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Abstract—In this paper we study the problem of evaluat-
ing the reconstruction distortion in the wavelet domain when
adaptive lifting schemes (ALS) are used for the direct and
inverse transform. The distortion evaluation is necessary in
order to perform efficient resource allocation over the transform
coefficients. ALS is a non-linear transformation, which prevents
using common techniques for distortion evaluation. However we
show the equivalence of this non-linear scheme with a time-
varying linear filter, and we generalize the distortion computation
technique to it. Experiments show that the proposed method
allows a reliable estimation of the distortion in the transform
domain. This results in improved coding performance.

I. INTRODUCTION

Wavelet transforms (WT) have become extremely popular
over the past years in signal and image processing, but they
have some characteristics limiting the applicability. Standard
WT do not completely fit to higher-dimension signals, as
for example natural images, because they are very effective
in representing smooth signals with pointwise discontinuities,
but fail in representing discontinuities along regular curves,
as image contours [1]. Moreover, the linear filters used in
WT risk to oversmooth important signal features (disconti-
nuities and singularities) and this could be a problem in a
large number of applications in which it is desirable to have
multiresolution representations that leave intact these types
of characteristics. These observations have led researchers to
look for new approaches for transformation, introducing non-
separable transforms and geometric-based techniques [2], [3],
[4]. A promising approach to find new and more efficient
transforms consists in using lifting schemes to build content-
adaptive wavelet decompositions [5], [6], [7]. In particular,
Heijmans, Piella and Pesquet-Popescu [8], [9] have proposed
an adaptive lifting scheme (ALS) using seminorms of local
features of images in order to build a decision map that
determines the lifting update step, while the prediction step is
fixed (see Fig. 1). One of the most interesting features of this
adaptive transform is that it does not require the transmission
of side information, since the decision on the update step can
be made with the information available at the synthesis stage.

However, the adaptive lifting schemes can result in strongly
non-isometric transforms. This can be a major limitation, since
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Fig. 1. Lifting scheme with adaptive update first.

all most successful coding techniques rely on the distortion
estimation in the transform domain. For example, the EBCOT
[10] algorithm, at the basis of the JPEG2000 standard [11],
explicitly uses the wavelet coefficient distortion as an es-
timation of the reconstructed image distortion in order to
compute the resource allocation. Likewise, popular zero-tree
based algorithms like SPIHT [12] and EZW [13] perform
an implicit resource allocation by encoding first the most
significant bits of transformed coefficients: this is efficient only
if the distortion estimated in the transform domain is a good
approximation of the distortion for the reconstructed image.

From these observations we conclude that, in order to
efficiently use the ALS for image compression, for example
by incorporating it into a JPEG2000 coder, we need to
correctly estimate the distortion directly from the transform
coefficients. Usevitch showed how this can be done for generic
linear wavelet filter banks [14]. We extend this approach to
the inherently non linear ALS. This is possible because, as
we shall show below, the non-linearity in this case can be
expressed as a linear time-varying system.

The remainder of the paper has the following structure.
After a brief recall about adaptive wavelets in Section II, we
derive the weights for a one-level decomposition in Section III
from the equivalent polyphase matrix formulation. In Sec-
tion IV and V we extend the technique to multiple decompo-
sition levels and multi-dimensional signals, and in Section VI
we give the experimental results. Finally Section VII draws
conclusions and proposes future developments of this work.



II. ADAPTIVE LIFING SCHEME

The adaptive update wavelet transform we consider here,
realized via adaptive lifting schemes, is the one presented in
[8]. The general scheme is shown in Fig. 1: the polyphase
components of the input signal x are analyzed in order to
determine a decision map d(k). According to it, different
update steps can be performed: for example, when the decision
map highlights important features like contours or singulari-
ties, a weaker filter (or no filtering at all) can be used. On
the other hand, the prediction step is not adaptive. In [8]
authors described sufficient conditions for this transform to
be perfectly reversible without having to send the decision
map, which actually can be recovered from the transformed
subbands.

We introduce the following notation: x is the original signal;
yij is the generic wavelet subband, where i ∈ I identifies the
decomposition level starting from 0, and j ∈ J identifies the
channel. Usually J = {0, 1}, with 0 used for the low-pass and
1 for the high-pass channel, but more channels can be used,
for example in the case of multi-dimensional transforms. The
subbands produced by a single-level decomposition are called
y00 and y01, like in Fig. 1. For an ALS, the decomposition is
described by the following equations:

y00(k) = αd(k)x(2k) +
∑
n∈Z

βd(k)(n)x(2k + 1 − 2n) (1)

y01(k) = x(2k + 1) −
∑
n∈Z

γ(n)y00(k − n), (2)

where x(k) is the input signal and d(k) is the decision
map, which in general can assume D values in the set
D = {0, 1, . . . ,D − 1}. We note that, according to the value
of the decision map at time k, we use one out of D linear
update filters. However, since the decision map depends at
its turn on the input signal, the whole system is inherently
non-linear. Typically, the decision map accounts for the local
behavior of the signal, allowing to discriminate low-activity
signal segments from highly variable parts: for example in [9]
the decision map is a threshold function of the local gradient
seminorm1.

From the previous equations it is easy to find out the
synthesis equations:

x(2k + 1) = y01(k) +
∑
n∈Z

γ(n)y00(k − n) (3)

x(2k) = α′
d(k)y00(k) −

∑
n∈Z

β′
d(k)(n)x(2k + 1 − 2n), (4)

where we used the shorthand symbols α′
d(k) = 1/αd(k) and

β′
d(k) = βd(k)/αd(k).
Multiple decomposition levels and wavelet packets can be

obtained by applying the same transform of Eqs. (1), (2) to any
subband. We consider only the case of dyadic decompositions
(i.e. only the low-pass channel is further decomposed) because

1In the same paper, the authors showed which conditions the decision map
and the update filter should comply in order to assure perfect reconstruction.
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Fig. 2. Equivalent filter bank for synthesis ALS, two decomposition levels.

it is more popular, but our analysis can be easily extended to
any decomposition scheme.

III. EQUIVALENT POLYPHASE MATRICES FOR ALS

The ALS is a non-linear system, therefore no polyphase
representation of it can exist. However, if we forget about the
dependence of d(k) on x and just look at equation (4), we can
see it as a linear, time-varying system.

The representation of the ALS as a linear time-varying
system allows us to find out the relationship between the
distortion in the transform domain and in the original domain,
using tools which were originally developed for linear systems.
In particular, as shown in [14], once we have found the
equivalent polyphase representation of the ALS, the distortion
D in the original domain is related to the distortion Dij in the
wavelet subband yij by the relation:

D =
∑
ij

wijDij , (5)

where the weights wij are computed based on the reconstruc-
tion polyphase matrix of subband yij . Since the non-linearity
of the system depends on d rather than on the whole input
signal x, we will find that the weights depend in general
only on d. An even simpler result is found for the one-level
decomposition case, as we show in the sequel.

Let us now compute the synthesis polyphase matrices,
starting from the mono-dimensional case, then we will show
how to extend this analysis to the bi-dimensional case. We
call G00 and G01 the synthesis matrices (see Fig. 2). The
reconstruction process amounts to obtaining x from y00 and
y01:

x = G00y00 + G01y01, (6)

where the bold font refers to the vector form of the recon-
structed signal and of the wavelet sub-bands. This equation
tells us that the 2k-th [resp., (2k + 1)-th] row of G00 is the
contribution of the low-pass channel to the even [resp., odd]
sample x(2k) [resp., x(2k+1)]. The 2k-th [resp., 2k+1] row
of G01 is likewise the contribution of the high-pass channel
to the even [resp., odd] sample x(2k) [resp., x(2k+1)]. From
Eq. (3) we observe that the odd rows of G00 and G01 can be
expressed as:

G00(2k + 1, n) = γ(k − n) (7)

G01(2k + 1, n) = δk−n, (8)



where δk is the Kronecker symbol:

δk =
{

1, if k = 0
0, otherwise.

As far as the even rows are concerned, we develop the
expression of x(2k) from Eq. (4). It is easy to find that:

x(2k) = −
∑

n

β′
d(k)(k − n)y01(n)

+ y00(k)

[
α′

d(k) −
∑
m

γ(m)β′
d(k)(−m)

]

−
∑

n

y00(n)
∑
m

β′
d(k)(k − n − m)γ(m).

(9)

From the last equation we obtain the expression of the generic
element on an even row of G00 and G01:

G00(2k, n) = α′
d(k)δn−k − Σmβ′

d(k)(k − n − m)γ(m) (10)

G01(2k, n) = −β′
d(k)(k − n). (11)

The structure of the reconstruction polyphase matrices is
summarized in Fig. 3 and 4. We note that the decision map d(·)
influences only the 2k-th row in both reconstruction matrices.
Therefore, the even rows of the reconstruction matrices differ
from one another only for the corresponding value of d, be-
sides the fact that there is an horizontal shift of the coefficients.

A. Weight computation

Let us introduce the matrices:

G(h)
0j = G0j

∣∣
d=[h h ... h] (12)

For example G(0)
00 is the low-pass channel reconstruction

matrix that we would have if the decision map was always
equal to zero. We can compute the weights associated with
these matrices: they are the weights that we should apply when
considering a non-adaptive LS. From [14], we have:

w
(h)
0j =

2
N

∑
n,m

G(h)
0j (n,m)

2
.

We can develop it as:

w
(h)
0j =

2
N

∑
n

[∑
m

G(h)
0j (2n,m)

2
+

∑
m

G(h)
0j (2n + 1,m)

2

]

=
∑
m

G(h)
0j (0,m)

2
+

∑
m

G(h)
0j (1,m)

2
. (13)

The last equation takes into account the fact that all even [resp.,
odd] rows are equal but for a shift, so the sum of their squared
values can be obtained from any even [resp., odd] row.

In the adaptive case we have:

w0j =
2
N

∑
n,m

G0j(n,m) 2

=
2
N

∑
n

[∑
m

G0j(2n,m) 2 +
∑
m

G0j(2n + 1,m) 2

]
.

We know that the values of the reconstruction matrix on the
couple of rows 2n and 2n + 1 only depend on d(n):

G0j(2n,m) = G(d(n))
0j (2n,m)

G0j(2n + 1,m) = G(d(n))
0j (2n + 1,m).

So we can write:

w0j =
2

N

∑
n

[∑
m

G
(d(n))
0j (2n, m)

2
+

∑
m

G
(d(n))
0j (2n + 1, m)

2

]

=
2

N

∑
n

[∑
m

G
(d(n))
0j (0, m)

2
+

∑
m

G
(d(n))
0j (1, m)

2

]

=
2

N

∑
n

w
d(n)
0j ,

where we used Eq. (13). If we denote by Nh the number of
occurrences of the value h in the decision map, we can write:

w0j =
D−1∑
h=0

2Nh

N
w

(h)
0j . (14)

In other words, the weight of each subband depends only on
the relative frequency of the various symbols in the decision
map. The relative frequencies are used as multiplicative co-
efficients in order to find the adaptive weight as a function
of the “non-adaptive” ones. It is interesting to see that even
though the ALS is inherently non-linear, we can find such
a simple and intuitive relationship between its weights and
those of linear lifting schemes. Unfortunately, the relationship
becomes more complex when more than one decomposition
level is performed.

IV. EXTENSION TO MULTIPLE LEVELS

In this section we show how to compute the weights for an
ALS when more than one decomposition level is used. Co-
herently with the notation used for the wavelet subbands, we
define Gij as the reconstruction matrix for the decomposition
level i and for the channel j (see Fig. 2). For example, the low-
pass subband at level i−1 can be obtained from the subbands
at level i via the matrices Gij :

yi−1,0 =
∑
j∈J

Gijyij (15)

It is obvious that Gij has the same structure as G0j , except
that we have to use the appropriate decision map at level i,
denoted by di(·). Let us now introduce d(h)

i as a vector whose
k-th component is:

d(h)
i (k) =

{
1 if di

(�k
2 �

)
= h

0 otherwise.
(16)

Finally, let us define D(h)
i = diag(d(h)

i ). It is easy to see that:

Gij =
D−1∑
h=0

D(h)
i G(h)

ij , (17)

where G(h)
ij is defined similarly to G(h)

0j in Eq. (12). In other
words, the synthesis matrix (at any decomposition level) for
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Fig. 3. Structure of the matrix G00. Highlighted cell is in position (2k, k).
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Fig. 4. Structure of the matrix G01. Highlighted cell is in position (2k, k).

the ALS is composed by selecting the 2k-th and (2k + 1)-th
rows of the non-adaptive matrix determined by the map value
di(k).

It is easy to remark that the reconstructed signal can be
expressed using recursively Eq. (15). We obtain:

x =
∑
ij

Aijyij ,

where (i, j) ∈ {(0, 1), (1, 1), (2, 1), . . . , (N − 1, 1), (N − 1, 0)}.
The reconstruction matrices can be computed as:

A01 = G01 (18)

Ai1 = Gi1

i−1∏
�=0

G�0, ∀i ∈ {1, ..., I − 1} (19)

AI−1,0 =
I−1∏
i=0

Gi0. (20)

We observe that Aij is the product of the matrices correspond-
ing to the filters between the subband yij and the reconstructed
signal x. This is still true when the decomposition is non-
dyadic or more than two channels are used.

In conclusion, in order to get the weight for the yij subband,
we have to:

1) Compute all the matrices G�k needed to build Aij using
Eqs. (7), (8), (10) and (11);

2) Compute Aij using the appropriate equation among
(18), (19), and (20);

3) Obtain wij as the average of the column norms of Aij .

Unfortunately, the simple interpretation of the ALS weights
obtained for the one-level decomposition does not hold any-
more when more levels are used, because of the matrix product
in Eq. (19) or Eq. (20).

V. EXTENSION TO NON-SEPARABLE MULTI-DIMENSIONAL

DECOMPOSITIONS

The ALS can be extended to the bi-dimensional case in or-
der to obtain the adaptive transforms of images. We consider a
number of non-separable bi-dimensional transforms presented
in [9]. This case can be treated as the mono-dimensional one,
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Fig. 5. The bi-dimensional signal x represented via four channels; x has
2M columns, and k = Mn + m.

with the difference that more than two channels are used
at each level. The input signal x is divided into J = 4
channels, as shown in Fig. 5. The ALS analysis equations
are the following:

y00(k) = αd(k)x0(k) +
∑
j �=0

∑
n∈Z

βj,d(k)(n)xj(k − n) (21)

y0j(k) = xj(k) −
∑
�<j

∑
n∈Z

γj,�(n)y0�(k − n), ∀j �= 0 (22)

The synthesis equations can be easily obtained from the
analysis ones. Then, the equivalent polyphase matrix for recon-
struction, G0j , can be obtained by evaluating the contribution
of the wavelet subband y0j to the channel xi for i = 0, 1, 2, 3.
This process is perfectly analogous to the one described in
Section III. The result is that the G0j matrices are composed
of blocks of J rows, from the Jk-th to the (Jk+J−1)-th row.
The Jk-th row depends on the k-th value of the decision map;
the other J−1 rows are independent of it. As in the 1-D case,
the ALS w0j (one-level decomposition) can be obtained as
weighted average of non-adapted weights. However, here we
do not report the computation of the reconstruction matrices



in the general case expressed by Eqs. (21) and (22), for the
sake of simplicity and also because actual prediction filters
have a much simpler form. For example, the predict operators
proposed in [9] are the following:

y01(k) = x1(k) − y00(k) (23)

y02(k) = x2(k) − y00(k) (24)

y03(k) = x3(k) − y00(k) − y01(k) − y02(k) (25)

In the remainder of the paper we will consider this kind of
predict operators. In this case, G00 has the following structure:

G00(4k, n) = α′
d(k)δk−n −

∑
j �=0

β′
j,d(k)(k − m)

G00(4k + 1, n) = δk−n

G00(4k + 2, n) = δk−n

G00(4k + 3, n) = δk−n

Similar results can be found for the other matrices. Once one
has obtained the first level decomposition matrices, the weights
wij can be computed recursively as in the 1-D case.

VI. EXPERIMENTAL RESULTS

A. Test Lifting Schemes

In this section we validate the results previously obtained
for some simple ALS. We shall consider three bi-dimensional
non-separable ALS presented in [9]. These are binary ALS, in
the sense that one out of two update filters is chosen at each
time. In all the three cases, when d = 1, the update step does
not perform any filtering, that is α1 = 1 and βj,1(n) = 0 for
all j and n. This happens when discontinuities are detected,
so that they are preserved at low resolution levels without
smoothing.

The three filters differ for the update step in homogeneous
regions (besides the way the decision map is computed, see
[9] for details). The first one, which we will refer to as ALS
A, when d = 0 has the following update operator:

y00(k) =
1
2

[x0(k) + x1(k) + x2(k) − x3(k)] .

The second one is denoted by ALS B. When d = 0, it uses
the following update:

y00(k) =
1
2
x0(k)

+
1
4

[x1(k) + x2(k) + x1(k − 1) + x2(k − M)]

−1
8

[x3(k) + x3(k − 1) + x3(k − M) + x3(k − M − 1)] ,

where the input signal has 2M columns (see Fig. 5). Finally,
we consider an ALS that we call ALS C, whose update step
for d = 0 is:

y00(k) =
1
2
x0(k)

+
1
8

[x1(k) + x2(k) + x1(k − 1) + x2(k − M)] ,

TABLE I
RELATIVE ERROR OF THE ENERGY ESTIMATION.

Number of decomposition levels
ALS 1 2 3 4 5

A No weights 59.77% 74.69% 81.45% 85.31% 87.74%
A Weighted 0.23% 0.36% 0.56% 0.89% 1.61%

B No weights 61.84% 77.09% 83.70% 87.24% 89.28%
B Weighted 0.31% 1.53% 2.93% 4.35% 4.61%

C No weights 42.87% 60.01% 69.26% 75.02% 78.83%
C Weighted 0.17% 0.27% 0.44% 0.54% 1.15%

While for ALS A and B the prediction is performed with
Eq. (23)-(25), for the ALS C, the last equation is simplified
to:

y03(k) = x3(k) − y00(k).

In [9] it is shown that ALS A [resp., ALS B] corresponds
to a decision map which is insensitive to first [resp., second]
degree polynomials. This means that the first 2 ALS respond
to higher degree polynomials by adapting the update. The third
ALS is sensitive to high values of the discrete Laplacian of
x. Several other ALS are described in [9] and related works
and the results for these other schemes are similar to those
reported in the following.

B. Distortion evaluation in transformed domain

A first experiment was conducted in order to validate the
weights computed with the proposed method. As shown in
[14], if the error signal in a subband yij (i.e. the quantization
noise) is white and uncorrelated to the other subband errors,
the distortion in the original domain D is related to the
distortion in the wavelet domain by Eq. (5). In order to verify
this relationship we generated white Gaussian noise for the
coefficients in each transform subband. Then we estimated
the distortion in the wavelet domain as the energy of the error
signal. We considered two cases: in the first one we used the
weights as in Eq. (5); in the second one we used wij = 1 for
all subbands. This means that we estimated the distortion in the
wavelet domain without using weights. Then the two distortion
estimations were compared to the real distortion, obtained as
energy of the error signal after the inverse transform. The per
cent relative errors of the two estimations are reported in Tab. I
for our three test ALS.

These results show that, on one hand, these ALS are quite
far from orthogonal, so the distortion in the transform domain
is a poor estimation of the actual distortion. On the other hand,
with the weights computed with the proposed method, the
distortion estimation becomes much more reliable.

C. Bit-rate allocation

The ability of reliably estimating the distortion in the
transform domain gives consistent benefits in a compression
scheme. In this section we show some quantitative results
about the improvement that a correct use of weights gives
w.r.t. not using any weight at all.

To this end, we used a simple compression scheme, which
is very similar to the original one proposed in [9]. The input
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Fig. 6. Rate distortion curves for Lena with and without weights. Left, ALS A; center, ALS B; right ALS C.

TABLE II
PSNR IMPROVEMENTS BY USING WEIGHTS

ALS A ALS B ALS C
Rate (bpp) 0.5 1.0 0.5 1.0 0.5 1.0

Lena 1.6dB 1.5dB 2.9dB 2.3dB 2.0dB 2.0dB
House 1.5dB 1.2dB 1.7dB 1.8dB 2.1dB 1.9dB
Peppers 0.9dB 0.8dB 1.7dB 1.6dB 2.1dB 1.8dB
Cameraman 1.7dB 1.4dB 1.7dB 1.7dB 1.5dB 1.5dB
Barbara 2.7dB 2.2dB 3.2dB 2.6dB 3.2dB 2.4dB

image is transformed with one of the three test ALS and
quantized with a dead-zone quantizer. An optimal bit-rate
allocation algorithm is ran [15] to choose the quantization
step for each subband such that the spatial domain distortion
expressed via Eq. (5) is minimized for the assigned target rate.
Then the inverse transform is applied on quantized coefficients,
and the resulting distortion is computed. In order to assess the
effect of weights, we carried out the same compression scheme
using unitary weights for all subbands. Finally, we compared
the rate/distortion curves for the two schemes.

We performed this experiment on the images Lena, House,
Peppers, Cameraman, and Barbara. The RD curves for Lena
are reported in Fig. 6 and the PSNR improvements com-
pared with no weights over the five images at 0.5 and
1.0 bpp are reported in Tab. II (full results available at:
http://wpage.unina.it/sara.parrilli/mmsp08). We see that using
weights brings a consistent gain, irrespective of the ALS used.
We see that higher benefits are obtained at low rate; however
the improvement is remarkable even at higher bit-rate.

VII. CONCLUSION AND FUTURE WORK

In this work we showed how to estimate the reconstruction
distortion in the transform domain when an interesting class of
non-linear transforms, the ALS, is employed. The basic idea is
that the non-linearity of these schemes can be seen as a time-
variable behavior. In this way, we can compute the weights
allowing us to estimate the distortion in the transform domain
via a weighted average of subband distortions. The method we
propose can be used with any ALS with adaptive update. Ex-
perimental results show that using these weights the distortion
assessment becomes very reliable. As a consequence, coding
techniques based on distortion minimization benefit from a
better distortion estimation and give better performance, as

we showed in Section VI-C. This demonstrates the necessity
of using appropriate weights when ALS are employed in a
compression scheme.

Future work will focus on the generalization of the proposed
technique to more complex and better performing ALS, like
adaptive predict schemes or the ALS proposed in [16].
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