

19"l oo
2 )

19" oo

‘R:Z(F,z)‘ < 5

R, (F,2)| <

and
DIg(F) =/ (F)DIF + R}(F,2) (DI F)”  and
DI ¢(F) = ¢/(F)D;F + Ry (F,2)(D; F)”.

Proof. The proof of this result is deferred to Section
O

REMARK 2.8. Note that, by virtue of ([222) and polarization, for F,G € £°(Q) and
z € Z we also deduce the product rules

DI (FG) = GDIfF+FD;G+ (DIF)(DfG) (2.26)
D (FG) = GD.F+FD;G— (D;F)(D;G) (2.27)

If, furthermore, F, G, FG € dom D, then, from (2.I0) we conclude that
D.(FG)=GD,F + FD,G+ (D,F)(D,G), ze€2Z, (2.28)

for the Malliavin derivative D. Relations (226)-(2.27) combined with ([2.21)) imply
that I' is not a derivation, and confirm the well-known fact that L is not a diffusion
operator (see e.g. [BGLI4l Definition 1.11.1] for definitions).

Proof of Proposition[2Z4. We need only prove (Z21]) — as the rest of the assertions in
the statement follows from elementary considerations. Since our assumptions imply
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that D(FG) € L' (P ® i), we can apply ([ZI2) in order to deduce that
ON(F.G) = LFG — GLF — FLG = / DH(FG)p(d=) — / D= (FG)n(d2)
z z
- G/ DI F u(dz) + G/ D Fn(dz)
z z
— F/ DG p(dz) + F/ D-Gn(dz).
z z
Using (2:26) and ([227) yields immediately the desired formula. O

3. IDENTITIES AND ESTIMATES FOR MULTIPLE INTEGRALS

We will now prove several important relations involving multiple stochastic inte-
grals of a fixed order ¢ > 1. They constitute the backbone of the forthcoming proof
of Theorem [[.3

LEMMA 3.1. Let ¢ > 1, and consider a random variable F such that F = I,(f) €
C, =Ker(L+ qI) and E[F*] < co. Then, F,F? € dom L, and

Var(q (R F) = S (1- 2%)2Vaur(pmj{F2 [C})
(2q — 1)2 4 212
< 47{12@3[1? | = 3E[F?]?). (3.1)
Moreover, one has also that
%E[P(F, F)? < E[FY] (3.2)
éE[sz(F, F)| < B[F] (3.3)

Proof. From Lemma 24 we know that F? = I,(f)? has a chaos decomposition of
the form

2q 2q—1
F? = "proj{ F*|C,} = E[F’] + ) proj{F* | C,} + I4(gay) (3.4)
p=0 p=1

with go, = f®f, thus ensuring that F? is in the domain of L. By homogeneity,
without loss of generality we can assume for the rest of the proof that E[F?] = 1. As
LF = —qF, by the definitions of I' and L we have

2q 2q
2I(F,F) = LF?> —2FLF =Y —pproj{F?|C,} +2¢ > proj{F*|C,}
p=1 p=0
2q
=Y (¢ —p)proj{F?| Gy} . (3:5)

p=0
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By orthogonality, one has that

2
Var(q_1 Z 2q — p)? Var pl"OJ{F }C }
=1

29—
Z (2¢ — p)* Var pIOJ{FQ}C}

proving the first equality in ([B.I]). For the inequality, first note that from (3.4]) and
the isometry property of multiple integrals we have

IE[Fﬂ—l—Var F2 ZVar pIOJ{FQ}C}

2q—1
= Z Var pI‘OJ{F2 ‘ C }) 2g)Y|| fRf]I3. (3.6)
p=1
Now, identity (5.2.12) in the book [NP12| yields that
Calf&fIIz = 2(a)* I fll2 + Dy, (3.7)

where D, > 0 is a finite non-negative quantity that can be expressed in terms of the
contraction kernels associated with F', and whose explicit form is immaterial for the
present proof. Also,

2 /|4 21\’
2a)?151E = 2(E[F7]) =2,
and we deduce from ([B.0) and ([B7) that

9 2q—1

%(E[Fﬂ - 3) ZV‘M (proj{F* | Cy}) + ) v

2q1

Z Var prOJ{F2 } C }

2q—1

L Z 2q —p) Var(pl”OJ{F ‘C’})

> 4q2
:Var(q IF(F, F)),

which is exactly the second estimate in (31)). Relations ([B.2]) and ([B.3]) are immediate
consequences of ([3.4]) and (B.0). O

The following result will allow us to effectively control residual quantities arising
from the applicaton of Stein’s method on the Poisson space.

LEMMA 3.2. Let ¢ > 1 be an integer and let F € L*(IP) be an element of the g-th
Wiener chaos Cy, such that F' verifies Assumption A. Then,
1 3 4q — 3
— [ E[|DFF||u(dz) = “E[F?T(F, F)] -E[F*] < 22
29 )z q 2q

(E[F'] - 3E[F*).
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Proof. Again by homogeneity, we can assume without loss of generality that F' has
unit variance. Observe that F' € dom D, and therefore DF' = DTF (up to a P ®
p-negligible set), and also, by virtue of Proposition 20 one has that I'(F, F) =
Lo(F, F), a.s.-P. It follows that

E {F2 / (DjF)Qu(dz)] < 2E [F°To(F, F)] = 2E [F°T(F, F)] < 2¢E[F*] < o0,

where we have used ([B.3), and moreover, by Cauchy-Schwarz,

1/2
< 00,

B |ir [ iprrPuan)] <& |r [ 0rpu)] "k [0zpys

so that F?(DYF)? F(DTF)3 € LY(P® p). Since LF = —qF and DF € L'(P ® p),
one infers from (2.12) that

F——([wzrutas) - [Dzrma).

Since the above discussion also implies that F*DTF, DY (F3)DTF € L' (P ® p) (via
([2:23))), we can now exploit the integration by parts relation stated in Lemma 23] to
deduce that

E[F'] = —éE [F?’ (L(DjF)u(dz) — /Z(D;F)n(dz)ﬂ = éE[FO(F, ).
Now, using (Z23) and ([Z25]) we obtain
To(F, F3) = % < /Z DjF((DjF)3 4 3F2DFF + 3F(DjF)2> u(dz)

+ /Z D;F((D;F)?’ +3F°D; F — 3F(D;F)2)n(d2))

1

=3 ( /Z ((DjF)4 +3F*(DfF)* + 3F(DjF)3) p(dz)

+/ ((D;F)‘1 +3FX(D;F)* - 3F(D;F)3)n(dz)),
z
and we also have

3FT(F, F) = 3F*I'(F, F) = %( / 3F*(DIF)*u(dz) + / 3F2(D;F)2n(dz)).

Z

Hence, using the Mecke formula (24 (as well as the content of Remark 22]) in the
case

V() = —(f(n+6.) — §(m)" = 3§(n) (F(n + 8.) — §(n))",



THE FOURTH MOMENT THEOREM 17
where § is some representative of F', we can conclude that

gE[FQF(F, F)] -E[F'] = ;—qE UZ (—(DjF)4 - 3F(DJF)3)u(dZ)

+/Z<—(DZ‘F)4+3F(D;F)3)77(dz)]

- %E[—2 /Z (DFF)*u(dz) + 3 /Z (DFF)*(§(n + 9. —f(n))u(dz)]

_ QLE{ /Z (DjF)‘*,u(dz)} |

q

Finally, using relations (8.4) and (3.0 from the proof of Lemma [B.1I] we obtain

~ | B0 P () - 2(2E[F2F<F, )] - E[F“})

- 2(§q(E[F2])2 ~E[F'] + 2—3q qu_l@q — p) Var(proj{ | Cp}))

q =
2q—1

< 2(3 — E[F4]> + @ > Var(proj{ F* | C;,})

<2(3-E[F'])+ @(E[Fﬂ - 3)

_ 4qg — 3 <E[F4} B 3) 7 (3.8)

q

where the last inequality is again a consequence of ([B.6]) and (B.7]). O

We eventually prove an estimate that will be crucial in order to deal with bounds
in the Kolmogorov distance.

LEMMA 3.3. For some fized ¢ > 1, let F' € Ker(L + qI) satisfy both Assumption
A and Assumption A% Then,

1
0< _supk l / (DX Lgpouy | DFFIDE F pu(d2)| < 10/E[F7] — SEF?E. (3.9)
zeR Z

Proof. One checks immediately that D 1{p~,y DT F > 0, so that we need only prove
the second inequality in the statement; also, without loss of generality and by ho-
mogeneity, we can once again assume that F' has unit variance. According to ([2.9)—
(ZI0), we can choose a version of DT F such that, for p—almost every z € Z, the
random variable DfF' = D,F' is an element of the (¢ — 1)th Wiener chaos C,_;.
Applying Lemma [B.1] and Lemma to every D.F such that z lies outside the
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exceptional set, one therefore infers that

A = /ZE[/Z(DZQDle)4p(dzz)] 1i(dzy)
- /Z E [ /Z (D;(D;F))4u(dz2)] pu(dz)

< atg- Ve[ [ 1Py un)] <1600 - D(EF] -3).  (@10)
and

B o= [B|0.r? [(DuDiriuti| i)
= /ZIE l(D;F)2L(D;D;F)2M(dz2)] p(dz)
< 2Ag-1) /Z E [(D? F)’To(D2 F, D% F)] ju(d=)
= 2(q—1)/ZIE[(D;F)QF(D;F,D;F)] p(dz1)

< o Ve[ [ 05| <sita-D(EIF]-3), 1)
z
where we have used twice the fact that, by virtue of Lemma [3.2]
C = / E[|Df F"] u(dz) < 4q<E[F4] - 3). (3.12)
z
Now write ®(a) := ala|, a € R. In view of the inequality (proved e.g. in [PT13]
Section 4.2])

DLO(DLE)P < 8(DLFP(DEDLFY +2DEDAFY,  (313)
valid p?—almost everywhere, we deduce immediately that the process z — v(z) =
®(DF) is such that v(z) € dom D for u-almost every z, and v € dom § — this last
fact being a a consequence of the classical criterion stated in [Las16l Theorem 5] and
of the estimates (B.10)-(B.12), together with the fact that E[F*] < oo by assumption.

Also, in view of the fact that v € L'(P ® ) by assumption, equation (2.I5) yields
that

) = [ @Dz Fyn(dz) ~ [ ©(D:F)u(az).
z z
We now fix € R. Relation (2.4]) applied to the mapping
V(2) = L1050 2 (F(n + 02) — §(n)),

where § is a representative of F', yields that

1
8 | [ Df1yen DI FIDEF i)
zZ

e[y ([ o0 0000~ [ 000 Pua0)|

L E [§(0)’]

= 5E [1{F>x}5(v)} S 1/2.
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To conclude, we use [Las16l formula (56)] as well as (BI3) to deduce that

E[é()}q@[/ v(z)? dz}+E[//D+ )(dy>]

< C+8B+2A < (4g+64g(q — 1)+ 32¢(q — 1)) (E [F1] - 3)
< 1004* (E[F*] - 3),

which in turn implies that

LR 1500121172 4] _
qE[a()] < 10/E[F*] -3,

where A, B, C have been defined above, and where we have used the estimates (B10)—
B.12). O
4. PROOF OF THEOREM [[L3]

In order to prove Theorem we have to establish new abstract bounds on the
normal approximation of functionals on the Poisson space in the Wasserstein and
Kolmogorov distances, respectively. Recall the definition of I'y given in (2.3]).

PROPOSITION 4.1. Let F' € dom D be such that E[F] =0 and let N ~ 4°(0,1) be a
standard normal random wvariable. Assume that

DY(L'F), FDY(L'F) e L'(P® p). (4.1)

Then, we have the bounds

d\(F,N) < \/%E‘l—FO(F, —L—lF)‘+/ZE[}DZ+F\2\DJL—1FW(OZZ) (4.2)

< \/%1 —E[F?)| + \/g\/Var(FO(F, —L-'F))

4 /ZE[\D;FF}D;L—IF}]M(CZZ). (4.3)

If, furthermore, F' = I1,(f) for some ¢ > 1 and some square-integrable, symmetric
kernel f on Z9 and E[F?| = ¢!||f||3 =1, then —L™'F = ¢~ 'F,

E[To(F,—L7'F)] = ¢ 'E[Io(F,F)] =1 and
| EIDIPPIDIL Fllutaz) = a7 [ BIDIFF](a:)

< (¢ [ BID P utds)

so that the previous estimate ([A3) gives

di(F,N) < \/g\/var(q—lro(zf, F)) + % (/ZIEUDjFﬂ,u(dz))m. (4.4)

REMARK 4.2. Under the assumptions of Theorem EIl we have that F,L7'F €
dom D, in such a way that I'g(F, —L™'F) is an element ot L'(P). It follows that the
variance Var (FO(F —L7'F )) is always well-defined, albeit possibly infinite.
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Proof of Proposition [{.1. We apply Stein’s method for normal approximation. Define
the class .#; of all continuously differentiable functions ) on R such that both v and
1)’ are Lipschitz-continuous with minimal Lipschitz constants

/ 2 "
e <2 mmd <2, (45)

Then, it is well-known (see e.g. Theorem 3 of [BP16b|, and the references therein)
that

4W(F.N) < sup [E[/(F) — Fu(F)]|. (46)

Tﬁegﬁ

Let us thus fix ¢ € .%#;. The Lipschitz property of ¢ implies that ¢ (F) € domD,
whereas the trivial estimate

[W(F)DH(LTF)| < ([0(0)] + v2/7 |F|) < |[D*(L7F)]
implies that /(F)DT(L™'F) € LY(P ® p). Using that E[F] = 0 we therefore deduce
from (Z20)) that

E[Fy(F)] =E[Y(F)-LL7'F| = —=E[To(¢(F), L7'F)] (4.7)
Now, by the definition of I'y and Lemma 2.7 (b) we obtain that

20 (W(F),L7'F) = /Z (DF(F))(DIL'F)p(dz) + /Z (D;y(F))(D; L' F)n(dz)
— /(F) /Z (D F)(DF L7 F)u(dz) + /Z R} (F,2) (D F)*(DF L™ F)p(dz)
+/(F) /Z (D F)(D; L7'F)n(dz) + /Z R, (F,2)(D; F)* (D L' F)n(dz)

= w(F) [ (DIF) (DI F)u(de) + R

+0/(F) [ (02F) (D77 Fya(a) + R
= 2/(F)To(F,L'F)+ Ry + R_ (4.8)
with

1
E|R,| < HwJ“’E[/}DjFﬂDjL‘lF\u(dz)}
Z

< EUZ\DJFF}D;L*F}M(CZZ)} (4.9)

and

2
E|R_| < ”wQH‘”E[/ }D;F\2\D;L‘1F\n(dz)]
pet

< E{/Z}D;F\z\D;L‘lF\n(dz)]

= E{/Z\DJFWD;FL*F\M(dz)} , (4.10)
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where the last identity holds by virtue of (24]), as applied to

V(2) = (}n+8.) — §(m)°|F (0 +8.) — §(n)].

where f is a representative of I and §* is a representative of L~'F. Thus, from (ZT))
and (L8) we infer

1
E[v/(F) — Fé(F)] = E[/(F)(1 - To(F.~L7'F)] + L(BIR.| + EIR_)), (4.11)
and from (L), (49), (4I0) and @) we conclude that
[E[¢'(F) — Fy(F)]| < \/gﬂ«:u —To(F,—L7'F)| + E[/ |DFF|*|DF LY F|u(dz) |
z
Plugging such an estimate into (A6]) yields (£2). By (Z20) we know that

E[To(F,—L7'F)] = Var(F) = E[F?]

and, hence, ([@3) follows from (£.2) by using the triangle and Cauchy-Schwarz in-
equalities. To prove ([A4]) we first apply the Cauchy-Schwarz inequality to obtain

JEID: FRutds) < ([ EODFMutds)) ([ BID:PPu)

But, by using the isometry properties of multiple integrals we have
2
| EIDE PP = o [ Bl () ld:)
= g = 1) [ 170 Butds) = aa!l B = gBIF?) = g (412)
z

Hence, we obtain

it [ BIDIFPJutds) <

() Bl Py i)

Sl-

proving (4.4]).

The next result provides a similar estimate in the Kolmogorov distance.
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PROPOSITION 4.3. Under the same assumptions as in Proposition[{.1, one has the
bounds

dxo(F,N) < E’l—FO(F,—L‘lF)‘ (4.13)
+[(1F1+ Var/1) [ (017D L Flutas)

tsupE { [ ozr)pz) D:1{F>m}u<dz>]
zZ

z€eR

< |1 —E[F?)| + \/ Var(To(F, — L1 F)) (4.14)

E ( /Z <D:F>2u<dz>)2] : (1+E[F])

\/E [:rr0ra- )

+sw s | [(DEF)|DH ) DL ypo it
zZ

r€R
If F = 1,(f) for some ¢ > 1 and some square-integrable, symmetric kernel f on Z9
and E[F?] = ¢!||f||3 = 1, then (EId) becomes
dica(F, N) < \/Var(q~'Ty(F, F))
. 57 1/4
+ Bl e | ([ orrra) ) ] \/E [0:pyea)
z z

1
# s | [(D1F) |DIF| D eypls)] (4.15)
Z

q zeR

Proof. Fix z € R. According to Propositon [6.1] we can write
IP(F < 2) = P(N < 2)| = [E[g,(F) — Fg.(F)]|,

where g, is the solution of the Stein equation (6.3)) associated with z, whose properties
are stated in Proposition [6.1l Using Proposition and reasoning as in the proof of
Proposition 4.1}, one deduces that

Elg, (F) ~ Fg.(F)]
<E[lgs(F)||1 = To(F, ~ L7 F)]

+12 | (171 VER /1) [ (DFPPIDHL P (e

+
=

+
S O
=

[wrmipze ) D:1{F>x}u<dz>]

/Z (IF — D] F|+ J%/z;) (DZF)QID;(L*F)M(CZZ)]

+
=

- /Z (D; F)|D; (L7'F)| D;1{F>mm(dz)} _
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Note that, in order to obtain the previous estimate, one has to use Point (f) and Point
(g) in Proposition [6.1] respectively, in order to control the quantities |Dg,(F) —
g.(F)DIF| and |D; g,(F) — ¢g.(F)D; F|. Bound ({I3) can now be deduced by
applying (2.4) to the mappings

V(=) = (110 + V2r/4) ((n+ 6.) = §0)” [ ( + 62) = T (),
and

V(2) = Liessay (F(n +02) — §(0) [F*(n +6.) — F(n)],

where f and f* are representatives of F' and L™ F, respectively. The estimate (Z14)
can be deduced by applying the Cauchy-Schwarz and triangle inequalities to the
middle term of (£.I3). The second part of the statement immediately follows from
(@14)) and from the fact that, if F' = I,(f), then —L7'F = ¢ 'F. O

End of the proof of Theorem[I.3. Since, under Assumption A, one has that
(F,F)=T4(F,F), as-P,

the estimate (L3)) is a direct consequence of ([A4]), Lemma [B.1] and Lemma B.2] as
well as of elementary simplifications. Similarly, (IL5]) follows from (AI3]), Lemma B.1]
Lemma and Lemma [3.3] combined with the estimate

1/4

(Lwﬁvmwﬂl < SPE[To(F, F)V < JIGE[F,

where we have used (3.2). O

Proof of Proposition[I.8. Fix ¢ > 2. Reasoning as in [NP05, Corollary 2], if a Gauss-
ian random variable F' := I,(f) € C, such that E[I,(f)?] := ¢ > 0 existed, then
E[F*] — 3¢* = 0. Formulae (3.6)-([B37), together with the explcit form of D, would
therefore imply that f ®, f =0 for every r =1, ...,q — 1, where ¢ is the rth contrac-
tion of f with itself, as defined in [NP12, Appendix B|. This conclusion contradicts
the fact that ¢ = ¢!||f]|3 > 0. The case ¢ = 1 follows immediately from the relation

E[L(f)1] = 3IIF15 + [5 fdp. O

5. PROOF oF THEOREM [L.7]

E

We begin by giving the analog of Proposition 1] for Gamma approximation.

PROPOSITION 5.1. Let F' € dom D satisfy the same assumptions as in the statement
of Proposition [{.1], and let Z, ~ I'(v) have the centered Gamma distribution with
parameter v > 0. Then, we have the bounds

do(F, 7,) < max<1, g)IE«:i‘z F+v)—To(F, —L‘IF)‘
( —+ )/ (|07 F*|DF L7 F| | (a2 (5.1)
(1,%)\%— E[F?)] + max(1, —) \/Var<2F Lo(F,~L~'F))

+max<1,% —>/ [\DJF} }DjL‘lF}]p(dz). (5.2)

“+ max
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If, furthermore, F' = I,(f) for some ¢ > 1 and some square-integrable, symmetric
kernel f on Z9 and E[F?| = ¢!||f||3 = 2v, then —L7'F = ¢q~'F,

E[I(F,—L7'F) —2F] = ¢ 'E[[o(F,F)] =2v and

JEIDEFFDI L Fllutds) = 7 [ E(102 PP ()

<(%/ EUD:Fﬂu(dz))l/z

so that the previous estimate (5.2) can be further bounded to give

v

4 max<\@, \@ + \/g) (é /ZEUD:FM}M(OZZ)) P 5

Proof. Using the recently obtained bounds on the solution to the centered Gamma
Stein equation from Theorem 2.3 of , it is easy to see that

do(F, Z,) < max(1, 3) \/ Var(2F — g Ty (F, F))

dZ(Fa ZI/) S sup
1!’6]:2,1/

E[2(F +v)y/(F) - Fy(F)]

where F;, denotes the class of all continuously differentiable functions 1 in R such
that both ¢ and v are Lipschitz-continuous with minimum Lipschitz-constants

2 1
1970 < maX<1> ;) and |9 < maX<2, ~+ 1) .

The rest of the argument follows a route that is completely analogous to the one
leading to the proof of Proposition 4.1} the details are omitted for the sake of con-
ciseness.

U

LEMMA 5.2. Let ¢ > 1 be an integer and and consider a random variable F' such that
F=1,f)eC,=Ker(L+ql), E[F?] =2v and E[F*] < co. Then, F,F* € dom L,

and

Var(QF —q 'T(F, F)) — E (1 — §>2Var(proj{F2 |1Cy})
1<p<2-1. 4
PFq

1 .
+ ZV&I(prOJ{Fz ‘ Cy} - 4F)
= E (1 — £)2\/'alr(proj{F2 ‘ C })
2q p
1<p<2q—1:

P#q
+ iVar(proj{F2 | Cy}) +8v —2E[F°] =V + V4,
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where we define

2
Vi= Z (1 — 2%) Var(proj{ F*|C,}) and (5.4)
1<p<2g—1:
p#q
V1= iVar(proj{Fz |C,}) + 8y — 2B [F?] = iVar(proj{Fz |Gy} = 4F). (55)

Proof. The first identity easily follows from (3.3 and the orthogonality of the chaos
decomposition. The second one follows from this and the formula

Var(X +Y) = Var(X) + Var(Y) + 2 Cov(X,Y)
upon observing that
Cov(proj{F2 ‘ Cq} , —4F) = —4E[F3} ,

again by orthogonality.
O

LEMMA 5.3. Let ¢ > 1 be an integer and let F € LY(P) be an element of the q-
th Wiener chaos C,, such that F verifies Assumption A and E[F?] = 2v. The

following relations are in order:

1 1
6 (E [F'] — 12E[F?] — 1207 + 48u> T o /ZE[|DZ+F|4]M(dz)
< Var(2F — ¢ 'T(F, F)) = Var(2F — "'y (F, F))

1 1
< §<E [F'] = 12E[F?] — 120 +481/> + 54 /ZIEUD;FFHM(dz)

Proof. Recall that, under the assumptions in the statement, I'(F, F') = I'o(F, F).
Using orthogonality, from Lemma and (3.3 we obtain

E[F'] = SB[FL(F P)] - 5 [ E[IDEFI1uds

= 3(E[F?])” + 32_:(1 — 2%) Var (proj{ F* | C,}) — %LEUDJH‘*}M(C&)

—122+3 Y (1- 2%) Var (proj{ F* | G, }) + %VM(W‘H{F2 | Ca})

1<p<2q—1:

PF#q
1
— — [ E[|DfF|* p(dz).
5 | B0 P u(az)
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Hence, recalling the definition of V5 in (B.0]) we conclude from Lemma [5.2] that
E[F*] — 12E[F?] — 12v° + 48v

p : 1
=3 Z (1 — 2) Var (proj{ F” } Cpt) — 3 /ZE[|D:F|4},LL(CZZ)
1§p§7é25—1;

+ 2 Var(proi{ F? | €,}) — 12E[F?] + 48

p . 1
-3 > (1- Z> Var(proj{F?[ Cy}) + 6V — 5. LEUDJF\‘*}M(C&).
1§pp§7é2:11—1:

Now, recalling also the definition (5.4]) of V; and using the simple chain of inequalities

2 2
(1_£> §<1—£>§2q<1—£) , 1<p<2¢-1,
2q 2q 2q

we obtain on the one hand that

E[F*] — 12E[F?] — 120% + 48y

2 1
> 3 g (1 — 2%]) Var(proj{F* | C,}) + 6V5 — % LE[|D:F|A‘M(CZ2’)
1§pp§7zg—1:

1
—3Vi+ 6V — o [ E[IDIF[u(d)
2q Jz

> 3Var<2F — ¢ 'T(F, F)) - %AEUD}F&}M(@), (5.6)

and, on the other hand,
E[F'] — 12E[F?] — 120% + 48v

< 6q Z <1 — £)2Val"(p1"0j{F2 |Cp}) +6Va — %/ZEUD;’Fﬂ,u(dz)

1<p<2g—1: 2q
p#q
< 6anr<2F — ¢ 'T(F, F)) . %LEUD;FWW&). (5.7)

The statement of the Lemma now follows from (5.6 and (B.7).
U

End of the proof of Theorem[L7. The claim of Theorem [[L7] is now an immediate
consequence of the bound (5.3]) and of the upper bound given in Lemma [5.3 U

6. PROOFS OF TECHNICAL LEMMAS

6.1. Proof of Lemma 2.7l We first prove part (a). We just prove (2222)) and (223,
since the derivation of ([2.24]) and ([2.27]) is very similar. Let f be a representative
for F',i.e. F'= f(n). Then, by the binomial identity, we have

(DFF)? = (fin+6.) — ()" = f(n+6.)% = F(n)® = 2f (0 + 6.) f () + 2 (n)?
= DFF? —2f(n)(f(n+6.) — f(n)) = DI F? — 2FDf F
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such that (2:22) holds true. Similarly, using (222]), we obtain

(DIF)" = (f(n+b.) = f(n)” = FOn+ 02 = F(0)° = 3f(n -+ 6.)*F ()
+3f(n+4.)f(n)?
= DIF?+3f(n)*(f(n+0.) = f(n) = 3f () (f(n +6.)* = f(n)?)
=D F? +3F’DfF — 3FD} F?
— DFF® 4+ 3F°DfF —3F (DY F)* — 6F2Df F
— DfF® —3F?DfF — 3F (D F)?
which is equivalent to (2.23]). Now we turn to the proof of (b). Again, we just prove

the part involving D}. By a suitable version of Taylor’s formula, for z,y € R we
have

U(y) = () + ¢ (@) (y — x) + Ry(z,y)(y — 2)°,

where

Now the result follows by letting = F = f(n), y = f(n+9.) and R} (F,2) =
Ry (f(n), f(n+0.)).

U

6.2. Proof of Lemma [2.4. The method of proof we apply is similar to the one
used for the proof of Proposition 5 in [Lasl6], which gives the product formula for
multiple Wiener-It6 integrals. Let

FG=E[FG] + i Ln(Bm)

m=1
denote the chaos decomposition of F'G. We prove (a) and (b) simultaneously by
induction on k :=p+q > 2. If k = 2, then necessarily p = ¢ = 1 and, by (Z28)), for
all y,z € Z we have
DA(FG) = f(z)1i(9) + 9(z) i(f) + f(2)g(2) and
DRA(FG) = f(2)g(y) + f(y)g(z) = 2f@g(y, 2).

This immediately implies that D™ (FG) = 0 for all m > 2. From (Z.8) we thus infer
that

h2(z1,z2):%E[D(2) (FG)] = fég(z1,2) and

21,22

hin(215 o 2m) = —E[D™  (FG)] =0

ZBlyeeey Zm

for all m > 2 and 2,..., 2, € Z. Now assume that k£ > 2. Then, again from (2.28)
we have that

D (FG) = ply(9)p-1(f (2, ) + ap(f)Ig-1(9(2x. )
_'_pq]p—l(f(zkv '))Iq—l (g(zkv ))
=:pF, G+ qG., F + pqF. G-, (6.1)
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holds for all 2z, € Z, where sz and ézk are multiple integrals of orders p—1 and g—1,
respectively. Hence, by the induction hypothesis for claim (b) we already conclude
that

E[D¢7Y  (F.,G.,)] =0.

Zlyeeey Zk—1

so that

E[DY . (FG)] =pE[DEY,  (F,G)] +qE[DED,  (FG.,)].

7777 1Rk —1 215-%k—1

By the induction hypothesis for claim (a) we have
E[DED, (FG)] = (k= DN(f(20,)&9) (1, 261) - and
E[DEY,  (FG)| = (k= D1(f&(9( ) (21, 210)
and, in order to prove (a), it remains to show that

K\(f®2g)(z1, ..., 2) = p(k — 1)!(f(zk, -)®g)(zl, ey Zho1)
+q(k = DN (f®(9(zh, ) (21, 20m1) - (6.2)

This, however, follows from

k'(f@g) (21, cee Zk) = Z f(ZW(l), Cee Zﬂ(p))g(zw(p_i_l), ceey Z,T(p+q))

TESp+q

= > Gz )G )

+ Z f(zw(l)a SR Zﬂ(p))g(zw(p—l—l)a SR Z7T(p+q))
mk@{m(1),....7(p)}

!
=p Z f(zka Br(l)s - ZT(p—l))g(ZT(p)7 RS ZT(p-l-q—l))

TESp4q-1

+ q Z f(ZT(1)7 CR ZT(p))g(ZT(p+1)> CIR ZT(p-i-q—l)a Zk)

TESp4q-1

=p(k — 1)!(f(zk, -)@g)(zl, ey Zhe1)
+q(k = DN (f®(9(zk, ) (215 21m1) -

We explain the identity involving ! in some more detail. Consider the first sum
appearing there and note that

Z f(zw(l), cey Zﬂ(p))g(zw(p—i-l)a SR ZW(P'HI))
m:ke{mr(1),...,m(p)}

P
— Z Z F(Zr(1)s - s Za(=1)» 2> Zn(i41)s - - > Zn()) 9 (Zn(p+1)s - - - Zn(ptq))
J=1 mm(5)=k

=P Z .f(zk> Zr(2)s v Zw(p))g(zw(p—i-l)a SRR ZW(P-HI))
mr(1)=k
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where we have used the symmetry of the kernel f to obtain the last identity. Now,
since the mapping

k, Jj=1

\D:Sk_lé{WGSkiﬂ(l):k}w \I’(U)(]): {O'(j_l) j€{2-~~ kf}

is a bijection, we obtain that

Z f(zka Zr(2)s - Zw(p))g(zn(p-i-l)a ) Z7r(p+q))
mr(1)=k

- Z f(zka Br(l)s -« s ZT(p—l))g(zT(p)a SRR ZT(p-i-q—l))

TESp4q-1

proving the claim. Thus, we have proved (a).
If m >k and zq,...,2, € Z, then, by the induction hypothesis on (b) and from

(1)) we obtain
mlh(zi, ..., 2m) = E[D(m) (FG)]

Z1yeesZm

_ pE[DW—U (Fsz)}quE[DgT‘l) (Fézm)]—l—pqE[D(m_l) (FZmC:Zm)}

Z1ye-”m—1 see@m—1 21y 2m—1

for all zy,..., 2z, € Z, proving (b). O

6.3. Stein’s equation in the Kolmogorov distance. In order to deal with bounds
in the Kolmogorov distance involving remove-one cost operators, we need the follow-
ing result, containing several estimates on the solution of the Stein’s equation asso-
ciated with test functions having the form of indicators of half-lines. Points (a)-(f)
are well-known. Point (g) is standard but not explicitly stated in the literature (to
our knowledge) — a proof is provided for the sake of completeness.

PROPOSITION 6.1. Let N ~ N(0,1) be a centred Gaussian random variable with
unit variance and, for every x € R, introduce the Stein’s equation

() — wg(w) = e — POV < 2), (63)
where w € R. Then, for every real x, there exists a function g, : R — R : w — g,(w)
satisfying the following properties (a)-(g):

(a) g, is continuous at every point w € R, and infinitely differentiable at every
w # x;

(b) g. satisfies the relation ([63)), for every w # x;

() 0< g» < VI,

(d) for every u,v,w € R,

(104 u)g. w4+ 0) = 10+ 2)g (w0 + )] < (mw@) CETIC

(e) adopting the convention
9x(7) == 2ga(x) + 1 = P(N < @), (6.5)

one has that |g,.(w)| < 1, for every real w ;
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(f) using again the convention ([6X), for all w,h € R one has that

g0+ 1) — () — L ] < L2 (\w| + @)

+ |h|(1[w,w+h)(a7) + 1[w+h7w)(1’))

_ | V2
=% ('W‘ ’ T)

+ h (1[w,w+h)(x> - 1[w+h,w)(x>) ;
(g) under ([61), for every w,h € R one has that

) — g2 — ) — gl (wpi] < 20 <| )

+ [ (L w—h,w) (%) + Ljww—n)(T))

_ 3|hP? V27
=5 (‘w—h‘+T

—|- h (]—[w—h,w)(I) — 1[w,w—h)(I)) .

Proof. The content of Points (a)—(f) is well-known — see e.g. Section 2.2.2|
and the references therein. To show (g), fix t € R, recall ([6.5]) and write, for every

w,h € R,

h
9o (W) = go(w — h) — hg;(w) = /0 (gh(w—h+u)— g.(w))du.

Since g, is a solution of ([6.3]) for every real w, we have that, for all w,h € R,

9e(w) = go(w — h) — hgyz(w)

h h
= / (w—=h+u)g,(w—h+u)—wg,(w))du+ / (l{w_h+u<m} — l{ng}) du
0 0

= Jl + J2.
It follows that, by the triangle inequality,
|92(w) = go(w — h) = hg,(2)] < [Ji| + | Ja].
Using (6.4)), we have

(6.10)

h 2 T
i< | <|w—h|+@><|u| l)du = 22 (\w—m@). .11

On the other hand, we have that

h
| Jo| = 1{h<0}/ (Lw—hsucat — Ljwsay) du
0

+1{n>0

h
/ (1{w—h+U<x} - 1{w<x}) du
0

h

0
= 1{h<0}/ 1{w<x<w—h+u}du+1{h>0}/ 1w htu<e<widu.
h 0
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As a consequence,

|J2| < 1{h<0}(_h)1[w,w—h)(1') + 1{h20}h1[w—h,w)(1') (6.12)

= h (Lw—nw) () = Lww—r) (@) =1h| (Lpw—pw) (@) + Ljww—n)(2)) .

Using (611)) and (GI2) in (GI0) yields the conclusion. O
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