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Resource Allocation for Downlink Cellular OFDMA
Systems—Part I: Optimal Allocation
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Walid Hachem, Member, IEEE

Abstract—1In this pair of papers (Part I and Part II in this issue),
we investigate the issue of power control and subcarrier assign-
ment in a sectorized two-cell downlink OFDMA system impaired
by multicell interference. As recommended for WiMAX, we as-
sume that the first part of the available bandwidth is likely to be
reused by different base stations (and is thus subject to multicell
interference) and that the second part of the bandwidth is shared
in an orthogonal way between the different base stations (and is
thus protected from multicell interference). Although the problem
of multicell resource allocation is nonconvex in this scenario, we
provide in Part I the general form of the global solution. In par-
ticular, the optimal resource allocation turns out to be “binary” in
the sense that, except for at most one pivot-user in each cell, any
user receives data either in the reused bandwidth or in the pro-
tected bandwidth, but not in both. The determination of the op-
timal resource allocation essentially reduces to the determination
of the latter pivot-position.

Index Terms—Distributed resource allocation, multicell re-
source allocation, OFDMA networks.

I. INTRODUCTION

E consider the problem of resource allocation in
W the downlink of a sectorized two-cell orthogonal
frequency-division multple-access (OFDMA) system with
incomplete channel state information (CSI) at the base station
(BS) side. In principle, performing resource allocation for
cellular OFDMA systems requires to solve the problem of
power and subcarrier allocation jointly in all the considered
cells, taking into consideration the interaction between users
of different cells via the multicell interference. Unfortunately,
in most of the practical cases, this global optimization problem
is not convex and does not have, therefore, simple closed-form
solution. Practical alternative methods must thus to be proposed
to perform the resource allocation. Most of the works in the
literature on multicell resource allocation assumed perfect CSI
on the transmitters side. In flat-fading scenarios with multiuser
interference, a number of interesting alternative methods have
been proposed in the literature. One of them is the geometric
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programming (GP) approach proposed in [1] for centralized
power control scenarios. The author of this work showed that
at high signal-to-noise ratio (SNR), the GP technique turns the
nonconvex constrained optimization problem of power control
into a convex, thus tractable, optimization problem. Another
efficient resource allocation technique was proposed in [2] for
decentralized power control scenarios. This technique is based
on a min-max formulation of the optimization problem, and is
adapted to ad hoc networks contexts. Unfortunately, the two
above mentioned techniques are mainly intended for flat-fading
scenarios, and are not directly suitable to general cellular
OFDMA contexts. To the best of our knowledge, only few
works investigate OFDMA multicell resource allocation. The
authors of [3] addressed the optimization of the sum rate perfor-
mance in a multicell network in order to perform power control
and user scheduling. In this context, the authors proposed a
decentralized algorithm that maximizes an upperbound on the
network sum rate. Interestingly, this upperbound is proved to
be tight in the asymptotic regime where the number of users
per cell is allowed to grow to infinity. However, the proposed
algorithm does not guaranty fairness among the different users.
In [4], a centralized iterative allocation scheme allowing to ad-
just the number of cells reusing each subcarrier was presented.
The proposed algorithm does not suppose the so called “reuse
partitioning” scheme but nonetheless it promotes allocating
subcarriers with low reuse factors to users with bad channel
conditions. It also provides an interference limitation procedure
in order to reduce the number of users whose rate requirement
is unsatisfied. The authors of [5] considered the problem of
subcarrier assignment and power control that minimize the
percentage of unsatisfied users under rate and power con-
straints. For that sake, a centralized algorithm based on reuse
partitioning was proposed. In this algorithm, the reuse factor of
the far users next to the cell borders is adapted according to the
QoS requirements and the problem parameters. Other dynamic
resource allocation schemes were proposed in [6]-[10]. The
authors of [9] and [10] have particularly discussed the issue of
frequency reuse planning. It is worth mentioning here that nei-
ther of the above cited works [4]-[10] provided analytical study
of the performance of their respective proposed schemes. The
issue of power control in distributed cooperative OFDMA net-
works was addressed in [11]. However, the proposed solution
assumes that subcarrier allocation is performed independently
from the power control. The solution is thus suboptimal for the
problem of resource allocation for OFDMA networks, and a
general solution for both power control and frequency resource
allocation remains to be provided.
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In contrast to previous works where perfect CSI was as-
sumed, authors of [12] assumed the knowledge of only the
statistics of users’ channels and proposed an iterative algo-
rithm for resource allocation in the multicell context. In this
algorithm a frequency (or subcarrier) reuse factor equal to one
was chosen, which means that each cell is supposed to use
all available subcarriers. This assumption relatively simplifies
solving the problem of multicell OFDMA resource allocation.
A similar iterative multicell allocation algorithm was proposed
in [13] and its convergence to the optimal solution of the mul-
ticell resource allocation problem was proved based on the
framework developed in [14].

In this paper, our aim is to characterize the resource alloca-
tion strategy (power control and subcarrier assignment scheme)
allowing to satisfy all users’ rate requirements while spending
the least power at the transmitters’ side. Similarly to [12], we in-
vestigate the case where the transmitter CSI is limited to some
channel statistics. However, contrary to [12] which assumes a
frequency reuse factor equal to one, our model assumes that a
certain part of the available bandwidth is shared orthogonally
between the adjacent base stations (and is thus “protected” from
multicell interference) while the remaining part is reused by
different base stations (and is thus subject to multicell inter-
ference). Note that this so-called fractional frequency reuse is
recommended in a number of standards e.g., in [15] for IEEE
802.16 (WiMax) [16]. A similar reuse scheme is adopted in the
recent work [17] which addresses the problem of power alloca-
tion in a 2-cell OFDMA system in order to maximize the system
sum rate under a total power constraint. The method proposed
by the authors of [17] to tackle the latter problem is based on a
game theory approach and it assumes that subcarrier assignment
is fixed in advance.

As opposed to [17], our work considers the problem of joint
optimization of power allocation and subcarrier assignment
under the aforementioned frequency reuse scheme. We also
assume that each user is likely to modulate in each of the two
parts of the bandwidth (the protected and the non protected
parts). Thus, we stress the fact that i) no user is forced to
modulate in a single frequency band, ii) we do not assume a
priori a geographical separation of users modulating in the two
different bands. On the opposite, we shall demonstrate that such
a geographical separation is actually optimal w.r.t. our resource
allocation problem. In this context, we provide an algorithm
that permits to compute the optimal resource allocation.

The paper is organized as follows. In Section II we present
the system model. In Section III we consider the problem of re-
source allocation in a single cell assuming that the interference
generated by the other cells of the network is fixed. The problem
consists in minimizing the transmit power of the considered cell
assuming a fixed level of interference such that the rate require-
ments of users of this cell are satisfied and such that the inter-
ference produced by the cell itself is less than a certain value.
Although resource allocation for users of the network requires in
general solving a multicell optimization problem, the single cell
problem of Section III turns out to be a useful tool to solve the
more complicated multicell problem. Theorem 1 gives the solu-
tion to this single cell optimization problem. Except for at most
one “pivot” user in the considered cell, any user receives data
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Fig. 1. Two-cell system model.

either in the interference bandwidth or in the protected band-
width, but not in both. In Section IV we introduce the joint mul-
ticell resource allocation problem. This problem is equivalent to
jointly determining the resource allocation parameters of users
belonging to different interfering cells, such that all users’ rate
requirements are satisfied and such that the total transmit power
is minimized. Theorem 2 characterizes the solution to this op-
timization problem as function of a small number of unknown
parameters. The solution turns out to have in each cell the same
binary form as the solution to the single cell problem. Although
this geographical separation is frequently used in practice, no
existing works prove the optimality of such a scheme to our
knowledge. Section IV-C provides a method to calculate the op-
timal resource allocation. Finally, Section V is devoted to the
numerical results.

II. SYSTEM MODEL

A. OFDMA Signal Model

We consider a downlink OFDMA sectorized cellular net-
work. In order to simplify the presentation of our results, the
network is supposed to be one-dimensional (linear) as in a
number of existing studies [12], [18]-[21]. The motivation
behind our choice of the one-dimensional network is that such a
simple model can provide a good understanding on the problem
while still grasping the main aspects of a real-world cellular
system. It provides also some interesting guidelines that help
to implement practical cellular systems. Generalization to
2D-networks is however possible (though much more involved)
and is addressed in a separate work [22]. We consider the case
of sectorized networks i.e., users belonging to different sectors
of the same cell are spatially orthogonal [23]. In this case, it
is reasonable to assume that a given user is only subject to
interference from the nearest interfering base station. Thus, we
focus on two interfering sectors of two adjacent cells, say Cell
A and Cell B, as illustrated by Fig. 1. Denote by D the radius of
each cell which is assumed to be identical for all cells without
restriction. We denote by K and K” the number of users in
Cell A and B respectively. We denote by K = K4 + KB the
total number of users in both cells. Each base station provides
information to all its users following a OFDMA scheme. The
total number of available subcarriers is denoted by N. For
a given user k € 1,2,...,K* in Cell A, we denote by N}
the set of indexes corresponding to the subcarriers modulated
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OFDMA, two distinct users k, k' belonging to Cell A are such
that A, N A} = (). Foreach user k € {1,..., K4} of Cell A4,
the signal received by k at the nth subcarrier (n € N}) and at
the mth OFDM block is given by

by k. N, is a subset of {0,1,..., N — 1}. By definition of

(D

yr(n,m) = Hi(n,m)s(n,m) + wg(n,m)

where si(n,m) represents the data symbol transmitted by
Base Station A. Process wy(n,m) is an additive noise which
encompasses the thermal noise and the possible multicell inter-
ference. Coefficient Hy(n,m) is the frequency response of the
channel at the subcarrier n and the OFDM block m. Random
variables Hj(n,m) are assumed to be Rayleigh distributed
with variance

pr = E[|Hi(m,n)]]. )
Note that the mean value pj, does not depend on the subcarrier
index. This is satisfied for instance in the case of decorrelated
channel taps in the time domain. For a given user k, Hy(n, m)
are identically distributed w.r.t. n, m, but are not supposed to be
independent. Channel coefficients are supposed to be perfectly
known at the receiver side, and unknown at the base station side.
However, variances py, are supposed to be known at the base sta-
tion. This type of incomplete CSI is particularly adapted to fast
fading scenarios. In such a context, sending feedback containing
the instantaneous channel gain from users to the base station will
result in a significant overhead.

As usual, we assume that pj vanishes with the distance be-
tween Base Station A and user k, based on a given path loss
model. In the sequel, it is convenient to assume (without restric-
tion) thatusers k = 1,2, ..., K are numbered from the nearest
to the base station to the farthest. Therefore, for all users k in
Cell A,

pL>p2 > > Pra. 3)

B. Frequency Reuse

The frequency reuse scheme is illustrated by Fig. 1. In
practical cellular OFDMA systems, it is usually assumed that
certain subcarriers n € {0, ... N — 1} used by Base Station A
are reused by the adjacent Cell B. Denote by Z this set of
“Interfering ” subcarriers, Z C {0,...,N — 1}. If user k
modulates such a subcarrier n € Z, the additive noise wy(n, m)
contains both thermal noise of variance o and interference.
Therefore, the variance of wg(n,m) depends on k and is
crucially related to the position of user k. We thus define for
alln € 7

Ellwx(n, k)] = o}.

Note that o7 is assumed to be a constant w.r.t. the subcarrier
index n. This assumption is valid in OFDMA multicell systems
using frequency hopping or random subcarrier assignment as in
WiMax. Ifusers k = 1,2... K“ are numbered from the nearest
to the base station to the farthest, it is reasonable to assume that

“4)

U%<U%<"'<Cf%{/\,
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meaning that the farthest users experience more multicell inter-
ference. The reuse factor « is defined as the ratio between the
number of reused subcarriers and the total number of available
subcarriers:

card(Z)
N

so that Z contains aN subcarriers. The remaining (1—a) N sub-
carriers are shared by the two cells, A and B, in an orthogonal
way. We assume that ((1 — «)/2)N of these subcarriers are
used by Base Station A only and are forbidden for B. Denote by
P 4 this set of “Protected” subcarriers. If user £ modulates such
a subcarrier n € P4, the additive noise wy(n, m) contains only
thermal noise. In other words, subcarrier n does not suffer from
multicell interference. Then we simply write E[|wy,(n, m)|?] =
o2, where o2 is the variance of the thermal noise only. Similarly,
we denote by Pp the remaining ((1 — «)/2) N subcarriers, such
that each subcarrier n € Pp is only used by Base Station B, and
isnot used by A. Finally, ZUP4UPp = {0, ..., N—1}. More-
over, let g1 (respectively, gi 2) be the channel gain-to-noise
ratio (GNR) in band 7 (respectively, P 4), namely gx 1 = pi/ a,%
(respectively, gk 2 = pi/0?).

C. Resource Allocation Parameters

Of course, for a given user k of Cell A, the noise variance cr,%

depends on the particular resource allocation used in the adja-
cent Cell B. We assume that a,% is known at Base Station A, and
that a given user may use subcarriers in both the “interference”
bandwidth Z and the “protected” bandwidth P 4. We denote by
'y,f_lN (respectively, fy;c“QN ) the number of subcarriers modu-
lated by user k in the set 7 (respectively, P4). In other words,

4 card(ZNN) 4 _ card(PanNy)
Yee,1 = - N Ye,2 = - N

Note that by definition of v;}; and 7'y, >, 7}, < « and
>k 7,;472 < (1 — a)/2, and that the superscript A (or B) is used
to designate the cell in which user & is located. We assume in the
sequel without restriction that the sharing factors { ’71?1 , 7,‘32}k
are continuous real-valued variables and can take on élny value
in the interval [0, 1]. Furthermore, we assume that a given user
k of Cell A can modulate in both bands Z and P4 using distinct
powers in each band. For any modulated subcarrier n € A, we
define P,fl = E[|sk(n,m)|?]ifn € T, Péz = E[|sk(n,m)|?]
if n € Pa. Similarly, denote by W,; = ~;!; P!; the average
power transmitted to user & in Z if i = 1 and in P4 if i = 2.
“Setting a resource allocation for Cell A” means setting a value
for parameters { fy,f’l, 71}4,27 P,fl./ P,fQ} k=1..KA, Or equivalently
for parameters {7y, 7i'o, Wit Wils Yoot icn-

Remark 1: As we stated above, the sharing factors 'y,f,l, 7,;4’2
are assumed in our model to be real numbers. This assumption
does not necessarily contradict the fact that each user can be
assigned only integer number of subcarriers during the trans-
mission of each OFDM symbol. Indeed, once the real-valued
{’yj:l,fy,é?}k are determined, the practical subcarrier assign-
ment can be done in several ways [12]. One possible way con-
sists in allocating subcarriers to users according to some fre-
quency hopping pattern. In this case, the specific subset of sub-
carriers assigned to each user varies from one OFDM symbol
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to another in such a way that the average number of subcar-
riers modulated by each user k in bands Z and P4 is equal to
’y;:lN and fy,f,QN respectively. The latter frequency-hopping-
based subcarrier assignment scheme is assumed in this paper.

D. Multicell Interference Model

We define now more clearly the way interference levels
ofy. ., o%(A depend on the adjacent Base Station B. In
OFDMA system models which assume frequency hopping
like Flash-OFDM system [23, Ch. 4, pp. 179-180], [24], it is
straightforward to show that for a given user k of Cell A, inter-
ference power o does not depend on the particular resource
allocation in Cell B but only on ig the position of user k£ and
ii) the average power QF = Zkl,(:l W,fl transmitted by Base
Station B in the interference bandwidth Z. More precisely,

of = E [|x(n,m)1?] QF + o s)

where Hj, (n,m) represents the channel between Base Station
B and user k of Cell A at frequency n and OFDM block m.
2

In particular, E [|ﬁ k(n,m) } only depends on the position of

user k and on the path-loss exponent.

III. SINGLE CELL RESOURCE ALLOCATION

Before tackling the problem of joint optimal resource alloca-
tion in the two considered cells, it is useful to consider first the
simpler single cell problem. The single cell formulation focuses
on resource allocation in one cell, and assumes that the resource
allocation parameters of users in the other cell are fixed.

A. Single Cell Optimization Problem

Assume that each user k has a rate requirement of Ry
nats/s/Hz. Our aim is to optimize the resource allocation for
Cell A which i) allows to satisfy all target rates R}, of all users,
and ii) minimizes the power used by Base Station A in order
to achieve these rates. Considering a fast fading context (i.e.,
channel coefficients Hy(n,m) vary w.r.t. m all along the code
word), we assume as usual that successful transmission at rate
Ry, is possible provided that R, < C, where C}, denotes the er-
godic capacity associated with user k. Unfortunately, the exact
expression of the ergodic capacity is difficult to obtain in our
context due to the fact that the noise-plus-interference process
(wik(n,m))n,m is not a Gaussian process in general. Nonethe-
less, if we endow the input symbols s (n,m) with Gaussian
distribution, the mutual information between sj(n,m) and the
received signal yg(n,m) in (1) is minimum when the interfer-
ence-plus-noise wg(n,m) is Gaussian distributed. Therefore,
the approximation of the multicell interference as a Gaussian
random variable is widely used in the literature on OFDMA
(see, for instance, [12], [25], and [26]) as it provides a lower
bound on the mutual information. For a given user & in Cell A,
the ergodic capacity in the whole band is equal to the sum of the
ergodic capacities corresponding to both bands Z and P 4. For
instance, the part of the capacity corresponding to the protected
band P, is equal to 7,‘:"2[E [log (1 + 1[’1532(|1'-Ik(n7 m)|2/02))]

= ’Y;‘iz[E [log (1 + (Wé?z/’}’?,zmHk(n,m)|2/02))}, where

factor v;', traduces the fact that the capacity increases with the
number of subcarriers which are modulated by user k. In the
latter expression, the expectation is calculated with respect to
random variable |Hy(m,n)|*/o?. Now, Hy(m,n)|?/o? has
the same distribution as (px/0%)Z = gi 27, where Z is a
standard exponentially distributed random variable. Finally, the
ergodic capacity in the whole bandwidth is equal to

A _A A A
Cr (Vi 1> Yie2» Wiers Wieo)

WA
= 7,j{I[E [log <1 + 9k,1 ’yj’l Z)

k1
WA
+7iE |log 1+ gr2—527 (©6)
Vi,2
The quantity Q“* defined by
KA
Q=" (Wit + Wiy) ©)
k=1

denotes the average power spent by Base Station A during one
OFDM block. The optimal resource allocation problem for Cell
A consists in characterizing {’Yf:p%ég, Wkﬁ, W,fQ}kzl___KA
allowing to satisfy all rate requirements of all users (Ry < C,)
so that the power @ to be spent is minimum. Furthermore,
as we are targeting a multicell interference scenario, it is also
legitimate to limit the interference which is produced by Base
Station A. Therefore, we introduce the following “low nuisance
constraint”: The power Q7' = Y, W,j}l which is transmitted
by Base Station A in the interference band Z should not exceed
a certain nuisance level Q, which is assumed to be a predefined
constant imposed by the system’s requirements. The introduc-
tion of this constraint will be later revealed useful in Section IV
when studying the solution to the joint multicell resource al-
location problem. The single cell optimization problem can be
formulated as follows.

Problem 1: Minimize Q* w.ur.t. {71?,1 , fy,é?, Wkﬁ,
W,fz} r=1.. 4 under the following constraints:

C1l: Vk,Ry, < Cy C4: v 20,9, >0
KA
C2: Y ii=a Cs: WA >0,Wg, >0
C3 > ’y,?_? = I_Ta ce6: > W,fl < Q.
k=1 k=1 ’

Here, C1 is the rate constraint, C2-C3 are the band-
width constraints, C4-C5 are the positivity constraints. Note
that C6 is the low nuisance constraint imposed only on the
power transmitted in the non protected band Z. The particular
case where the maximum admissible nuisance level is set to
Q = 400 would correspond to a “selfish” resource allocation:
Base Station A may transmit as much power as needed in the
interference band Z without caring about the nuisance which
it produces on the adjacent cell. Note that in Problem 1 no
power constraint is imposed on the total power Q“ trans-
mitted by the base station in the two bands. Note also that the
constraint set (the set of all feasible points) associated with
Problem 1 is not empty as it contains at least the following
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trivial solution. This trivial solution consists in assigning zero
power kal = 0 on the subcarriers of the non protected band
7 (so that constraint C6 will be satisfied), and in performing
resource allocation only in the protected band P 4. The main
reason for expressing the resource allocation problems in
terms of parameters ~;';, Wi, (i = 1,2) instead of v;;, Pg;
is that the ergodic capacity Cj, = Ck(fy,f,l, W,él, fy,éz, WkAQ)
is a concave function of 'y;:‘ZW,fZ As a consequence, the
constraint set is convex and Problem 1 is a convex optimization
problem in {~i'), vy, Wi 17Wk z}k Obviously, finding the
optimal parameter set {fyk 1 ’yk o WA, Wk 5 }& is equivalent
to finding the optimal {vk LY 27Pk 1,Pk_2}k thanks to the
simple relation Wk =Y 1P,;41, 7= 1 2.

B. Optimal Single Cell Resource Allocation

In order to solve convex Problem 1, we use the Lagrange
Karush—Kuhn—-Tucker (KKT) conditions. Define the following
function on R, :

Eflog(1+zZ)]
di=d

It can be shown that function f(z) is increasing from O to
oo on R, . The following theorem provides the general form
of any global solution to Problem 1. Its proof is provided in
Appendix A.

Theorem 1: Any
{7[?717’7]1:27kal'/Wéz}k:l...KA to
follows. There exists an integer L € {1,...,
nonnegative numbers 1, f2 and & such that

1) foreach k < L,

f(z) = (8)

global solution
Problem 1 is as
K4} and three

PA _ —1 p—1 gk,l PA =0
k1 = 9k1 <1 +£ﬁ1 k,2
9)
R (
YVin = : ity =0
E [log (1+ g1 P, Z)|
2) foreach k > L,
Piy=0 Py = !];;éf_l(!]k,zfﬁ)
10)
R (
’71?,1 =0 ’Yf:,z = £
E [log (1+ g1.2P,7)|
3) fork = L
—1p— 9k 1
Plél :91«,}. ' (1 _1_5/31) Pk 2 = 9, 2f (%,2/32)
L K (11)
’Ykl—a Z’YzAl ’Ykz— —Z’Yzz
I=k+1

where (31, 02 and ¢ are the Lagrange multipliers associated
with constraints C2, C3 and C6, respectively. Determina-
tion of L, 31, B2 and £ is provided by Proposition 1.
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Comments on Theorem 1:

a) Theorem 1 states that the optimal resource allocation
scheme is “binary”: Except for at most one user (k = L),
any user receives data either in the interference band-
width Z or in the protected bandwidth P4, but not in
both. Intuitively, it seems clear that users who are the
farthest from the base station should mainly receive data
in the protected bandwidth P4, as they are subject to a
significant multicell interference and hence need to be
protected. Now, a closer look at our result shows that
the farthest users should only receive in the protected
bandwidth P 4. On the other hand, nearest users should
only receive in the interference bandwidth 7.

Nonzero resource allocation parameters 7124,1~,Plf1 (for
k < L) and 71?27P1f2 (for £ > L) are expressed as
functions of three parameters (31, B2, £. It can be easily
seen from Appendix A that (31, 32,& are the Lagrange
multipliers associated with constraints C2, C3, and C6
respectively. It is quite intuitive that, when the admissible
nuisance level is large (take for instance Q = +00),
constraint C6 holds with strict inequality. Thus, £ = 0
from complementary slackness condition. In the general
case, the values of parameters 31, 32, can be obtained
from KKT conditions. The determination of 31, 32, £ and
the pivot-user L is addressed in Section III-C.

As expected, the optimal resource allocation depends
on the resource allocation in Cell B via parameters
0f,...,0%,. Joint optimization of the resource alloca-
tion in both cells, A and B, is investigated in Section IV.

b)

9]

C. Determination of L, (31, P2 and &

Step 1: Determination of L, 31, B2 for a Fixed Value of £: To
simplify, first assume that the value of Lagrange multiplier ¢ is
fixed. We determine L, (31, 32 as functions of £. Recall that user
L is defined as the only user who is likely to modulate in both
bands Z and P 4. Parameters ;' |, v;' , respectively provide the
part of the band 7 and P4 which is modulated by user L. A first
equation is obtained by writing that C', = R, i.e., the rate con-
straint C1 holds with equality. Recall that C'y, is defined by (6)
asvi,E [log(1+ g1 P, Z)] +71*5E [log(1 + g1 2Pf*,8)].
Define for each x > 0

C(x) = Ellog(1 + f~'(2)2)]. (12)
Plugging the expression 11 of parameters
fyfyl, Pﬁl,fyfg, Pﬁz into  this  expression, equality
Cr /Ry = 1 becomes
gr.1
Ry, ( lﬁrf /81)
@ Z R
k<L C (1+5 /81) L
l-a C(gL,202)
+ J =1. (13)
2 ,; C(gr, 2/32) Ry (

In (13), both terms enclosed inside the brackets coincide with
7?,1 and 'ysz respectively. As function C'(z) is increasing from
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0 to 0o on R, constraints ;' ; > 0 and v;', > 0 hold only if
Bi/(1+€) > ap | and B2 > bi where for each [, a;* and b;*
are the unique positive numbers such that

1
z:lC gk 1“1

with a(‘]4 = bf(A = 0 by convention. Note that alA
is an increasing sequence while b;' is a decreasing se-
quence. Furthermore, in order that (13) holds, both (non-
negative) terms should be less than one. Thus,
2e<r(Be/(C(gr1/(1+£)A1))) < 0 and ((1-a)/2) -
> k> (Bi/C(gr,2P2)) < 0. As a consequence, 1 /(1 +§) <
ay and B2 < b3 .. Finally,

( S}
14+¢
Consider the case where 7f’1, 7f’2 are both nonzero, and define
the following function for each = > 0:

KA

Ry,

—aand Z :l—a

e C(gr.2bi*) 2

o —

ﬂ)e[aLlale[bL,b s

Flz) = E [ (15)

It can easily be seen from the KKT conditions derived in
Appendix A that

e () martoas

(16)

Now using (14) in the above equation along with the fact that
F(.) is a decreasing function, one can easily see that L can be
defined as

L= min{l =1. KA/ 911 (gl1al )<912F (gz 2b] )}
amn

In practice, the search for L can be achieved by dichotomy,
computing a;* and b;* only for a limited number of values of
l. Once L is fixed, it is straightforward to show that the system
formed by (16) and (13) admits a unique solution (31, 82). This
is due to the fact that functions C(.) and F'(.) are monotone.
Lagrange multipliers 31, 32 can thus be obtained using classical
root search tools. As a remark, we note the existence of a rather
pathological case, which we do not address in details because of
its limited importance. To obtain (16) we assumed that v | and
74, are strictly positive. If this is not the case, say 3, =0, it
turns out that the system (13)—(16) has no solution. However, L
can still be obtained by (17) and 31, B2 can be easily obtained
from (13) which lead to 3; = (1 + &)ayt, B2 = bs_,. For the
sake of simplicity, we will still refer to (01, 32) as the unique so-
lution to system (13)—(16), with slight language abuse, keeping
in mind that we just put 3, = (1 + &)az, B2 = b3_, in the
pathological case where such a solution does not exist. This con-
vention will be used throughout the paper without restriction.
Step 2: Determination of €: So far, we proved that for a fixed
value of &, the optimal resource allocation is unique and fol-
lows (9)—(11), where L = L(§) is given by (17) and (31, 32) =

(B1(€), B2(€)) is the unique solution to system (13)—(16). The
remaining task is now to determine £. Before addressing this
point, it is worth providing some insights on the impact of £ or
equivalently, on the role of the low nuisance constraint C6 on
the resource allocation. Recall that £ is the Lagrange multiplier
associated with constraint C6. From an intuitive point of view,
a large value of ¢ means in some sense that constraint C6 is se-
verely restraining, whereas ¢ = 0 means that constraint C6 has
no role and could have been deleted without modifying the solu-
tion to Problem 1. It turns out that increasing ¢ has the effect of
decreasing the total power Q7 = >, fy,élP,fl which is trans-
mitted in the interference band. This statement can be proved as
follows. First, we observe from (17) that parameter L = L(§) is
a non increasing function of £. Second, it is straightforward to
show that for each k, P{', is a decreasing function of ¢. Indeed,
(9) implies that it is the composition of an increasing function
f~1(x) and a decreasing function & — (31 () /(1 +¢) (decreas-
ingness of £1(§)/(1 + &) is obtained after some algebra from
(13)and (14)). Third, W, = P{ Ry,/E [log(l + gk,lp,;}lz)]

is an increasing function of P}, . Itis thus a decreasing function
of ¢ as a composition of an iﬁcreasing and a decreasing func-
tion Pk 1- Therefore, the presence of an active constraint C6
has a double impact on the resource allocation: i) it decreases
the number L of users who modulate in the interference band Z,
and ii) it decreases the power Wy, 1 of each user in this band.

We now determine ¢. First we propose to compute the re-
source allocation assuming ¢ = 0. If the corresponding value of

#is such that Q7* < Q, then the procedure stops: KKT condi-
t10ns are met. Otherwise, this means that constraint C6 should
be active: ¢ > 0. From complementary slackness condition, C6
should be met with equality: One should determine £ such that
QL =Y, fy,élP,fl coincides with Q:

Z’Yf:,lplél =Q

k<L

(18)

where vi',, P, are defined by (9) and where L = L(¢), f1 =
B1(€), B2 = P2(€) have been defined previously. As mentioned
above, Q1! is a decreasing function of ¢ so that the solution ¢ to
equation Q4! = Q is unique.

Finally, we conclude that the following proposition holds
true.

Proposition 1: The global solution to the single cell
Problem 1 is unique and is given by (9)—(11), where parameters
L, 31, B2 and £ are unique and determined as follows.

1) Assuming £ = 0, evaluate L by (17) and (B, 02) as
the unique solution to the system of (13)—(16) satisfying
(52/(1 +€)). o) € [} y.a] x [bf. b7 ). Then eval-
uate Q7' = 37, vy Py

2) Stopif Q7' < Q (constraint C6 is met) otherwise continue.

3) Evaluate (L, 81, B2, &) as the unique solution to the system
of (13), (16)—(18).

The above proposition proves that the global solution to the
single cell allocation problem is unique and provides a proce-
dure to compute it. Algorithm 1 gives a more detailed descrip-
tion of the latter procedure and proposes a method to solve the
system of (13), (16)—(18).
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Algorithm 1: Determination of L, 31, (o, £

E—0
repeat

L—min {I/(gi1/(1+&)F (gi1ai*) < gioF (g12b7)}
(1, B2) + unique solution in [a}_,,a7] x [b7,b7_,] to

(13)-(16)
L1
Qi — Z L Gt f! ( Jk.1 /31>
k1
k=1 C (?T’éﬂl) 1+¢
-1
Ry, 1 p—1 < gL,
+ | a- 7~ |91 — 3
k=1 C (?Téﬂl) I+¢

if Q7 > Q then
Increment &

end if

until Q' < Q
return L, (31, (o, &

One still needs to define the way ¢ should be incremented at
the end of each iteration of Algorithm 1. In practice, updating
the value of ¢ can be done by resorting to Newton-like methods
which are widely used to solve nonlinear equations.

IV. JOINT MULTICELL RESOURCE ALLOCATION

A. Optimization Problem

Our aim now is to jointly optimize the resource allocation for
the two cells which i) allows to satisfy all target rates R, of all
users, and ii) minimizes the power used by the two base stations
in order to achieve these rates. The ergodic capacity associated
with user k in Cell A is given by (6), where coefficient g 1 in
that equation coincides with

Pk
E [|x(n,m)2] QF + o2

9k,1(QiB) =

where Hj.(n,m) represents the channel between Base Station
B and user k of Cell A at frequency n and OFDM block m.
Coefficient gy, 1(Q¥) represents user & channel gain to interfer-
ence-plus-noise ratio in the interference band Z. Here, gx, 1 (Q7)
not only depends on the position of user k in Cell A, but also on
the power QF = ZszBl W B, transmitted by the adjacent Base
Station B in band Z. We now solve the following multicell re-
source allocation problem.

Problem 2: Minimize the total power spent by both base
stations @ = Y . _, p Ele(lel + W¢,) with respect to

V1750, WE 1, WES} c—a,B  under the following con-
. ’ ' T k=1..K°
straints:

Ke
C2 Y vnai=a
k=1

C4: 7](;,1 > 077](;,2 >0

C5: Wi, >0,Wg, >0.

C3: 3 ap, = Lo
: kz_:l%c,z 2
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It can be easily seen that the above optimization problem is
feasible as soon as o < 1. Indeed, a naive but nevertheless fea-
sible point can be easily constructed by forcing each user to
modulate in the protected band only (force vj; ; = 0 for each
user). Cells thus become orthogonal, and all users rate require-
ments Rj, can be satisfied provided that enough power is trans-
mitted in the protected band.

Unfortunately, the ergodic capacity C}, of user k is not a
convex function with respect to the optimization variables. This
is due to the fact that the gain-to-noise ratio gy, 1(Q%) is a func-
tion of the resource allocation parameters of users belonging
to the interfering cell. Therefore, Problem 2 is nonconvex, and
cannot be solved by classical convex optimization methods.
Nonetheless, we manage to characterize its solution. In fact, we
prove that the solution has the same simple binary form of the
single cell optimal solution.

B. Optimal Resource Allocation

For each cell ¢ € {A, B}, denote by ¢ the adjacent cell (A =

B and B = A). The following result is proved in Appendix B.
Theorem 2:

(A) Any global solution to Problem 2 has the following form.

For each Cell ¢, there exists an integer L® € {1,..., K},
and there exist four positive numbers 3¢, 85, £, QF such
that

1) for each k < L°,

c ey—1 p— gkyl(Qa) c c
Py =gr1(Q1) f ! (T&iﬁl) Pr,=0
19
) R ) (19)
Ye,1 = N Ye,2 = 0
E [108; (1 + gk,l(Qf)PﬁJz)}
2) for each k > L°,
Plg,l =0 PIS,Z = Qk_,éf_l(gk,zﬂg)
(20)
c c Rk
Yk,1 =0 Ye,2 =
E [log (1+ ge2P,7)|
3) for k = L°,

Pea=aa (@0 1B ) Pa= b e
2n

k—1 K©
c __ c c _ 1 -« c
Ve, =& — Y1 Vk2 = 9 Yi,2-
=1 l=k+1

(B) For each ¢ = A, B, the system S¢(Q1', QF) formed by
the following four equations is satisfied. See (22)—(25),
shown at the bottom of the next page, where the values
of ;. ; and Py, in (25) are the functions of (87, 5,&°)
defined by (19).

(C) Furthermore, for each ¢ = A, B and for any arbitrary
values Q4! and QP the system of equations S°(Q4', Q)
admits at most one solution (L¢, 5§, 55, £€).
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Comments on Theorem 2:

a) The joint multicell resource allocation problem required
initially the determination of 4K parameters (where K is
the total number of users). Theorem 2 allows to reduce
the search to only two parameters, namely Q3! and QF.
Once the value of these parameters is fixed, the resource
allocation parameters for each user can be obtained from
the above results. As a consequence, the only remaining
task is to determine the value of (Q3', QP). This task is
addressed in Section IV-C.

We observe that the system S¢(Q3!, QP) is very sim-
ilar to the system obtained in the single cell case at (13),
(16)—(18). In fact, as stated by the proof later, the optimal
resource allocation in the multicell case can be interpreted
as the solution to a certain single-cell problem.

As a consequence of the above remark, Theorem 2 states
that the optimal multicell resource allocation scheme has
the same “binary” form as in the single cell case. Even
if optimal resource allocation is achieved jointly for both
interfering cells, there still exists a pivot-user L¢ in each
Cell c which separates the users modulating respectively
in bands 7 and P,.

It is worth noticing that this binary resource allocation
strategy is already proposed in a number of recent stan-
dards. One of the contributions introduced by Theorem 2
is the proof that such a strategy in not only simple and in-
tuitive, but is also optimal.

b)

d)

C. Optimal Distributed Algorithm

Once the relevant values of Qi and QF have been deter-
mined, each base station can easily compute the optimal re-
source allocation based on Theorem 2. As a consequence, the
only remaining task is to determine the value of (Q%!, Q).
To that end, we propose to perform an exhaustive search on
(Q4,QB). o

i) For each point (Q4', Q) on a certain 2D-grid (whose

determination will be discussed later on), each base sta-
tion ¢ A, B solves the system S¢(Q#,QF) intro-
duced by Theorem 2. Solving S¢(Q4', Q) for arbitrary
values (Q1', QF) can be easily achieved by Base Station
c thanks to a simple single-cell procedure. Focus, for in-
stance, on Cell A.

727

¢ Base Station A solves the single cell resource alloca-
tion Problem 1 assuming that the interference level co-
incides with QB , and that the nuisance constraint Q is
setto Q = Qf The (unique) solution is provided by
Theorem 1 and Proposition 1.

If the resulting power Y-, v;', Py transmitted in the
interference band P4 is equal to the nuisance con-
straint @f (i.e., constraint C6 holds with equality),
then the resulting value of (L4, 8it, B5', £4) coincides
with the unique solution to system S4(Q#, Q). This
claim is the immediate consequence of Proposition 1.
If the power Y, v Py is less than Q7' (ie.,
constraint C6 holds with strict inequality), then
(LA, B, Bst, €4) is clearly not a solution to system
SA(Q7, QP), as equality (25) does not hold. In this
case, it can easily be seen that S4(Q<, Q) has no
solution. The point (Q1*, QF) cannot correspond to
a global solution as stated by Theorem 2 and is thus
eliminated.

ii) Base Station A evaluates the power

QF(QL,QF) = 2’71?,11313?1 + ’71?,2171?,2
k

that would be transmitted if the interference level and the
nuisance constraint were respectively equal to Q{s and
Q~’14. This value is then communicated to Base Station B.
Base Station B proceed in a similar way.

iii) The final value of (Q', QP) is defined as the argument
of the minimum power transmitted by the network:

(Q1.QF) =g min QH@LQP)+ QF(G. QD).

Note that the optimal resource allocation algorithm as de-
scribed above does not require the intervention of a central con-
trolling unit supposed to have access to the two base stations
and to users’ information (position and data rate). We only as-
sume that both base stations can communicate via a special link
dedicated to this task. The algorithm is thus distributed. This
special link will be only used to exchange a limited number of
messages. Indeed, the only values that need to be exchanged be-
tween the two base stations are Q7 (Q1', QF) and QZ (Q7', QF)

L¢ = min {l =1... Kc/qll’l_i(_czi)F (gll’l_'(_czi)az) < gi2F (gi2b1) } (22)
Bl (9t 50) = 2 n-285) @)
e (2525t 4o oClona) = o el
L
> viaPia = Q5 (25)
k
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corresponding to the couples (QA Ql ) for which the two sys-
tems of equations S4(Q<, QP) and SB(Q4, QP) have a solu-
tion. Algorithm 2 given below summarizes the steps involved in
the optimal resource allocation.

Algorithm 2 : Optimal distributed allocation algorithm

1. Single cell processing
Cell A

for each (Q7, QF) do
{’Yf?,ivpzfi}i,k — Solve S4(Q
Algorithm 1 with Q = Qfl‘l

it Y5 74, P2, = Qf then

Q%( Nf‘v @{3) — Zi:l,Z ZkK=A1 ’Yl?,ipléi
end if

end for

Cell B

for each (Q1',QF) do

{72:, PP }ir — Solve SP(Q7', QF) using
Algorithm 1 with Q = QF

. K13 ~
ift> fy,]f:lP,fl = (P then

~ ~ KB
Q?(Qf: Q{B) — 21::1,2 D k=1 7131'17151‘
end if
end for
2. Cooperation between BS A and B
(Qf? QlB) — argnlin(@f,@f’) Q?( 1147 Q{B) + Q?(Q?, Q{B)
3. Resource allocation in each cell
Cell A
{’kalu Pkili}i,k — Solve SA(Q?? QlB) using
Algorithm 1 with Q@ = Q‘f‘
Cell B
{fy,ff,i, P}f,;}i,k — Solve SB(
Algorithm 1 with Q@ = QP

i, Q7) using

i QF) using

1) Determination of the Search Domain in (Q3,QP): In
order to limit the complexity of the proposed approach, the
search for (Q1', Q) should be restricted to a certain compact
domain, say

Q(l‘ € [0, Qmax]

for each c. For instance, a possible value for Q,,x can be de-
fined as the total power that would be spent by the two base sta-
tions if one would use the naive and suboptimal resource alloca-
tion which consists in only transmitting in the protected bands
P4 and Pp. Clearly, the latter value of Q. is a constant w.r.t.
4 and QP and can be computed beforehand. A second way
to restrict the search domain is to make use of a simple sub-
optimal multicell resource allocation algorithm prior to the use
of our algorithm (see for instance the suboptimal algorithm de-
fined in Part II of this work). In this case, it is possible to restrict
the search for (Q1', QF) to a well-chosen neighborhood of the
couple (Q7, Q{B)Subopt provided by the suboptimal solution.
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2) Complexity Analysis: In order to get an idea about the cost
of applying the optimal allocation, we provide in the following a
computational complexity analysis of this algorithm as function
of the number of users K in the system. For that sake, recall
that the system of equatlons SC( 4 QlB ) must be solved for
each possible value of (Q4', Q) inside a 2D-grid contained in
a compact interval.

For each point (Q:,QP) of the 2D-grid, solving
S°(Q4', Q) can be done by a procedure similar to Algorithm 1.
Recall that during each iteration of the latter algorithm, the value
of L¢ should be determined by solving L¢ = min {l =1...
K/(g1/(L+€)F (gaa7) < gi2F (gu2bf) }. This re-
quires that a certain subset of parameters {af,bf} should be
computed first. It can be shown that the number of operations
needed to compute af, b5 is of order O(K°). Furthermore, we
argued in Section III-C that the determination of L° can be
done by dichotomy, computing a; and bj only for a limited
number, namely log, K¢, of values of [. The overall com-
plexity of finding L for a fixed £ is therefore of the order of
O(K*“log, K°).

Once L¢ is determined, the following step of Algorithm 1
consists in solving the system of (13)—(16) in variables 3¢, 5.
This system of non linear equations can be solved using
Newton-like iterative methods. One can verify by referring
to [27] that the latter system requires a computational com-
plexity proportional to O(K ). The computational complexity
associated with each iteration of Algorithm 1 is therefore
dominated by the cost of computing L°, which is of order
O(K°“log, K€). Denote by N; the number of iterations of
Algorithm 1 needed till convergence. We conclude that the
overall computational complexity of solving S¢(Q3', Q%) is of
the order of O(IV; K€ log, K°).

Denote by M the number of couples (Q%,QP) in the
2D-grid. The overall computational complexity of the al-
gorithm can be obtained by multiplying the cost of solving
S¢(Q4, QB) for each point of the 2D-grid by M the number
of points in the grid. The latter overall cost is therefore of
the order of O(MN;K*logy, K*) + O(MN;K?log, KB),
which is itself of order O(M N, K log, K) in the particular
case KA ~ KB ~ K/2.

Note from the above discussion that the determination of the
pivot-user L in each cell for each value of (QA QP) is one of
the costliest operations in solving S C(QA Ql ) and that it dom-
inates the overall complexity. This is why we propose in Part II
of this work a simplified resource allocation algorithm which
uses a predefined value for the pivot-distance. The simplified al-
gorithm turns out to have a computational complexity of order
O(K), as opposed to the computational complexity of the op-
timal algorithm which is of the order of O(M N; K log, K).

V. SIMULATIONS

In our simulations, we considered a free space loss (FSL)
model characterized by a path loss exponent s = 2 as well
as the so-called Okumura—Hata (O-H) model for open areas
[28] with a path loss exponent s = 3. The carrier frequency is
fo = 2.4 GHz. At this frequency, path loss in decibels is given
by pap(z) = 20log;(z) + 100.04 in the case where s = 2,
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Fig. 2. Power versus v for s = 2, D = 500 m, K4 = K = 25,r, =
5 Mb/s.

where z is the distance in kilometers between the BS and the
user. In the case s = 3, pap(z) = 30log,(z) + 97.52. The
signal bandwidth B is equal to 5 MHz and the thermal noise
power spectral density is equal to Ny = —170 dBm/Hz. Each
cell has a radius D = 500 m and contains the same number of
randomly distributed users (K = K 2). The rate requirement
of user £ in bits/sec/Hz is designated by Ry. The distance sep-
arating each user from the base station is considered a random
variable with a uniform distribution on the interval [0, D]. The
joint resource allocation problem for Cells A and B (Problem 2)
was solved for a large number of realizations of this random dis-
tribution of users and the values of the resulting transmit power
were averaged. Computing the mean value of the total transmit
power with respect to the random positions of users is intended
to get results that do not depend on the particular position of
each user but rather on global information about the geographic
distribution of users in the cell. We give now more details on the
way simulation were carried out.

Define x as the vector containing the positions of all the
users in the system i.e., x = (1,%2,..., Tk« )= 5. Recall
that Vk, x; is a random variable with a uniform distribution
on [0, D]. For each realization of x, denote by Qr(x, «) the
minimal total transmit power that results from a global solution
to the multicell resource allocation problem (Problem 2) i.e.,

Qr(x,a) = Y ._ap (Zlgzl Wei+ Z?:LC W§,2> where
(’Yﬁ,pWﬁ,l;’Yﬁ,pW;f,g)ce{A,B},kzL...,Kc is a global solution
to Problem 2 described by Theorem 2. Define r; = Zszl R, B
as the sum rate of the users of Cell ¢ measured in bits/sec. We
consider first the case where all the users have the same rate
requirement Ry = Ry = --- = Rp.. Figs. 2 and 3 represent,
for a sum rate requirement of = 5 Mb/s (Mega bits/sec) and
r = 10 Mb/s respectively and assuming s = 2, the mean value
of Qr(x, &) normalized by its minimum value w.r.t « i.e., the
ratio Ex[Qr(x, a)]/Ex[Qr (X, )], where ay is the value of
the reuse factor « that minimizes E[Qr(x, «)]. Figs. 4 and 5
plot the same quantity for r = 5 Mb/s and » = 10 Mb/s
respectively, but with the difference that it assumes s = 3.
The error bars in the aforementioned four figures represent the
variance of Q7 (x, a) i.e., Ex[(Qr(x, o) — Ex[Q7(x, a)])’].
For each value of x and of the reuse factor o, Q7 (X, ) was
computed using the optimal resource allocation algorithm of

s=2, D=500m, K*=KB=25
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Fig. 3. Power versus a fors = 2, D = 500 m, K4 = K¥ = 25,r, =
10 Mb/s.
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Fig. 4. Power versus a fors = 3, D = 500 m, K* = KZ = 25, r, =
5 Mb/s.

s=3, D=500m, K*=KB=25

T T T T T

10°2 |

0.1

EIQ( X.c)VE[Q( X,t,)]

10"

o

Fig. 5. Power versus « for s = 3, D = 500 1, KA =KB =25,r, =
10 Mb/s.

Section IV. Power gains are considerable compared to the ex-
treme cases o = 0 (the available bandwidth is shared in an or-
thogonal way between Cells A and B) and o = 1 (all the avail-
able bandwidth is reused in the two cells). Note also that for
r+ = 10 Mb/s, o the optimal value of the reuse factor that min-
imizes Q7 (x, «) is smaller than the optimal value of the reuse
factor for r = 5 Mb/s. This result is expected, given that higher
values of r; will lead to higher transmit powers in order to satisfy
users’ rate requirements, and consequently to higher levels of
interference. More users will need thus to be protected from the
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TABLE I
PERCENTAGE OF THE PROTECTED USERS TO THE TOTAL NUMBER OF USERS
s=2|s=3
re =5 Mbps | 19.8% | 11.6%
r¢ = 10 Mbps | 30.0% | 18.7%
P s=2, D=500m
10 T T T T -
—4-optimal allocation
) -v-distributed scheme of [13]
S
A 3
2 107 ¢ 3
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o
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Fig. 6. Comparison between the proposed optimal scheme and the distributed
scheme of [13] for K4 = K ¥ = 25.

higher interference. For that purpose, a larger part of the avail-
able bandwidth must be reserved for the protected bands P 4 and
Pi. We also remark that in the case where s = 3, the value of
the reuse factor «y is larger than its value for s = 2. This is due
to the fact that when the path loss exponent is larger, the inter-
ference produced by the adjacent base station will undergo more
fading than in the case when the path loss exponent is smaller.
As a result, less users need to be protected from interference in
the case s = 3 compared to the case s = 2. (see Table I which
provides, in the two cases, the percentage of protected users to
the total number of users for 7, = 5 and r, = 10 Mb/s, pro-
vided that the corresponding value of « is used in each case).

We now compare the performance of our proposed resource
allocation with the distributed scheme proposed in [13]. The
latter scheme assumes a reuse factor a equal to one (all the
subcarriers can be reused in all the cells), in contrast to our
scheme which uses an optimized value of a. Fig. 6 plots the
average total transmit power [E[Q(TK) (x, av)] that results when
our proposed scheme is applied compared to the power that
results from applying the scheme of [13]. This comparison
was carried out assuming K4 = KB = 25,5 2 and
r4 = 5 Mb/s. The gain obtained when the proposed scheme
is applied is clear from the figure, and it increases with respect
to the total rate ;. We consider now the case when the rate
requirement is not the same for all users. In particular, we
assume that the rate requirement of each user is a random
variable that can take on one of two values with the same
probability. For example, consider the case K4 = KP = 25
and assume that the rate requirement of each user can either
be equal to 250 kb/s (kilobits/sec) with probability 0.5 or to
150 kb/s with the same probability. This means that the mean
rate per user is equal to 200 kb/s and that the mean total rate
per sector is equal to 7y 25 % 200 kb/s = 5 Mb/s.
Fig. 7 represents, assuming s 2, the mean value of
Qr(x,a) normalized by its minimum value w.r.t « ie.,
the ratio Ex[Qr(x,a)]/Ex[Qr(x, )], where «g is the

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 58, NO. 2, FEBRUARY 2010

s=2, D=500m, K*=KB=25

= 10"} 1
o
3
x
T
g
u
3
x
T
<)
i
10° } 1

0.6 0.8 1

Fig. 7. Power versus o for s = 2, D = 500 m, K4 = K = 25 assuming
random rate requirements.

value of the reuse factor « that minimizes E[Qr(x,)].
The error bars in the above figure represent the variance of
QT(X7 a) ie., [Ex[(QT(X7 a) - [EX[QT(X7 a)])Q] By com-
paring Figs. 2 and 7 we note that the normalized mean value
Ex[Qr(x,a)]/Ex[QT (X, ag)] is practically the same in the two
figures. Only the variance Ey[(Qr(x,a) — Ex[Q7(x, )])’]
is slightly different (its value is slightly larger in the case of
random rate requirements).

VI. CONCLUSION

In this paper, the resource allocation problem for a sector-
ized downlink OFDMA system has been studied in the con-
text of a partial reuse factor @ € [0,1]. The general solution
to the (nonconvex) optimization problem has been provided. It
has been proved that the solution admits a simple form and that
the initial tedious problem reduces to the identification of a re-
stricted number of parameters. As a noticeable property, it has
been proved that the optimal resource allocation policy is “bi-
nary”: There exists a pivot-distance to the base station such that
users who are farther than this distance should only modulate
protected subcarriers, while closest users should only modulate
reused subcarriers.

APPENDIX A
PROOF OF THEOREM 1

When the resource allocation parameters of users in Cell B
are fixed, it is straightforward to show that the ergodic ca-
pacity C, = Cj (’Y;f,l; ’Y,ﬁl’z, Wk’fl, W,fz) defined by (6) is
a concave function of v,‘:l, 7,‘:2, W,él, W,éQ (and hence
—Cr(Vit1> Vire> Wiy, Wik is convex). This is essentially due
to the fact that g, 1 = gk71(Q{3) can be treated as a constant
and does not depend on the optimization parameters. Thus, the
single cell resource allocation problem (Problem 1) is convex
in {2 it Wi, Wi beeqa,. k23 In the following, we
derive the KKT conditions in order to obtain the general form
of the solution and to prove the existence of L, (31, (B2, £ as
stated by Theorem 1. In particular, we prove that any optimal
resource allocation is binary i.e., there exists a certain pivot-in-
teger L such that v;', = 0 for k < L and v;', = 0 for k > L.
Furthermore, we prdve that there exist three parameters 51, B2
and ¢ such that (9)—(11) hold. As explained above, 31, 32, £ are
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the Lagrange multipliers associated with constraints C2, C3,
and C6, respectively.

KKT Conditions for Problem 1: In order to simplify the
notations and since we are only interested in users of Cell A, we
simply omit the superscript A in the sequel and define Q = Q4,
Vi1 = fy,f’l, etc. Denote by x 4 the vector of resource alloca-
tion parameters of users in Cell A ie., x4 = [(W)T, (y)T]"
where W = [W1717 W1,27 ceey WKA,I*, WKA,Z]T and
Y = Ma.720---5 VKA1 VKA 2) . The associated La-
grangian is equal to

KA
L=0Q- Z)\kck + 61 <Z’Yk,1>
k

k=1

+ 2 (Z %,2) - Z Vk,1Vk,1 — Z Vi, 2Vk,2
2 k 2

= ki Wiy = Y o Wep + 6y Wi, (26)
k k k

where \g, (1, B2 and ¢ are the Lagrange multipliers asso-
ciated respectively with constraints C1, C2, C3, and C6
of Problem 1, and where vy 1,V 2, ftk,1, bk,2 are the La-
grange multipliers associated with the positivity constraints
of Vi,1,Vk,2, Wi1, Wi, respectively. In the expression of
Cp, a technical difficulty arises from the fact that function
Yiei E [log (1 + gi.i(Wh.i/vx,:) Z)] is not differentiable at point
Yk, = 0. One can easily overcome this issue by replacing
the non-negativity constraint ;,; > 0 by the strict positivity
constraint vy, ; > €, for an arbitrary €y > 0. However, as this
point is essentially technical, we simply put ¢y = 0 with slight
lack of rigor. This assumption will simplify the presentation
without changing the results. The complete proof that does not
make this simplifying assumption can be found in [29]. We
now apply the Lagrange—Karush—-Kuhn-Tucker conditions to
characterize the optimal vector x 4. Taking the derivative of
(26) with respect to W, ; and v, ;(i = 1,2) leads to

1=AegriE | ———p——= | —pr,i +£6; =0
L+gn,i ‘;ﬁj Z
(27
W, m Wi
—AE 10g<1+gk,i Bt Z) - A”W’irk — | +8i—vk,i =0
Vi 1+ gk, 'Yk.,; z
(28)

where §; = 1if ¢« = 1 and §; = 0if i = 2. We can easily
show that the constraint R;, < Cj, must hold with equality, and
is always active in the sense that the Lagrange multiplier Ay
associated with this constraint is strictly positive. Identifying
parameter A\, in (27) and (28) yields f (gx:(Wk.i/Yki)) =
9k,i(Bi — vi,i) /(1 — prs + €6;), where f is the function de-
fined by (8). Replacing the value of gy ;(Wy ;/vk:) in (27)
by [~ (gr,i(Bi — vi,i)/ (1 — pki + £6;)) directly provides the
following equation:

9k i(/Bi - Vm))
L— pigi + €6 = Age i F | 20— 29
Pri+ € kJk, <1 T (29)

where F' is the function defined by (15). Define A; = {k/vi,; =
0}. In other words, A, is the set of users of Cell A being as-
signed non zero share of the band Z, and A, is the set of users
of Cell A being assigned non zero share of P 4. By complemen-
tary slackness, we may write on the opposite A; = {k/vr; =
0} where E denotes the complementary set of any set £ C
{1,... K*}. After some algebra, it can be shown that Vi =0
implies pg; = 0. Thus,

ki Gk,i
L+&6; \ 146

On the other hand, if v ; > 0, KKT conditions lead to

Vk e .A,

@-) = (0

ki 9k i
1+80; \1+86

To prove that inequality (31) holds, one needs to sepa-
rate the two possible cases Wy; = 0 and W;; > 0.
i) If Wi; = 0, (28) leads to 3; = v . Thus, (29) is
equivalent to 1 — pg; + €6 = Argr:, which implies
that gi /(1 +66;) < )\,;1 since pr,; > 0. Noticing
that F ((gr:/(1+&6;))Bi) < 1 and multiplying this
inequality by the previous one, we obtain the desired
(31). ii) If Wi; > 0, complementary slackness condi-
tion pp;Wy; = 0 along with (29) lead to pg; = 0 =
L+ &6 — Megril (gr,i(Bi — vi,i) /(1 — i +€63)). As
function F(z) is strictly decreasing, F' ((gx,i/(1+ £6:))5:)
< F(gr,i(Bi = vi,i)) /(1 = pai + 86i) = (14 €6i)/(Argr,i)-
We thus obtain inequality (31) as well.

To summarize, every global solution to our optimization
problem can thus be characterized by the following set of
conditions:

1) for every k € A;:

VEk € A;, [31-) <A @D

9k i 9k,i 1
14+&6; (1+§51‘,ﬂ) ko

2) forevery k € A;:

Wii _ 1,00 ki,
T <1+£61-@>
(32)

“)

ki Ok,i
14 £6; 14 &4

ﬁ) <A Wri=0  (33)

3
" owG=R. Ywi=a
k

Zﬁ’kz:l;a; f(ZWk,l—Q> =0.
% %

We determine now which users are in A; and which are in As.
For that sake, the following conjecture will be revealed useful
in the sequel. Define h(z) = z(F~'(xz)) /F~'(z).

Conjecture 1: Function f(z) is strictly convex. Function
h(z) is nonincreasing on the interval (0, 1).

In order to validate the above conjecture, Figs. 8 and 9 repre-
sent, respectively, the second derivative of f which is obviously
positive, and the first derivative of h, which is obviously nega-
tive on (0, 1). We show now that (30) and (31) are sufficient to
prove that the following lemma holds.

Lemma 1: Any global solution to Problem 1 is “binary”
i.e., there exists a user L in Cell A such that -y, o = 0 for closest
users k < L, and 7,1 = O for farthest users k > L.
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Proof: Define L = min.A; as the closest user to
the base station among all users modulating in the pro-
tected band P,4. By definition of L, we have 72 =

= vr-1,2 = 0 which is equivalent to the first part
of the desired result. Now we prove the second part i.e.,
YL+1,1 = - = Yga,1 = 0. To simplify notations, we define
for each user k, gr.1 = gi,1/(1 + &). By definition, L € A,.
By immediate application of the above KKT conditions,
9r2F(gr.,202) = )\,;1 > gr1F (gr,161). As F is decreasing,
we obtain By < (1/gr,2)F " ((9r,1/91.,2)F (§1,151)). Now
consider a second user k£ > L + 1 and assume by contradiction
that £ € A;. Using the same arguments, it is straightforward to
show that B2 > (1/gx,2) =" ((gr,1/9k,2) F' (g1,11)). Putting
all pieces together, (1/gx2)F = ((Gr1/9k.2)F (Gr151))
< (1/gr2)F~ ((gr.1/91,2)F (gr.131)). We now prove that
the above inequality cannot hold when & > L. To that end,
we introduce the following notations. Define « = §r. 101,
r = pr/pr.t = or/or and s = 0% /(o2 (1 + £)). Using these
notations, the above inequality reduces to

%F‘l (stF (rtx)) < F~1 (sF (z)). (34)
Note that in the above inequality, all variables , s, ¢ are strictly
less than one. We now prove with the help of Conjecture 1 that
the above inequality leads to a contradiction. In fact, Conjecture
1 states that function f(x) is strictly convex. As f(x) is also
strictly increasing, its inverse f~! is strictly concave strictly
increasing. Therefore, for every ¢ < 1 and for every y > 0,
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f~1(ty) > tf~'(y). Using the definition of function F'(z), itis
straightforward to show that the latter inequality leads to

Y(r,s,t) € (0,1)3, lZ’j_l(stF(trx)) > 1F_l(sF(rw))

r T (35)
for each real z.. As function h(z) = z(F~(z))'/F~*(x)isnon
increasing on (0, 1), it can be shown after some algebra [29] that
function 7 — (1/r)F~Y(sF(rz)) is decreasing on (0, 1). As a
consequence,

Y(r,s) € (0,1)%, %Fﬁl(sF(rx)) > F Y(sF (). (36)
Clearly, (35) and (36) contradict inequality (34). This proves the
desired lemma. ]

Lemma 1 establishes the “binary” property of any global so-
lution to Problem 1. One still needs to prove that (9)—(11) hold.
Fortunately, these equations result directly from combining the
above claim with (32) and (33).

APPENDIX B
PROOF OF THEOREM 2

Notations: In the sequel, x4p represents a
vector of multicell allocation parameters such that
xap = [xaT,xT|T where x4 = [(WHT, (4HT)T
and xg = [(WEB)T (42)T]T and where for each

¢c = AB, W = [W{,Wiy,...,Wie,, Wi ,]" and
Y = 1V 2s s Vice 10 Vice o) - We respectively denote
by Qi(xc) = >, Wi, and Qa(x.) = >, Wy, the powers
transmitted by Base Station c in the interference band Z and
in the protected band P.. When resource allocation x4p is
used, the total power transmitted by the network is equal to
Q(xap) = 22, Q1(xc) + Qa2(xc).

Recall that Problem 2 is nonconvex. It cannot be solved
using classical convex optimization methods. Denote by
x* 5 = [x% T, x%5T]T any global solution to Problem 2.

Characterizing X% g Via Single Cell Results: From x% g
we construct a new vector X 4 g which is as well a global solution
and which admits a “binary” form: For each Cell ¢, v} ; = 0 if
k> L¢and~; , = 0if k < L°, for a certain pivot-integer L°.
For each Cell c: vector X 4 is defined as a global solution to the
single cell allocation Problem 1 when

a) the admissible nuisance constraint

Q = Q1(x4);
b) the gain-to-interference-plus-noise ratio in band 7 is set
to gr,1 = gr1 (Q1(x5)).
Vector xp is defined similarly, by simply exchanging A and
B in the above definition. Denote by x45 = [x47,xp7T|"
the resource allocation obtained by the above procedure. The
following Lemma holds.

Lemma 2: Resource allocation parameters x 4p and x7, 5
coincide: x4p = X% 5.

Proof: 1t is straightforward to show that x 4 g is a feasible
point for the joint multicell Problem 2 in the sense that con-
straints C1-C5 of Problem 2 are met. This is the consequence
of the low nuisance constraint Q1(x.) < Q1(x%) which en-
sures that the interference which is produced by each base sta-
tion when using the new allocation x 4 5 is no bigger than the
interference produced when the initial allocation x% 5 is used.

Q is set to
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Second, it is straightforward to show that x4 is a global so-
lution to the multicell Problem 2. Indeed, the power Q1 (x.) +
(Q)2(x.) spent by Base Station ¢ is necessarily less than the ini-
tial power Q1(x%) + Q2(x%) by definition of the minimization
Problem 1. Thus, Q(xap) < Q(x%g). Of course, as x5
has been chosen itself as a global minimum of @, the latter in-
equality should hold with equality: Q(x45) = Q(x% ). There-
fore, x* 5 and x4 are both global solutions to the multicell
Problem 2. As an immediate consequence, inequality Q1 (x.) +
Q2(x.) < Q1(x%)+ Q2(x}) holds with equality in both Cellsc:

Q1(xc) + Q2(xc) = Qu(xc) + Q2(x2). (37

Clearly, x% is a feasible point for Problem 1 when setting con-
stant @ = Qq1(x%) and gr1 = gr1 (Q1(x})). Indeed con-
straint C6 is equivalent to Q1(x%) < Q and is trivially met
(with equality) by definition of Q. Since the objective function
Q1(x%) + Q2(x%) coincides with the global minimum as in-
dicated by (37), x% is a global minimum for the single cell
Problem 1. By Theorem 1, this single cell problem admits a
unique global minimum x 4. Therefore, x* = x4. By similar
arguments, Xp = Xp. [ |

Using the above Lemma along with Theorem 1, we conclude
that any global solution x% 5 to the joint multicell Problem 2 sat-
isfies (19)—(21), where parameters L¢, 3, 35,£° for c = A, B
in the latter equations can be defined as in Section III-C using
values g1 = gr1 (Q1(x%)) and Q = Q1(x}). The proof of
Theorem 2 is thus complete.
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