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Abstract

A decomposition scheme for 3D fuzzy objects is presented. The decomposition is guided by a fuzzy distance transform (FDT) of the
fuzzy object and aims to decompose the fuzzy object into simpler parts. Relevant voxels, corresponding to the ‘‘centres’’ of the parts, are
detected on the FDT and suitably grouped, using a hierarchical clustering technique, into significant seeds for the decomposition. A
region growing process is then applied to the seeds. The region growing process makes use of the reverse fuzzy distance transform, which
is introduced in this manuscript. The decomposition scheme is illustrated using real data from different applications of which one, namely
the identification of the three parts of the Immunoglobulin G antibody imaged using cryo electron tomography, is described more in
detail.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

A frequently occurring image analysis task is to, starting
from a grey-level image of fairly low resolution, identify
and separate blob-like structures that are clustered. With
low resolution we here refer to the fact that each blob is
represented only by a small number of voxels. The applica-
tions in mind are often found in biomedical cell image anal-
ysis, where the image acquisition system used typically can
generate an image with a resolution higher than 1 lm. Still
each blob can consist of less than 100 voxels. One such
example is microscopy images of localised fluorescence sig-
nals from molecular identification events in situ (Larsson
et al., 2004; Landegren et al., 2004). Separation of clustered
signals, or blobs, is essential for exact positioning and
counting of the number of blobs in a sample. Another
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example is to identify parts of individual proteins imaged
using cryo electron tomography (Bongini et al., 2004; Sin-
torn and Mata, 2004). The number of parts and their rela-
tive position is often the key to understanding how flexible
a protein is and how it can interact with, or bind to, other
proteins or substances. In both cases, no distinct borders to
the background exist for the blobs of interest (fluorescence
signals and parts of proteins, respectively). This, together
with the fact that each blob consists only of a small number
of voxels (less than 100 and less than 1500 voxels, respec-
tively), make shape analysis difficult.

Various types of blob separation algorithms, applicable
to 2D or 3D images, based on shape information can be
found in the literature (Vincent, 1993; Roysam et al.,
1994). In most cases, the algorithms have as an input a
crisp set. Hence, a preprocessing step during which the
objects of interest are delineated is necessary. For this step,
a key issue is often uneven background intensity. Several
approaches have been taken to treat this problem such as
using flexible Poisson image models (Roysam et al., 1994)
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or seeded watershed segmentation (Wählby et al., 2004).
Once the objects of interest have been delineated they are
(further) decomposed by applying shape-based segmenta-
tion method, e.g., watershed segmentation of the distance
transform of the objects to be decomposed (Vincent and
Soille, 1991; Vincent, 1993).

Our aim is to achieve a more robust separation by com-
bining shape and grey-level information. We propose a
decomposition scheme which can be applied to a fuzzy
object, see Zadeh (1965), and uses a fuzzy distance trans-
form, see Saha et al. (2002), as well as statistical methods
for clustering of relevant voxels, see e.g., Duda et al.
(2001). In this way, the preprocessing step to delineate
the objects of interest is eliminated, or made less crucial
for the result of the decomposition scheme. The intention
with this manuscript is to present the general idea of a
decomposition scheme that we believe will come useful in
a number of applications, with suitable adjustments.
We describe in detail the various steps of the method and
illustrate its usefulness in various applications.

In Svensson and Sanniti di Baja (2002), a decomposition
scheme for 3D discrete objects was presented. The decom-
position scheme for 3D fuzzy objects proposed in this man-
uscript follows to some extent the same steps as Svensson
and Sanniti di Baja (2002), but using a fuzzy setting. The
decomposition scheme for 3D discrete objects uses a region
growing process based on the reverse distance transform.
Following the same approach, we here introduce and
use the reverse fuzzy distance transform (RFDT). To our
knowledge, the RFDT has not been used before.

The algorithm is developed for 3D fuzzy objects, as the
application we have in mind is for 3D images (cryo electron
tomographic images of proteins), but can equally well be
applied to 2D fuzzy objects. In fact, we give examples from
two different applications, one making use of 2D images
(fluorescence microscopic images of tissue slices from carci-
noma of the prostate) and one of 3D images. The different
steps of the algorithm is illustrated on 2D images for visu-
alization purposes. The performance on cryo electron
tomographic images of proteins is described in detail in
Section 5.

2. Preliminaries

We recall the definition in (Zadeh, 1965): let X be the
reference set, then a fuzzy subset A of X is defined as a
set of ordered pairs A ¼ fðx; lAðxÞÞjx 2 Xg, where
lA : X ! ½0; 1� is the membership function of A in X. A
3D fuzzy digital object O is a fuzzy subset defined on Z3,
i.e., O ¼ fðp; lOðpÞÞjp 2 Z3g, where lO : Z3 ! ½0; 1�.

The notion of grey-weighted distance was introduced by
Rutovitz (1968). This concept was put into a theoretical
framework and denoted the fuzzy distance transform
(FDT) by Saha et al. (2002). The notion of fuzzy distance
between two voxels p and q is defined as being the shortest
length of a path between p and q. The length POðpÞ of a
path p = hp = p1, . . . , pm = qi is
POðpÞ ¼
Xm�1

i¼1

1

2
ðlOðpiÞ þ lOðpiþ1ÞÞ � kpi � piþ1k; ð1Þ

where kÆk denotes the Euclidean norm and is used to cal-
culate the local spatial distance between pi and pi+1.

As pointed out by Saha et al. (2002), the FDT can be
computed using a raster scan approach similar to the one
used for computing the distance transform of a 3D binary
image (Borgefors, 1996). However, it is computationally
inefficient due to the fact that, differently from for binary
images, repeated sets of forward and backward scans are
necessary. The number of iteration is different depending
on the problem domain and may be large. Therefore, Saha
et al. (2002) propose a dynamic programming approach for
a fast implementation.

For visualization purposes (see Section 5), we in this
manuscript use information from the membership function
often referred to as fuzzy connectedness, cA (Rosenfeld,
1979). For cA, the strength of membership of a contiguous
path puv between two voxels u and v in a fuzzy subset A is
defined as the smallest membership value along the path
and the degree of connectedness cAðu; vÞ as the strongest
path between u and v, i.e.,

cAðu; vÞ ¼ max
p2puv

min
e2EðpÞ

lAðeÞ
� �

; ð2Þ

where puv is the set of all paths between u and v and EðpÞ
is the set of all voxels along the path p.

Given a set of points in a feature space, in our case
applied for points in Z3, hierarchical clustering can be used
to find natural clusters of the points, see, e.g., Duda et al.
(2001). Hierarchical clustering is an unsupervised clustering
technique, which is suitable in cases where the number of
clusters is unknown. Starting from a set of p points, the
first partitioning is into p clusters, the next into p � 1 clus-
ters, and so on until the pth partitioning where one cluster
is reached. At each level, the two clusters that are currently
most similar, according to some similarity measure, are
merged. The most common representation of hierarchical
clustering is a corresponding tree, called dendrogram,
showing how the points are clustered and at what degree
of similarity clusters are merged. The similarity measure
between two clusters is dependent on the definition of the
distance between two points as well as the definition of
the linking rule used for the clusters. The distance between
points can be, for example, the Euclidean distance. For
linkage rules, one commonly used is

dmaxðDi;DjÞ ¼ max
x2Di ;x02Dj

kx� x0k; ð3Þ

where Di and Dj are cluster i and j. When Eq. (3) is used, the
result is a so called farthest-neighbour clustering algorithm,
or maximum algorithm. If the algorithm is set to terminate
when the distance exceeds an arbitrary threshold, it is called
complete linkage algorithm. This process discourages the
growth of elongated clusters and is preferable to use when
the true clusters are compact and roughly the same in size.



Fig. 1. (a) Fuzzy object O with S ¼ fðc1; r1Þ; ðc2; r2Þg shown overlayed.
(b) Fuzzy balls grown from S.
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Another type of linkage is the weighted pair-group method
using centroids (WPGMC) which is available in most pack-
ages for statistical analysis of data, there often referred to as
median distance. It was first proposed by Gower (1967).
The centroid Di for cluster i is calculated as

Di ¼
1

n

Xn

j¼1

xj; ð4Þ

where xj are the points belonging to cluster i. The weighted
centroid ~Di for cluster i is defined recursively. If the cluster
i is created by combining clusters p and q, then

~Di ¼
1

2
ð ~Dp þ ~DqÞ: ð5Þ

Centroid clustering in general is based on the simple
geometric assumption that the centroid of the cluster can
be imaged as the type-object of the cluster. Using only
the distance between centroids may introduce a bias if cer-
tain centroids are overrepresented in the data. This effect is
reduced by using the described weighted approach.

A decision on the number of cluster most natural for the
set is based on information of dissimilarity found in the
dendrogram. For more details on hierarchical clustering,
we refer to Duda et al. (2001) or any other book on
statistics.

3. The reverse fuzzy distance transform

In this section, we introduce the reverse fuzzy distance
transform (RFDT) as well as give implementation aspects
of the FDT and the RFDT.

A (crisp) object O 2 Zn can be treated as a set of balls
Bi ¼ fx 2 Znjdðci; xÞ 6 rig for some distance function
d : Zn! R with centre points ci 2 Zn and radii ri 2 R, for
i = 1, . . . , m, where the union of the set,

Sm
i¼1Bi, is equal

to O. Hence, O can be represented by S ¼ fðci; riÞji ¼
1; . . . ;mg. O is recovered from S by adding a ball of radius
ri to each ci. This recovery process is efficiently imple-
mented using the reverse distance transform (RDT). The
RDT is computed by propagating local distance informa-
tion in two scans over the image starting from a set of
points each assigned with a distance label, e.g., S, and
results in an grey-level image containing a ball centred on
each of the points having radius equal to the distance label
of the points. See, e.g., the work by Nyström and Borgefors
(1995). We remark that for a crisp object O 2 Zn, one often
used S is the set of centres of maximal balls from which it
is guaranteed that O can be recovered by the process
explained above (Arcelli and Sanniti di Baja, 1988).

The RDT can be used as a region growing process,
where we start from a set of seeds each assigned with a dis-
tance label as well as an identity label according to some
labeling processing. The identity of each seed is propagated
together with decreasing distance information. The result is
that points in the image are labelled with the identity of the
closest point in S.
We generalize RDT to a fuzzy setting resulting in the
reverse fuzzy distance transform (RFDT). In this case,
decreasing fuzzy distances are propagated on the fuzzy
object. We illustrate the effect using a synthetic image
example. In Fig. 1(a), a 2D fuzzy object O is shown. Its
support is outlined for easier interpretation. The set
S ¼ fc1; c2g is shown overlayed. ri is set to be equal to
the shortest fuzzy distance from ci to the complement of
the support of O. The fuzzy balls corresponding to S are
shown in Fig. 1(b). Due to the choice of ri, the fuzzy balls
will reach the border of O, but not further. In places where
a pixel can be reached both from c1 and from c2, the iden-
tity is set to be the one giving the shortest fuzzy distance to
the seed. The fuzzy balls are diagonally elongated due to
the distribution of the membership values in O.

Saha et al. (2002) suggested to use the Euclidean dis-
tance as the spatial local distance between voxels when
computing the FDT (Eq. (1)). We use Eq. (1) for the com-
putation of the FDT and the RFDT but with the h3,4,5i
distance, i.e., the local spatial distance between two face
neighbours is weighted 3, two edge neighbours 4, and
two vertex neighbours 5, instead of the Euclidean distance
following the concept of weighted distance transforms for
binary images (Borgefors, 1996). By using the h3,4,5i dis-
tance, we can work with integer numbers and still achieve
a good approximation of the Euclidean distance.

As mentioned in Section 2, Saha et al. (2002) suggest to
use dynamic programming for an efficient implementation
of the FDT. For simplicity we use repeated raster scans.
Increasing distances are propagated over the image in
repeated sets of forward and backward scans. The FDT
is found as soon as no further updating of distance labels
are done during one complete set of scans. The algorithm
is similar to that of computing a distance transform of a
binary image (Borgefors, 1996), with the difference that
for a binary image only one set of scans is necessary. When
the h3,4,5i distance is used for calculating the FDT, infor-
mation from a 3 · 3 · 3 neighbourhood of the voxel v, i.e.,
its 26 nearest neighbours, is taken into account. For a voxel
v, its already visited neighbours (during the current scan),
n1, . . . , n13, are investigated. For each nm, the fuzzy dis-
tance from the border of O to v passing through nm is com-
puted. This is done by adding the local fuzzy distance
between v and nm to the fuzzy distance value currently
stored in nm. If any shorter path is found than the one
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already stored in v, the fuzzy distance value of v is updated
with the found smaller value. The local fuzzy distance
between v and nm is given by Eq. (1).

The algorithm for computing the FDT is formalized by
the following. The weights used in the forward and the
backward scans for estimating the local spatial distance
between v and nm based on the h3,4,5i distance are found
in Fig. 2. The weights are denoted by w(i, j,k), where i =
�1, 0, 1; j = �1, 0, 1; and k = �1, 0, 1 correspond to the
local x-, y-, z-coordinates of the voxels nm, m = 1, . . . , 26,
around v. The local coordinates (i, j,k) used in the forward
scan are said to belong to the set F and the one used in the
backward scan to the set B. One set of forward and back-
ward scans for the computation of the FDT of an image I
of size X · Y · Z can then be summarized by the following
pseudo code. Note that for voxels placed on the image bor-
der, the weight mask is suitably reduced.

for z ¼ 1 to Z

for y ¼ 1 to Y

for x ¼ 1 to X

Iðx; y; zÞ ¼ min
ði;j;kÞ2F

Iðxþ i; y þ j; zþ kÞ þ 1

2
ðlOðx; y; zÞ

�

þlOðxþ i; y þ j; zþ kÞÞ �wði; j; kÞ
�

for z ¼ Z downto 1

for y ¼ Y downto 1

for x ¼ X downto 1

Iðx; y; zÞ ¼ min
ði;j;kÞ2B

Iðxþ i; y þ j; zþ kÞ þ 1

2
ðlOðx; y; zÞ

�

þlOðxþ i; y þ j; zþ kÞÞ �wði; j; kÞ
�

The RFDT can be computed using repeated raster scans
in a similar way as is described above for the FDT with the
difference that decreasing instead of increasing distances
Fig. 2. Weights for the estimating the local spatial
are propagated from the input voxels. The RFDT is found
as soon as no further updating of distance labels are done
during one complete set of scans. For a voxel v, its already
visited neighbours (during the current scan), n1, . . . , n13,
are investigated. For each nm, the fuzzy distance informa-
tion propagated from the input voxels to v passing through
nm is computed. This is done by subtracting the local fuzzy
distance between v and nm from the fuzzy distance value
currently stored in nm. If any larger fuzzy distance value
is found than the one already stored in v, the fuzzy distance
value of v is updated with the found larger value. The local
fuzzy distance between v and nm is again given by Eq. (1).
Note that for the computation of the local fuzzy distance,
lOðvÞ and lOðnmÞ need to be known. This means that the
RFDT is actually computed on the fuzzy object O. The
algorithm for computing the RFDT is formalized in the
same way as for the FDT, again with the difference that
the local fuzzy distance is subtracted instead of added.

4. A decomposition scheme for fuzzy objects

In this section, the decomposition scheme for fuzzy
objects is described and motivated.

Our aim is to identify individual blob-like structures
from a cluster consisting of blob-like structures represented
as a fuzzy object. A small example of such a situation is
shown in Fig. 3. It corresponds to part of an optical slice
from a 3D image of fluorescence labeled detection probes
aimed for mitochondrial DNA in vitro (Larsson et al.,
2004). As mentioned in the Introduction, typical for the
objects we have in mind is that the resolution is poor, in
the sense that each blob consists of a rather small number
of voxels (e.g., the blobs in Fig. 3 are less than 50 pixels
each). Moreover, no distinct borders exist, hence making
it difficult to delineate the object from the background.
These two facts make binary shape analysis difficult and
(presumably) with unstable results. We therefore propose
a fuzzy setting.
distance between two voxels used in Eq. (1).



Fig. 3. Decomposition of a cluster of blob-like structures: (a) the membership values; (b) local maxima shown overlayed on the FDT; (c) fuzzy balls grown
from the seeds; (d) decomposition of the fuzzy object.
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For binary objects, the most internal part of a convex
blob is identified as being one or several local maxima of
the distance transform (DT), see, e.g., Svensson and San-
niti di Baja (2002). However, an initial binarisation process
is necessary. Instead, we compute the FDT of the fuzzy
object corresponding to the blob-like structure of interest.
In the same way as for the DT of a binary object, locally
maximal fuzzy distance values are found in correspondence
with the most internal parts of fuzzy blobs. Local maxima
of the FDT are identified and used as seeds for the decom-
position scheme.

In Fig. 3(b), the FDT of the fuzzy object in Fig. 3(a) is
shown with its five local maxima overlayed.

In the ideal case, we have one local maximum corre-
sponding to each blob in the cluster, as for the example
in Fig. 3. However, this is not always the case when work-
ing with real data. The fuzzy border can be jagged as in
Fig. 4, where a synthetic fuzzy object is shown. In this
example, four local maxima are found corresponding to
two blobs. To reduce this effect, smoothing can be applied
as a preprocessing step. We use a different approach to
have more control over the process. Local maxima corre-
sponding to the same blob are presumably spatially close
and are therefore grouped using a clustering technique.
For this purpose, local maxima are labelled (using the algo-
rithm described in Thurfjell et al. (1992)) and hierarchical
clustering is applied. The reason for choosing hierarchical
clustering is that the number of groups is in most cases
not known a priori. In such cases, an analysis of the result-
ing dendrogram is used to take a decision on the number of
groups most suitable for the processed data set according
Fig. 4. Decomposition of a synthetic fuzzy object: (a) membership values; (b)
FDT; (c) fuzzy balls grown from the seeds; (d) decomposition of the fuzzy ob
to some application dependent criteria. Such criterion
could be, for example, largest accepted diameter of a
cluster set, which would correspond to a threshold on the
smallest excepted distance between blobs (Duda et al.,
2001).

In the following, we denote each resulting cluster a seed.
Hence, a seed consists of a number of voxels having the
same identity label. Each voxel in the seed has, together
with an identity label, a fuzzy membership value as well
as a fuzzy distance value. The fuzzy membership values
and the fuzzy distance values are used in the region grow-
ing process that follows.

Once the seeds are identified, a region growing process is
applied to the seeds. In order to have a fuzzy shape based
region growing process, we use the RFDT. The RFDT is
computed starting from the seeds. Decreasing fuzzy dis-
tance information is propagated together with the identity
label of the seed. In this way, a fuzzy ball of radius equal to
the FDT value of the voxel is grown from each local max-
imum and each voxel is assigned the identity label of its
closest seed, according to the fuzzy distance. The member-
ship values needed to compute the RFDT are found on the
fuzzy object for which the FDT was computed. The RFDT
is computed once, treating all seeds simultaneously. Due to
the properties of the RFDT, the union of the fuzzy balls
is a subset of the original fuzzy object.

In general, the fuzzy balls are not enough to assign all
voxels in the fuzzy object with an identity label. This is
due to the fact we calculate fuzzy balls starting from the
set of local maxima found on the FDT and not from the
set of centres of maximal fuzzy balls, the analogy of centres
seeds (consisting of two groups of local maxima) shown overlayed on the
ject.
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of maximal balls for the crisp case. To our knowledge, this
latter concept is still left to be defined and is a research
topic of its own. In this manuscript, we limit ourselves to
using local maxima and therefore, a second step of region
growing is necessary. Non-labelled voxels are ascribed to
their closest part, according to the fuzzy distance. For this
purpose, we compute the FDT starting from the already
identified parts. Fuzzy distance information is propagated
together with the identity label. In the same way as for
the RFDT, the FDT is only computed once, treating all
parts simultaneously.

The results after applying the RFDT are shown in Figs.
3(c) and 4(c) and the final decompositions in Figs. 3(d) and
4(d), respectively.

Most voxels are assigned during the first step of region
growing (102 out of 186 for the example in Fig. 3 and
291 out of 455 for the example in Fig. 4).

To summarize, the decomposition scheme consists of the
following steps:

(1) computing the FDT of the fuzzy object to be
decomposed,

(2) identifying local maxima on the FDT,
(3) grouping of local maxima into seeds by hierarchical

clustering,
(4) region growing to identify the parts corresponding to

the seeds
Fig. 5.
shown
(a) growing of fuzzy balls for the seeds by compu-
tation of the RFDT, including propagation of
seed identity,

(b) ascribing identity to the remaining voxels in the
fuzzy object by computation of the FDT,
including propagation of seed identity.
The computational complexity to a large extent depends
on the number of scans necessary to compute the FDT and
the RFDT, respectively. This number differs depending on
the image content. Typical for the images shown in this
manuscript is that two to three sets of forward and back-
ward scans are needed each time the FDT or the RFDT
is computed. Each scan is fast as it only involves local
computations around each pixel.
Decomposition of a fluorescence microscopic image of a tissue slice fro
overlayed on the FDT; (d) resulting decomposition.
The usefulness of (3), grouping of local maxima into
seeds by hierarchical clustering, is illustrated on the image
shown in Fig. 5(a), a fluorescence microscopic image of a
10 lm tissue slice from carcinoma of the prostate. Cell
nuclei are stained with the fluorescent dye DAPI and the
pixel-size is 0.1 · 0.1 lm. The image belongs to a set of
images used in a study by Erlandsson et al. (2003). The
fuzzy objects are identified using one of the fuzzy segmen-
tation methods presented by Pal and Rosenfeld (1988)
(minimization of fuzziness using entropy as a measure of
fuzziness) and are shown in Fig. 5(b). Following the pro-
posed decomposition scheme, the FDT is computed and
local maxima are identified. The local maxima are grouped
into seeds using hierarchical clustering with Euclidean dis-
tance and WPGMC linkage. We use WPGMC as it is likely
that the local maxima of each cell nuclei is located near its
centroid. As mentioned in Section 2, the weighting used in
WPGMC is intended to reduce the bias that may occur
if certain centroids are overrepresented in the data. The
choice of WPGMC, instead of a similar non weighted cen-
troid based linkage, is reasonable as we may have many
local maxima. Clusters are formed as long as the Euclidean
distance between the clusters is less than 25 pixels, an
assumption based on a priori knowledge of the image data.
In Fig. 5(c), the seeds resulting after grouping of local max-
ima are shown overlayed on the FDT. In Fig. 5(d), the final
decomposition is shown. As can be seen in the image, cell
nuclei are identified in a satisfactory way except in a few
cases where the nuclei are partially outside the image.

The above proposed decomposition scheme differs from
the method proposed by Svensson and Sanniti di Baja
(2002) essentially in two ways. There, a segmentation of
the image into object and background is required. Further-
more, there is no clustering technique involved to group the
local maxima. Instead, a suitable subset of the set of centres
of maximal balls is used and the voxels in this set are
grouped into seeds by merging spatially close voxels using
morphological operations. Bengtsson et al. (2004) propose
a cell segmentation algorithm based on watershed segmen-
tation of the FDT computed from a fuzzy thresholded
image obtained by the same method as is used for Fig. 5.
The method is described for 2D images, but is easy to
m carcinoma of the prostate: (a) original image; (b) fuzzy objects; (c) seeds
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generalize to 3D images. Also compared with Bengtsson
et al. (2004), there are essentially two differences with our
method. No clustering is used for grouping of local max-
ima. Instead the local maxima are reduced by the h-extrema
transformation (Soille, 1999), which suppresses all maxima
whose depth is smaller than a threshold h. Despite suppres-
sion of shallow local maxima, the method results in an
oversegmentation of the objects and, hence, the need of a
subsequent merging process. Moreover, region growing is
perform by using watershed segmentation applied to the
FDT instead of the here proposed use of the RFDT. By
using hierarchical clustering of local maxima as is proposed
in this manuscript, a priori knowledge of the imaged mate-
rial, such as shape, is easier to incorporate in the algorithm.
This together with the fact that no segmentation of the
image into object and background, which is necessary for
the method proposed in (Svensson and Sanniti di Baja,
2002), are the advantages of our method.

5. Application of the decomposition scheme to cryo electron

tomographic data of proteins

The motivation for this work originates from a co-
operation with the Department of Cell and Molecular Biol-
ogy, Karolinska Institute, Stockholm, Sweden. Proteins,
for example the Immunoglobulin G (IgG) antibody, are
imaged individually using cryo electron tomography
(cryo-ET) and analyzed with respect to protein dynamics
to study the flexibilities of the antibody (Bongini et al.,
2004). The step from image acquisition to a suitable model
for the dynamic system has so far been done manually. For
large-scale studies, an automatic procedure is required. The
first step in such an automatic procedure is to identify the
different parts each protein consists of, i.e., the effector
domain (Fc stem) and its two fragment antigen-binding
arms (Fab arms) for the IgG antibody. See Fig. 6(a), where
three examples of IgG antibodies are shown. The Fc stem is
the lowest part in each of the shown antibodies. The size of
an IgG antibody in a cryo-ET image is around 1500 voxels
Fig. 6. (a) Volume rendering of three antibody IgG imaged by cryo-ET. (
with the used sampling (Creighton, 1993), pixel size 5.24 Å
and resolution 20 Å. For such a small object, shape
analysis applied to binarised data usually turns out to be
non-robust. For a detailed description on the cryo-ET
experiments, we refer to Sandin et al. (2004); Bongini
et al. (2004).

The grey-level for a voxel in a cryo-ET image reflects the
density of the imaged object in that specific point. Hence,
for this application, the fuzzy membership value for a voxel
is set to be proportional to its grey-level.

We apply the decomposition scheme for fuzzy objects
described in Section 4. For the hierarchical clustering, we
use Euclidean distance and complete linkage. In this case,
we use the a priori knowledge that the fuzzy object should
be decomposed into three parts. This means that the local
maxima will be grouped into three seeds that are spatially
as distant as possible. We remark that when the number
of clusters are known a priori, k-means clustering could
be used for grouping of local maxima. However, we prefer
to follow the general framework of the proposed decompo-
sition scheme for fuzzy objects. Complete linkage is chosen
to discourage the growth of elongated clusters (Duda et al.,
2001).

The decomposed IgG antibodies are shown in Fig. 6(b).
As explained above, the decomposition scheme is

applied directly to the grey-level image. For visualization
purposes, we compute the fuzzy connectedness cA (see
Eq. (2)) from the seeds and in Fig. 6(b), visualize only vox-
els with fuzzy connectedness to the seed larger than a
threshold a. a is chosen in such a way that the volume of
the corresponding crisp set is approximately what would
be expected for an IgG antibody being a 150 kDa macro-
molecule, i.e., 1500 voxels (Sandin et al., 2004; Creighton,
1993). The reason why we use fuzzy connectedness, instead
of a simple thresholding of the original grey-level image, is
the presence of noise in the images as well as the possibility
of interference with adjacent objects. Neither of the two
effect the decomposition scheme, but only effect the
binarisation.
b) Surface rendering of the corresponding decomposed fuzzy objects.
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The resulting decompositions (Fig. 6(b)) have been visu-
ally evaluated by experts at the Department of Cell and
Molecular Biology and the identified parts correspond to
the Fc stem and the two Fab arms in a satisfactory way.

In order to obtain an objective evaluation of the decom-
position scheme, we have constructed noise free images
from the protein’s atom positions deposited in a protein
data bank (PDB) (Berman et al., 2000). From a PDB entry,
a volume image, where the grey-level depict density, can be
generated by placing a gauss kernel at each atom position
and multiply by the mass of that atom (Pittet et al., 1999).
The total density, or grey-level, in a voxel is then calculated
by adding the contributions from gauss kernels of atoms in
the vicinity of the voxel. We have done this construction
for the protein itself as well as for the Fc stem and the
two Fab arms separately. Thus we have created a fuzzy
object O for which we know the identity of its different
parts. In Fig. 7, the parts obtained from PDB data and
the result when applying the decomposition scheme to O
are shown. O consists of 2451 voxels. In the PDB data,
884 voxels belong to the Fc stem, 763 voxels to one of
the Fab arms and 804 to the other Fab arm. In the decom-
posed object, the same parts are 888, 759, and 804 voxels
respectively. In total, less than 1.0% voxels were assigned
to an erroneous part.

In Sintorn and Mata (2004), an algorithm (inspired by
Svensson and Sanniti di Baja (2002)) for identifying the dif-
ferent parts of proteins in cryo-ET images was presented.
There, a delineation of the object is necessary. Thereafter,
the method operates on the initial grey-level image to find
local maxima. No clustering technique is used to group the
local maxima. This means that the resulting decomposition
may consist of more (or less) parts than what is known a
priori. The decomposition scheme for fuzzy objects pro-
posed here can be seen as an improvement of the method
by Sintorn and Mata (2004).

6. Discussion

We have presented a decomposition scheme for 3D
fuzzy objects. The decomposition scheme can be used in
many different applications. Specifically, we have shown
how it can be adapted to cryo-ET images of IgG antibodies
and that it, in this case, provides a robust decomposition
Fig. 7. Synthetic fuzzy object O (PDB ID 1igt): (a) parts obtained from
the PDB data and (b) the result when applying the decomposition scheme
to O.
into parts relevant for this specific antibody. The examples
shown here are part of a larger study where 58 IgG anti-
bodies have been studied (Svensson et al., 2006). Of these,
51 gave satisfactory results. The cases where the algorithm
failed was due problems with the image acquisition result-
ing in too low quality images. The validation was done
visually by experts at the Department of Cell and Mole-
cular Biology.

The IgG antibodies used for this manuscript are well
separated from other fuzzy objects, hence there are no
problems involving adjacent fuzzy objects. More in gen-
eral, the decomposition scheme for 3D fuzzy objects is
intended to be used as a blob separation algorithm (see
Fig. 5). In this case, the focus is to do the actual separation.
A subsequent analysis is then required to identify which
parts belong to which fuzzy object, if that information is
of interest.

The proposed algorithm contains a number of steps
which can be adjusted to suite the application at hand.
Those will be discussed below, giving suggestions of suit-
able modifications.

In most applications, it will be necessary to start from a
fuzzy object, not as for the cryo-ET images where we start
directly from the grey-level image. In such cases, more
sophisticated membership functions may be required to
identify the fuzzy object in a proper way. The membership
function may differ depending on the problem domain. See
Udupa and Saha (2003) for a recent review on the concept
of fuzzy connectedness and how it can be used in image
segmentation.

Instead of local maxima, extended maxima (Soille, 1999)
can be used to reduce the effect of noise. Extended maxima
are regional maxima of the h-extrema transformation,
which, in turn, is a tool to filter the image extrema using
a contrast criterion, where all maxima whose depths are
smaller than a threshold h are suppressed.

In the application shown in Section 5 (cryo-ET data), it
was known a priori that each fuzzy object consists of three
parts and, hence, should be decomposed into three parts.
This means that it is possible to use k-means clustering,
where k = 3, instead of hierarchical clustering. In other
applications, another number may be used or, which is
more likely, it can be the case that such a priori knowledge
does not exist as for the example shown in Fig. 5. In the lat-
ter case, the dendrogram computed during the hierarchical
clustering should be analyzed to find which is the suitable
number of clusters for the set of local maxima at hand.
Moreover, for all examples in this manuscript the Euclid-
ean distance was used. In other applications, the fuzzy dis-
tance between the local maxima is likely to be more
suitable for the hierarchical clustering. In fact, it is more
probable that the local maxima are close in fuzzy distance
sense than actually spatially close. This issue is currently
investigated. See Gedda and Svensson (2006) for some pre-
liminary results.

The output from this algorithm is a crisp decomposition
of a fuzzy object. One step further would be to develop a
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fuzzy decomposition scheme, i.e., resulting in a fuzzy
decomposition of a fuzzy object (allowing overlapping
parts).

Future work will be to evaluate the performance of the
proposed decomposition scheme for 3D fuzzy object for
other applications after suitable application dependent
modifications.
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Sandin, S., Öfverstedt, L.-G., Wikström, A.-C., Wrange, O., Skoglund,
U., 2004. Structure and flexibility of individual immunoglobulin G
molecules in solution. Structure 12 (3), 409–415.

Sintorn, I.-M., Mata, S., 2004. Using grey-level and shape information for
decomposing proteins in 3D images. In: IEEE International Sympo-
sium on Biomedical Imaging: Macro to Nano, 2004. (ISBI 2004).
Vol. 1. Arlington, VA, USA, pp. 800–803.

Soille, P., 1999. Morphological Image Analysis. Springer-Verlag.
Svensson, S., Gedda, M., Fanelli, D., Skoglund, U., Öfverstedt, L.-G.,
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