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Outline

@ Blind Carrier Frequency Offset synchronization
@ Harmonic retrieval in multiplicative noise
@ Design of powerful estimates
o Asymptotic analysis
@ Probability of outliers
@ Mean Square Error Lower bound

Standard Cramer-Rao bound

@ Cramer-Rao bound with nuisance parameter
@ Bayesian Cramer-Rao bound

@ Other bounds

- Deterministic approach : Battacharya, Barankin
- Random approach : Ziv-Zakai

©
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Harmonic retrieval S.0. noncir

Harmonic retrieval (I)

We assume
y(n) = a(n)e? ™" + b(n), n=0,....,.N -1

with
@ y(n) : the received signal
@ a(n) : a zero-mean random process or a time-varying amplitude.
@ b(n) : circular white Gaussian stationary additive noise.

Goal : Estimating the frequency fp in multiplicative and additive noise
Outline :
© Short review on some estimates

@ Derivations of asymptotic performance and non-asymptotic
performance

© MSE lower bounds associated with this problem
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Harmonic retrieval S.0. noncircular case  H.O. noncircular

Harmonic retrieval (lI)

Previous model holds for

Digital Communications : Non-data-aided/Blind synchronization.

a(n) = Z h|Sn,|
1=0

~» circular/noncircular complex-valued MA process
~» non-Gaussian process

Radar : Jakes model
~~ a(n) circular complex-valued Gaussian process.

Direction of Arrival (DOA) : Frequency domain.
~~ a(n) circular complex-valued Gaussian process.
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Harmonic retrieval

Literature on estimator design

Digital Communications community (COM)
@ A. Viterbi, U. Mengali, M. Moeneclaey

~» Ad hoc algorithms based on modulation properties (Gaussian
channel)

Signal Processing community (SP)
@ P. Whittle, D. Brillinger, E. Hannan, A. Walker (1950-1970)
~» Constant amplitude and periodogram analysis.

@ O. Besson, P. Ciblat, M. Ghogho, G.B. Giannakis, H. Messer, E.
Serpedin, P. Stoica (1990-present)
~ Time-varying amplitude
~» Notion of non-circularity
~» Notion of cyclostationary
~ Asymptotic performance analysis
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Harmonic retrieval S.0. noncircular case  H.O. noncircular

Definition of circularity

Circularity (strict sense)

Let Z be a zero-mean complex random variable. Z is said circular in
strict sense iff _
Z and Ze'’

have the same distribution for any 6.

Property L
E[Z---Z2Z---Z]=0
N——
p times q times
as soon as p # Q.
Remark Z is M-order noncircular/ M — 1-order circular random

variable if only the moments of order (M — 1) or less satisfy the
previous property
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Harmonic retrieval S.0. noncircular case  H.O. noncircular

Second order circular case (1)

Assumptions
@ a(n) is second order circular (= circular in wide sense)

E[a(n)’] =0

@ a(n) is Gaussian
@ a(n) is colored
@ a(n) obeys the Jakes model

ra(T) = Jo(ZTFde)

and so ry(7) is real-valued.

~» Applications : Radar
~» SP community

Philippe Ciblat Blind Carrier Frequency Offset estimation and Mean Square Error Lower bounds



Harmonic retrieval

Second order circular case (II)

We get
y(r) =E [y(n + T)W} = ra(7)e?™7 Yr £0

As ry(7) is real-valued (as in Jakes model), we obtain

ﬁ\j = %lﬂ\] (T)

1 |

where fy(7) is the empirical estimate of ry(7) when N samples are
available.

Estimating frequency boils down to estimating constant phase
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Harmonic retrieval S.0. noncircular case  H.O. noncircular

Non-circular case (I)

Assumptions
@ a(n) is M-order noncircular

Efa(n)"] # 0

@ a(n) is Gaussian or not
@ a(n) is colored or not
@ a(n) is a MA process

a(n) = Z h|Sn,|
1=0

where {h} is the impulse channel response and s, is the
unknown M-order noncircular data
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Harmonic retrieval S.0. noncircular case  H.O. noncircular

Non-circular case (Il)

Any usual constellation is rotationally symmetric over 27 /M.

Constellation | M
P-PAM 2
P-PSK P
P-QAM 4

One can prove that any usual constellation is M-order noncircular

~» Applications : Digital communications
~» COM and SP community

Philippe Ciblat Blind Carrier Frequency Offset estimation and Mean Square Error Lower bounds



Harmonic retrieval S.0. noncircular case  H.O. noncirc

Second order non-circular case (l)

Deterministic ML based method : Besson 1998

{an,fy} = arg mln Kn(a, f) Z ly(n n)e? |2

Non-linear least square (NLLS) asymptotically equivalent to
maximization of periodogram of y2(n)

p o - _ |1 2\ —2im(2f)
fn = argmin Iy (f) = | = > y?(n)e~hn

~» Traditional Square-Power estimate in COM community for BPSK
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Harmonic retrieval S.0. noncircular case  H.O. noncirc

Second order non-circular case (ll)

As u,(0) = E[a?(n)] # 0, then
z(n) = y*(n) = ra(0)e* ™0 + e(n)

where e(n) is a non-Gaussian and non-stationary additive noise.

~» Frequency estimation in multiplicative and additive noise

7

Frequency estimation in additive noise but non-standard noise
~ Periodogram based on y?(n) instead of y(n).
~ If a(n) colored, periodogram not exhaustive.
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Harmonic retrieval S.0. noncircular case  H.O. noncir

Cyclostationary based method

@ Letuy(n,7) = E[y(n + 7)y(n)] be the pseudo-correlation

Definition

y(n) is cyclostationary w.r.t. its pseudo-correlation iff n — uy(n, 1) is
periodic of period 1/ag. Then

Z u(kao g2imkaon

with
@ kag : k" cyclic frequency
u§ka°)(7) : cyclic pseudo correlation

o c{*(e2™) = ET.(r — ul**)(r)) : cyclic pseudo spectrum

@ n — uy(n,7) is periodic of period 1/ag with g = 2fg
@ Ciblat & Loubaton 2000
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Harmonic retrieval S.0. noncircular case  H.O. noncirc

Contrast function

Remark

Estimating frequency in multiplicative and additive noise boils down to
estimating a cyclic frequency

2
fo = arg mfaxJW(f) ( Wuy = H (Zf)HW

with uf®) = Ui (=T),-- U™ (T,
In practice, u§2f) is not available and needs to be estimated

uW(r) = lim
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Harmonic retrieval S.0. noncircular case  H.O. noncir

Contrast process

fy = arg mfaxJN,W(f) = Gf\,a)

: )

with G{* = [0 (=T),---, a{*(T)]” and

N—-1
~(c 1 —2iTa
V() =5 Doy )y (n)e e
n=0
Then
1 N—-1 2
: _ £ —2im(2f)
fy = arg mfaXJN,W(f) =N ZZ(”)G e
n=0 W
with z(n) = [z_t(n),...,zr(n)]" and

)
z;(n)=y(n+7)y(n) = uf,aO)(T)eZimO” +e,(n).
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Harmonic retrieval S.0. noncircular case  H.O. nor

REMES

@ Multi-variate periodogram
@ Weighted periodogram
@ Extended Square-Power algorithm
@ Asymptotic performance
@ Giannakis & Zhou
1995 : cyclostationarity approach and CRB bounds
@ Besson & Stoica
1999 : deterministic NLS with white real-valued multiplicative noise
@ Ghogho & Swami
1999 : deterministic NLS with white real-valued multiplicative noise
o Ciblat & Loubaton
2000 : weighted multi-variate periodogram and analysis with
colored complex-valued multiplicative noise
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Harmonic retrieval S.0. noncircula H.O. noncircular case

High-order noncircular case

P-PSK : Viterbi 1983.

2
E[a(n)P] # 0 < fy = arg max H Z yP (n)e~2(POn
Tutorial done by Morelli-Mengali in 1998.
P-QAM : Moeneclaey 2001 & Serpedin 2004
R N-1 2
Ela(n)*] # 0 < fy = arg max | ; y4(n)e~27(4N

= The so-called M-power estimate
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Harmonic retrieval S.0. noncircular case H.O. noncircular case Asymptotic analysis

Asymptotic analysis

@ Consistency
fn—fo=20

@ Asymptotic normality : it exists p such that

NP(fy — fo) 2 A(0,7)

with
@ p the so-called convergence speed
@ ~ the so-called asymptotic covariance

@ Asymptotic covariance

v

MSE = E[(fy — fo)?] ~ NG
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Harmonic retrieval S.0. noncircular case H.O. noncircular case Asymptotic analysis

Convergence analysis

@ Consistency
@ Asymptotic normality (with p = 3/2)
are proven in Ciblat & Loubaton for

2
N—-1
1 .
dn = argmax Iy w(a) = | T > z(n)e e
n=0 W

where _
z(n) = ue?™" 4 e(n)

whatever the noise process e(n) satisfying standard mixing conditions

@ Analysis valid for second order and high order noncircular case
@ Derivations of the asymptotic covariance need still to be done
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Harmonic retrieval S.0. noncircular case H.O. noncirc se Asymptotic analysis

Asymptotic covariance (1)

Second-order noncircular case :

whatever the second-order noncircular process a(n), Ciblat &
Loubaton (IEEE SP 2002) have proven that

0 Wopt = Id2T+l

Q Topt = L with L the memory size of a(n)
o . |
N 3 'fO |Ca(e2|7rf)|2X(e2|7rf)df
4m2N3 1 PN
(Jo lea(e?m) e
with _ 7 _
X(eZIﬂ'f) _ (Sa(eZIﬂ'f) 4 02)(sa(e*2i”f) + 02) _ Ca(eZwa)Ca(efﬁwf)

-

@ if a(n) is a white real-valued process, then asymptotic covariance
also available in Ghogho and in Besson
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Harmonic retrieval S.0. noncircular case H.O. noncircular case Asymptotic analysis

Asymptotic covariance (Il)

High-order noncircular case :
Serpedin (IEEE TCOM 2003 and IEEE TWIRELESS 2003) has
proven that

24 B -D
MSEp-ps ~ 3pNE G2

with

P
B = ) (C}iqlay?
q=0
C = e Vu,F (2P +1,2P +1,1/02)
P!
D

— 02
= @° Yo, Fy (P +1,P +1,1/02)

@ Similar equations for P-QAM constellation
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Harmonic retrieval S.0. noncircular case .O. noncircula se Asymptotic analysis

Numerical illustrations

Set-up :
@ a(n) =s(n) + 0.75s(n — 1) with s(n) white Gaussian process
@ Performance of “weighted periodogram-based estimate” vs. SNR

N MSE versus SNR
10 T T

— Theoretical MSE |
= = Empirical MSE

107E N 4

MSE

5sNR (N=100; %Z:u 75 ;A:ws])‘5 Z‘D ®
Questions :

~» How far away from Cramer-Rao Bound we are ?
~ Irrelevancy of MSE at low SNR (outliers effect).
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Outliers effect

We focus on the following M-power estimate

1 1 N1 2
fy=—arg max |= n)Meg—2iman
NTM gae]fl/Z,l/Z] N gy( )

with _
y(n)M _ ue2|7eron + e(n)
This periodogram is maximizing by proceeding into two steps
@ a "coarse" step detecting the peak
@ a "fine" step refining the estimation around the peak

At low SNR and/or when few samples are available, the coarse step
may fail. This leads to the so-called outliers effect.
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Outliers effect

Example

@ a(n) is a complex-valued white zero-mean Gaussian process
with unit-variance and pseudo-variance u = E[a(n)?]
~ |u| refers to non-circularity rate.

@ SNR = 0dB and N = 500

Cost function versus (2f) Cost function versus (2f)
04 T T T T T T T 0.1 T T T T T T T T T
|
0.02 | I “
I | I | |

03 04 05 06 07
2 (SNR=00B ; N=500 ; tho=0.33)

ul=1/3

03 04 05 06 07
21 (SNR=00B ; N=500 ; tho=0.66)

Cost function with |u| = 2/3 Cost function with
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Mean Square Error

MSE = % + (1 - p)MSE, .

where
@ p is the probability of coarse step failure
@ MSE,;. is the standard "outliers effect"-free MSE

Available Results :
© MSE,;. seen in previous slides
@ p recently derived (Ciblat & Ghogho submitted to TCOM)
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Failure probability p (1)

Let Yy (resp. Ex) be the N-FFT of y(n)M (resp. e(n))

2iTtM ¢ J _
|Yk|—{ lue o+ Eo] § k=0 _0)

Exl s ko (0

The failure probability may write as follows
p =1 Po(vk 0.[¥u| < [Yol) =1~ [ pa(x)pa(x)ox

where

Pb(VK 7& 0, |Yk| < X)
X X
= / / PYaly Yaa | (Y1, - YN — 1)dyg - - -dyn -1

() = Py (4)

p1(x)

=- The distribution of FFT points are needed
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Failure probability p (I1)

Constant-amplitude multiplicative noise :
@ a(n)=a, Vn
oM=1
@ Rife & Boorstyn (IEEE IT 1974)

~~ e(n) is white circular Gaussian process

Time-varying multiplicative noise :
@ a(n) is white and belongs to an usual constellation
~~ e(n) is white noncircular and non-Gaussian process

Under Gaussian assumption, a closed-form expression for p can be
addressed which strongly depends on

o = E[a(n)|™] - [E[a(n)M]12 + Y m—o (CH)2E[|a(n) 2™ E[|b(n) 2M-m)]
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Outliers effect

Simulations : p versus SNR

Theoretical and Empirical Outlier probability versus Eb/NO (N=1024)

Theoretical and Empirical Outlier probabiliy

y versus EbINO (N=256)

—+— Additive noise (T)
~ + — Additive noise (E)

—5— 4-PSK/4-QAM (T)
— 7 — 4-PSK/4-QAM (E)

—6—BPSK(T)
- © -BPSK(E)
—— 4-PSKI4-QAM (T)
- % - 4-PSK/4-QAM (E)
—#— 8-PSK (T)

N = 1024

(]

p slightly depends on

noiseless case

Philippe Ciblat
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T SIS
— * —8-PSK (E) ~PSK(T)
16-PSK (T) z Basw=!
16-PSKE) | E —— 16
e g 16
i s )
—5— 256-QAM (1) : - & - 256-QAM (E)
-~ e 2se-oaME) || 2 —— 1024-QAM (T)
3 - - ~1024-QAM E)
30 g 0 -5 0 5 10 15 20 25 0 3
EbINO

N = 256

p strongly depends on P for P-PSK

P for P-QAM

cy Offset estimati

Self-noise for QAM due to ¢2 = E[|a(n)|®] — |E[a(n)*]|? # 0 in




Outliers effect

Simulations : MSE versus SNR

‘Theoretical and Empirical MSE versus EDINO (N=128 ~ QPSK/4QAM)

O Empirical MSE
~ - - Theoretical MSE (w/o outiers)
Theoretical MSE (w. outiers) | |

8 10
EbINO

4-QAM and N = 128

Threshold analysis

Theoretical and Empirical MSE versus EbINO (N=128 - 256QAM)

10
2 T
°
° o o [}
10"
2 10°
10°
1077 O Empirical MSE
~ — — Theoretical MSE (w/o outlers)
Theoretical MSE (w. outliers)
2
10
o 5 10 20 25 30

15
EDINO

256-QAM and N = 128

@ For 4-QAM, SNRy,, = 6dB if N = 128

@ For P-QAM (with P > 4), floor effect for p = no threshold
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Outliers effect

Simulations : MSE versus N

Theoretical and Empirical MSE versus N (Eb/NO=5dB - QPSK/4QAM) Theoretical and Empirical MSE versus N (Eb/NO=2008 - 256QAM)

O Empirical MSE O Empirical MSE
~ — - Theoretical MSE (w/o. outliers) — Theoretical MSE (w/o. outliers)

10 Theoretical MSE (w. outliers) 107 Theoretical MSE (w. outliers)

8 10° 8 10°
2 2
10° 10" R
Tt --e
107 107
10 107
50 100 150 200 250 300 350 400 450 500 100 150 200 250 300 350 400 450 500
N

4-QAM and Ep /No = 5dB 256-QAM and E, /No = 20dB

@ When N increases, p decreases (without floor effect)
@ Any MSE is reachable BUT sometimes with very large N
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Remarks

Estimation accuracy

@ Data-aided context can improve the performance but outliers
effect still exists (Mengali IEEE TCOM 2000)

@ Cramer-Rao bound (CRB) with coded scheme is less than CRB
without coded scheme (Moeneclaey IEEE COML 2003)

@ Turbo-estimation is an appropriate solution (Vandendorpe & al.
EURASIP JWCN 2005)

. ot
Questions

@ MSE value : is it far away from the lower bound (Cramer-Rao
Bound) ?

@ Ouitliers effect : is it intrinsic to M power estimate or to any
estimate ?

A\
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Lower bounds Definitions  Links a

Mean Square Error Lower Bounds

Signal Model

y(n) =a(n)e?™™" L p(n), n=0,....N—1<y=D(f)a+b

where
°y=1[y(0), - ,y(N-1)]
@ D(fo) = diag([1,- - - ,e#™e(N=1)])
@ Noise variance assumed to be known (for sake of simplicity)

fo : (deterministic) parameter of interest
{a(0),--- ,a(N — 1)} : parameters of nuisance

Each assumption on the parameters of nuisance
(deterministic/random, etc.) leads to ONE Cramer-Rao-type bound

Philippe Ciblat
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Lower bounds Definitions  Links al

Unconditional CRB

We consider the likelihood for parameters {fy,a} :

—ly—b(H)al?
A(f,a) xe Mo
a(n) are viewed as real nuisance ~» stochastic

Unconditional CRB or True CRB or Stochastic CRB

Unconditional Likelihood is equal to True-Likelihood

Aulf) = EalA(F. )] = [ A 2)p(a)da

= UCRB(f) = ! = 1

By [|Imu()] By [|GInEaAG, )]

~» Often untractable
~» UCRB mainly analysed by Moeneclaey
~+ Approximation at low SNR (e* = 1 + x + x2/2 if x small)
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Lower bounds Definitions  Links and \ Other bounds

Conditional CRB

a(n) are viewed as parameters of interest ~» deterministic

Conditional CRB or Deterministic CRB

Conditional Likelihood is equal to Deterministic Likelihood

ON(f, a)
0a |

Ac(f) = A(f,8;) where

= CCRB(f) = E, [\%In/\c(f)iz]

Average CCRB or Asymptotic CCRB

1
Ey,a [|4InAc(h)|’]

< CCRB >(f) =

~» CCRB not used although CML well spread
~» CCRB mainly analysed by Stoica and Vazquez
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Lower bounds Definitions  Links and Deri\

Modified CRB

a(n) are viewed as known parameters

Modified CRB

1
Eya “%InA(f,a)ﬂ

= MCRB(f) =

~» Closed-form expressions tractable
~» MCRB introduced by Mengali
~~» MCRB very often used in COM/SP community
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Lower bounds Definitions  Links and Derivations Other bounds

Gaussian CRB

a(n) are viewed as Gaussian process

Gaussian CRB
Gaussian Likelihood

Ng(f) = Ea[A(f, )]
where a is a Gaussian vector.
1
Ey D%InAg(f)ﬂ

= GCRB(f) =

~» Closed-form expressions tractable

~» Not valid for digital communications but this is still a bound for alll
the consistent estimates based on data sample covariance matrix
~~» GCRB developed in SP community (Giannakis, Ghogho, Ciblat)
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Lower bounds Definitions  Links and ns Other bounds

Bayesian CRB

fo is also viewed as stochastic variable with an a priori pdf p(f)
Let & be an unbiased estimate of 6y = [fo,a]. Then

MSE |gayesan = Ey,0[(8 — 60)(8 — 60)"] > I~ = BCRB
with

J=Eyo 00 06

AlnA(y, f,a) dInA(y, f, a) T]

and A(y, f,a) is the joint density of [y, f, a].

No link in the literature between xCRB and BCRB
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Lower bounds Definitions  Links Other bounds

Bayesian Algorithm

Deterministic approach :
@ Optimal unbiased estimate does not always exist (except ML in
asymptotic regime)
Stochastic/Bayesian approach :
@ Optimal unbiased estimate always exists : the so-called MMSE
estimator

6 —E0,16] = [ op(0ly)do

@ The MMSE is the mean of the a posteriori density
@ p(6) must be differentiable
@ SP community (Van Trees)
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Lower bounds Definitions  Links and Derivations Other bounds

Link between xCRB (1)

All these bounds (except GCRB) lower-bound the mean square error!

UCRB > MCRB

and
< CCRB > > MCRB

@ At high SNR : UCRB = MCRB (if the values of the parameters of
nuisance belongs to a discrete set)

N—o0

@ For large samples : CCRB — < CCRB > (ergodism)
@ Under Gaussian assumption : UCRB = GCRB

~» MCRB usually too optimistic
~~» GCRB unable to take into acocunt high order information
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Lower bounds Definitions  Links and Derivations  Other bounds

Link between xCRB (Il)

Application to blind synchronization

a(n) belongs to a constellation and thus to a discrete set

~» At high SNR,
UCRB = MCRB
MCRSB is of interest in digital communications
~ At low SNR,

UCRB > MCRB

Let M be the order of non-circularity (Moeneclaey IEEE COML
2001).

UCRB = O(1/SNR") and MCRB = O(1/SNR)

~~» GCRB likely useful for BPSK but not for other constellations
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Lower bounds Definitions  Links and Derivations  Other bounds

Example (1)

Harmonic retrieval where a(n) is complex-valued white (discrete)
process with E[|a(n)[?] = 1 and E[a(n)?] = u.

30?2 3[(1—|ul?) + 202 + 0*]
2% and GCRB =
PN 472 |UPN3

MCRB =

30t
UCRB =
[low SNR 47T2|U|2N3

and
302

UCRB\highSNR = MCRB = W

o

~» MCRB quite relevant BUT does not depend on non-circularity rate.
~» At low SNR, second-order noncircularity leads to GCRB=UCRB
~~ If Ju| # 1, floor error with GCRB not with MCRB and UCRB
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Lower bounds Definitions  Links and Derivations Other bounds

Example (11)

We consider u = 1 (e.g. a(n) € BPSK)

302 302 30
MCRB=—-—— and GCRB= ———— + ———
2m2N3 2m2N3 * 472N3
and
302 30%
UCRB\highSNR = W and UCRB||0W5NR = —0

472N3

UCRB = MCRB = GCRB

UCRB = GCRB

~~ GCRB relevant for BPSK

Philippe Ciblat Blind Carrier Frequency Offset estimation and Mean Square Error Lower bounds



Lower bounds Definitions  Links and Derivations Other bounds

Example (111)

MSE versus SNR . MSE versus tho
107 . 10 T

T T T 3
0 GCRB o ocre
MCRB b o
MSE with Gaussian process SR SRl DY —e~ MSE with Gaussian process
MSE with binary process ~ |

107 ~

* i H 3

MSE

20 25 30 0 01 02 03

o

10 04 05 6
SNR (N=100) tho (N=100 ; SNR=10dB)

MSE versus SNR MSE versus |u|

~» For BPSK signal, we are lucky (GCRB~MCRB)!
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Lower bounds Definitions  Links and Derivations Other bounds

Asymptotic Gaussian CRB ()

~~ Several works for obtaining asymptotic (large sample) expressions

for GCRB.

@ Circular case : Ghogho 2001 (based on Whittle’s theorem)
@ Real-valued case : Ghogho 1999
@ Non-circular case : Ciblat 2003 (large Toeplitz matrices)

White |  Colored
Real-valued O(1/N3) O(1/N3)
No floor error No floor effect
Reached by Square Power
Non-circular O(1/N3) O(1/N3)

Philippe Ciblat

No floor error
Reached by Square Power

Floor effect
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Lower bounds Definitions  Links and Derivations  Other bounds

Asymptotic Gaussian CRB (ll)

Second-order noncircular case : Ciblat (EURASIP SP 2005)

Ca(e? m
GCRB ~ W with ¢ = / X(e™) df

_ fo |Ca(e2|7rf)|2X(ezi-rrf)df
(J2 lca(e@zat)’

3n .

One can proven that (Cauchy-Schwartz inequality)

GCRB = MSE iff a(n) white process )
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Other types of bound

XCRB unable to predict and analyze the outliers effect

Introducing other tighter lower bounds
@ Deterministic approach

~» Battacharyya bound
~~» Barankin bound

@ Stochastic approach

~ Ziv-Zakai bound
~» Weiss-Weinstein bound
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Battacharyya bound (1)

Review on CRB : consider the vector z,
60— 0
Z= ain(p(y|6))
20

By construction, E[zz"] is nonnegative matrix. This implies that

MSE 1
{ 1 FIM]>O
and
MSE > FIM~! = CRB J
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Battacharyya bound (Il)

consider the vector zy,

60— 6,
9In(p(y|6))
00
N = .
a"In(p(y|6))
66N

Once again E[zyz]] is nonnegative matrix and this leads to

MSE > BaB = CRB + one positive term J
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Barankin bound (1)

We consider "test-points” &, = [0 — g, ...,0(" — 8.
Furthermore B, = (Bk,i)1<k,i<n IS the following n x n matrix

Bk, = Ey

p(y|6")p(y[6")
P(y[60)?

Definition

Barankin bound of order n ~» BBp(89) =sup  &n(Bn(&n) — 1n1]) 28T

n

Sn(&n)

with 1, = ones(n, 1)

~» MSE of any unbiased estimator is greater than any BB,
~» As n — oo, BB,, becomes even the tightest lower bound
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Barankin bound (II)

@ BB; used (one test-point)
@ Main task : closed-form expression for matrix B

CRB = lim S (€)
E—0

~~ CRB inspects the likelihood only around the true point
~~ CRB and BaB unable to observe outliers
BB = sup Si (&)
€

~ BB scans all the research interval
~» BB takes into account outliers effect in lower bound.

@ Pure harmonic retrieval : Knockaert in 1997
@ Circular multiplicative noise : Messer in 1992 for DOA issue

Philippe Ciblat Blind Carrier Frequency Offset estimation and Mean Square Error Lower bounds



Lower bounds e ns s a Other bounds

Derivations

@ Lety(n) = ae? ™" 4 b(n) ~ Information in mean of y(n).
@ Lety(n) = (n)ez"rfOn +b(n) ~ Information in variance of y(n).

Closed-form expression (Ciblat EURASIP SP 2005)
1 if
Bk, = { 1/ det(Qx,1) I Qi >0

+o00 otherwise

where

Qk,l = (R (k) + Rf(| )ﬁfo - IdZN

and

= [ ElynyR] Elynyil
&= { Elynyn] Elynyg]
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Numerical illustrations

a(n) white Gaussian process with unit-variance and E[a(n)?] = u.

MISE versus SNR MSE h
10
= Gere = GCRB
* Asympiotic GCRB -1
R — B8 — Theorelical MSE
107 b —+- Theoretical MSE — - Emprical MSE
\ i ~ - Empiical MSE

0
'
'
I
' .
| Thieshoid

| ALSNR = <4148
0

Thieshoid.
atthe=0.275
-10 K o

s 10 15 20 B £
SNR (N=100 ; th0=0.75 ; a=0)

MSE versus SNR

03 04 05 06 07 08 09 1
ho (SNR=10 0B ; N=64 ; a=0)

MSE versus u

@ Threshold analysis : BB = max(GCRB, S(1/4))
@ Important gap between BB and standard Square-Power estimate

Philippe Ciblat

Blind Carrier Frequency Offset estimation and Mean Square Error Lower bounds



Lower bounds

Ziv-Zakai bound (1)

@ Bayesian bound : random parameter

@ Two classes:
@ Holder inequality :
@ Bayesian Battacharyya
@ Bobrovsky-Zakai (1976)
@ Weiss-Weinstein bound (1985)
@ Kotelnikov inequality :
9 Ziv-Zakai (1969)
@ Bellini-Tartara (1975)

State-of-the-Art

Ziv-Zakai bound (ZZB) derivations
@ bearing estimation and additive noise (Bell IEEE IT 1997)
@ time-delay estimation (Weiss IEEE SP 1983)
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Ziv-Zakai bound (I1)

The mean square error (MSE) for ¢, is bounded by

MSE > / hy (mhaxg(ho,hl)) dh;.
0 o

where
o p—= [¢0,fo] and h = [ho, hl]
@ p(.) is the a priori density function of ¢

@ Pe(¢p, ¢ + h) is the error probability when the optimal detector
decides between the following two equally likely hypotheses

Ho: y(n) = a(n)e2i77(¢o+fon)+b(n)
Hi: y(n) = a(n)eZiW((¢o+ho)+(f0+h1)n)_|_b(n)

~~ Detection theory with multiplicative noise
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Derivations

1/2
MSE; > / (1/2 — ha)hu(max(1/2 — ho)Pe(ho, hu))dhs
0 0

with
01/605)
Pe(ho,h1) = %B(al, az)oF1(a1 + az, 1,00 +1 —01/6))
where

@ B(a1,a2) = T(a1 + a2)/T (1) is called either the Euler’s first
integral or the Beta function

9 ,F1(«, B,7;x) is the hyper-geometric function

@ Closed-form expressions of 6, 62, a1, az depend on ﬁh and ﬁo

o
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Numerical illustrations

s Other bounds

a(n) white Gaussian process with unit-variance and E[a(n)?] = u.

MSE versus SNR

MSE versus fho
T

NS

03 04 05 06 07 08
ho (N=64 ; SNR=1008)

o
SNR (N=64 ; tho= 1)

MSE versus SNR MSE versus u

@ Small gap between ZZB and standard Square-Power estimate

Philippe Ciblat
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