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Chapter 1

Introduction to Probability Theory

1.1 The Binomial Asset Pricing Model

The binomial asset pricing model provides a powerful tool to understand arbitrage pricing theory
and probability theory. In this course, we shall use it for both these purposes.

In the binomial asset pricing model, we model stock prices in discrete time, assuming that at each
step, the stock price will change to one of two possible values. Let us begin with an initial positive
stock price

��� . There are two positive numbers,

�

and �, with

� 
 �
 ��� (1.1)

such that at the next period, the stock price will be either

� � � or � ��� . Typically, we take

�

and �

to satisfy

� 
 � 
 	 
 �, so change of the stock price from

��� to

� ��� represents a downward
movement, and change of the stock price from

��� to � �� represents an upward movement. It is
common to also have

� � �� , and this will be the case in many of our examples. However, strictly
speaking, for what we are about to do we need to assume only (1.1) and (1.2) below.

Of course, stock price movements are much more complicated than indicated by the binomial asset
pricing model. We consider this simple model for three reasons. First of all, within this model the
concept of arbitrage pricing and its relation to risk-neutral pricing is clearly illuminated. Secondly,
the model is used in practice because with a sufficient number of steps, it provides a good, compu-
tationally tractable approximation to continuous-time models. Thirdly, within the binomial model
we can develop the theory of conditional expectations and martingales which lies at the heart of
continuous-time models.

With this third motivation in mind, we develop notation for the binomial model which is a bit
different from that normally found in practice. Let us imagine that we are tossing a coin, and when
we get a “Head,” the stock price moves up, but when we get a “Tail,” the price moves down. We
denote the price at time

	

by

�� � � � � �� if the toss results in head (H), and by

�� �! � � � ��� if it

11
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Figure 1.1: Binomial tree of stock prices with

� � � "

, �� 	 # �� $

.

results in tail (T). After the second toss, the price will be one of:��% �  � � � �� � � � � % �� � ��% � ! � � � �� � � � � � ��� �

��% �!  � � � �� � ! � � � � �� � ��% �! ! � � � �� �! � � �% ��&

After three tosses, there are eight possible coin sequences, although not all of them result in different
stock prices at time

'

.

For the moment, let us assume that the third toss is the last one and denote by(� )    �   ! �  !  �  ! ! � !   � !  ! � ! !  � ! ! ! *

the set of all possible outcomes of the three tosses. The set

(

of all possible outcomes of a ran-
dom experiment is called the sample space for the experiment, and the elements + of

(

are called
sample points. In this case, each sample point + is a sequence of length three. We denote the

,

-th
component of + by +- . For example, when + �  !  

, we have +� �  

, +% � !

and +. �  

.

The stock price

�- at time

,

depends on the coin tosses. To emphasize this, we often write

� - � + � .
Actually, this notation does not quite tell the whole story, for while

� . depends on all of +, ��%

depends on only the first two components of +, �� depends on only the first component of +, and��� does not depend on + at all. Sometimes we will use notation such

� % � +� � + % � just to record more
explicitly how

��% depends on + � � +� � + % � + . � .
Example 1.1 Set

��� � "

, � � $

and

� � � % . We have then the binomial “tree” of possible stock
prices shown in Fig. 1.1. Each sample point + � � +� � +% � +. � represents a path through the tree.
Thus, we can think of the sample space

(

as either the set of all possible outcomes from three coin
tosses or as the set of all possible paths through the tree.

To complete our binomial asset pricing model, we introduce a money market with interest rate �;
$1 invested in the money market becomes

/ � 	0 � � in the next period. We take � to be the interest

CHAPTER 1. Introduction to Probability Theory 13

rate for both borrowing and lending. (This is not as ridiculous as it first seems, because in a many
applications of the model, an agent is either borrowing or lending (not both) and knows in advance
which she will be doing; in such an application, she should take � to be the rate of interest for her
activity.) We assume that �
 	0 �
 �& (1.2)

The model would not make sense if we did not have this condition. For example, if

	0 � 1 �, then
the rate of return on the money market is always at least as great as and sometimes greater than the
return on the stock, and no one would invest in the stock. The inequality

� 1 	0 � cannot happen
unless either � is negative (which never happens, except maybe once upon a time in Switzerland) or� 1 	

. In the latter case, the stock does not really go “down” if we get a tail; it just goes up less
than if we had gotten a head. One should borrow money at interest rate � and invest in the stock,
since even in the worst case, the stock price rises at least as fast as the debt used to buy it.

With the stock as the underlying asset, let us consider a European call option with strike price23 �

and expiration time
	

. This option confers the right to buy the stock at time

	

for

2

dollars,
and so is worth

�� � 2
at time

	
if

�� � 2

is positive and is otherwise worth zero. We denote by
4� � + � � � �� � + � � 2 � 5 6� 789 ) �� � + � � 2� � *

the value (payoff) of this option at expiration. Of course,

4� � + � actually depends only on +� , and
we can and do sometimes write

4� � +� � rather than

4� � + � . Our first task is to compute the arbitrage
price of this option at time zero.

Suppose at time zero you sell the call for

4� dollars, where

4� is still to be determined. You now
have an obligation to pay off

� � � � � 2 � 5

if +� �  

and to pay off

� � ��� � 2 � 5

if +� � !

. At
the time you sell the option, you don’t yet know which value +� will take. You hedge your short
position in the option by buying

� � shares of stock, where

� � is still to be determined. You can use
the proceeds

4� of the sale of the option for this purpose, and then borrow if necessary at interest
rate � to complete the purchase. If

4� is more than necessary to buy the

� � shares of stock, you
invest the residual money at interest rate � . In either case, you will have

4� � � � �� dollars invested
in the money market, where this quantity might be negative. You will also own

� � shares of stock.

If the stock goes up, the value of your portfolio (excluding the short position in the option) is� � �� � � 0 � 	0 � � � 4� � � � �� � �

and you need to have

4� � �

. Thus, you want to choose

4� and

� � so that4� � � � � � �� � � 0 � 	0 � � � 4� � � � �� �& (1.3)

If the stock goes down, the value of your portfolio is� � �� �! � 0 � 	0 � � � 4� � � � ��� � �

and you need to have

4� �! � . Thus, you want to choose

4� and

� � to also have4� � ! � � � � �� � ! � 0 � 	0 � � � 4� � � � �� �& (1.4)
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These are two equations in two unknowns, and we solve them below

Subtracting (1.4) from (1.3), we obtain

4� � � � 4� � ! � � � � � �� � � � �� �! � � � (1.5)

so that

� � � 4� � � � 4� �! ��� � � � �� � ! �& (1.6)

This is a discrete-time version of the famous “delta-hedging” formula for derivative securities, ac-
cording to which the number of shares of an underlying asset a hedge should hold is the derivative
(in the sense of calculus) of the value of the derivative security with respect to the price of the
underlying asset. This formula is so pervasive the when a practitioner says “delta”, she means the
derivative (in the sense of calculus) just described. Note, however, that my definition of

� � is the
number of shares of stock one holds at time zero, and (1.6) is a consequence of this definition, not
the definition of

� � itself. Depending on how uncertainty enters the model, there can be cases
in which the number of shares of stock a hedge should hold is not the (calculus) derivative of the
derivative security with respect to the price of the underlying asset.

To complete the solution of (1.3) and (1.4), we substitute (1.6) into either (1.3) or (1.4) and solve
for

4� . After some simplification, this leads to the formula

4� � 		0 �
: 	0 � � �� � � 4� � � 0 � � � 	0 � �� � � 4� � ! � ;& (1.7)

This is the arbitrage price for the European call option with payoff

4� at time

	

. To simplify this
formula, we define

<= 6� 	0 � � �� � � � <> 6� � � � 	0 � �� � � � 	 � < =� (1.8)

so that (1.7) becomes

4� � 		0 � ? <= 4� � � 0 < > 4� �! �@& (1.9)

Because we have taken

� 
 �, both

< = and

< > are defined,i.e., the denominator in (1.8) is not zero.
Because of (1.2), both

<= and

<> are in the interval

�� � 	 � , and because they sum to

	

, we can regard
them as probabilities of

 

and

!

, respectively. They are the risk-neutral probabilites. They ap-
peared when we solved the two equations (1.3) and (1.4), and have nothing to do with the actual
probabilities of getting

 

or

!

on the coin tosses. In fact, at this point, they are nothing more than
a convenient tool for writing (1.7) as (1.9).

We now consider a European call which pays off

2

dollars at time

$

. At expiration, the payoff of
this option is

4% 6� � �% � 2 � 5

, where

4% and

�% depend on +� and + % , the first and second coin
tosses. We want to determine the arbitrage price for this option at time zero. Suppose an agent sells
the option at time zero for

4� dollars, where

4� is still to be determined. She then buys

� � shares

CHAPTER 1. Introduction to Probability Theory 15

of stock, investing

4� � � � �� dollars in the money market to finance this. At time

	
, the agent has

a portfolio (excluding the short position in the option) valued at

A� 6� � � �� 0 � 	0 � � � 4� � � � ��� �& (1.10)

Although we do not indicate it in the notation,

�� and therefore

A� depend on +� , the outcome of
the first coin toss. Thus, there are really two equations implicit in (1.10):

A� � � 6� � � �� � � 0 � 	0 � � � 4� � � � �B� � �A� � ! � 6� � � �� �! � 0 � 	0 � � � 4� � � � ��� �&

After the first coin toss, the agent has

A� dollars and can readjust her hedge. Suppose she decides to
now hold

� � shares of stock, where
� � is allowed to depend on +� because the agent knows what

value +� has taken. She invests the remainder of her wealth,

A� � � � �� in the money market. In
the next period, her wealth will be given by the right-hand side of the following equation, and she
wants it to be

4% . Therefore, she wants to have
4% � � � ��% 0 � 	0 � � � A� � � � �� �& (1.11)

Although we do not indicate it in the notation,

� % and

4% depend on +� and + % , the outcomes of the
first two coin tosses. Considering all four possible outcomes, we can write (1.11) as four equations:

4% �  � � � � � � �% �  � 0 � 	0 � � � A� � � � � � � � �� � � � �4% � ! � � � � � � �% � ! � 0 � 	0 � � � A� � � � � � � � �� � � � �4% � !  � � � � � ! � ��% � !  � 0 � 	0 � � � A� �! � � � � �! � �� �! � � �4% �! ! � � � � � ! � ��% � ! ! � 0 � 	0 � � � A� �! � � � � � ! � �� � ! � �&

We now have six equations, the two represented by (1.10) and the four represented by (1.11), in the
six unknowns

4� , � � , � � � �

,

� � �! � , A� � �

, and

A� �! � .
To solve these equations, and thereby determine the arbitrage price

4� at time zero of the option and
the hedging portfolio

� � , � � � �

and

� � � ! � , we begin with the last two

4% �!  � � � � � ! � ��% � !  � 0 � 	0 � � � A� �! � � � � �! � �� � ! � � �4% �! ! � � � � � ! � �B% � ! ! � 0 � 	0 � � � A� � ! � � � � � ! � �� �! � �&

Subtracting one of these from the other and solving for

� � � ! � , we obtain the “delta-hedging for-
mula”

� � �! � � 4% �!  � � 4% � ! ! ���% �!  � � ��% �! ! � � (1.12)

and substituting this into either equation, we can solve for

A� � ! � � 		0 � ? <= 4% �!  � 0 < > 4% �! ! �@& (1.13)
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Equation (1.13), gives the value the hedging portfolio should have at time

	

if the stock goes down
between times

�

and

	

. We define this quantity to be the arbitrage value of the option at time

	

if+� � !

, and we denote it by

4� � ! � . We have just shown that

4� �! � 6� 		0 � ? <= 4% � !  �0 < > 4% �! ! �@& (1.14)

The hedger should choose her portfolio so that her wealth

A� �! � if +� � !

agrees with

4� �! �

defined by (1.14). This formula is analgous to formula (1.9), but postponed by one step. The first
two equations implicit in (1.11) lead in a similar way to the formulas

� � � � � 4% �  � � 4% � ! ��% �  � � ��% � ! � (1.15)

and

A� � � � 4� � �

, where

4� � �

is the value of the option at time

	

if +� �  

, defined by

4� � � 6� 		0 � ? <= 4% �  � 0 < > 4% � ! �@& (1.16)

This is again analgous to formula (1.9), postponed by one step. Finally, we plug the values

AC� � � �4� � �

and

A� � ! � � 4� � ! � into the two equations implicit in (1.10). The solution of these equa-
tions for

� � and

4� is the same as the solution of (1.3) and (1.4), and results again in (1.6) and
(1.9).

The pattern emerging here persists, regardless of the number of periods. If

4- denotes the value at
time

,

of a derivative security, and this depends on the first

,

coin tosses + � � & & & � +- , then at time, � 	 , after the first

, � 	 tosses +� � & & & � +-�D � are known, the portfolio to hedge a short position
should hold

� -�D � � +� � & & & � +-�D � � shares of stock, where

� -�D � � +� � & & & � +-�D � � � 4- � +� � & & & � +-�D � �  � � 4- � +� � & & & � +- D � � ! ��- � +� � & & & � +-�D � �  � � �- � +� � & & & � +-�D � � ! � � (1.17)

and the value at time

, � 	 of the derivative security, when the first

, � 	 coin tosses result in the
outcomes +� � & & & � +-�D � , is given by

4-�D � � +� � & & & � +- D � � � 		0 � ? <= 4- � +� � & & & � +-�D � �  �0 < > 4- � +� � & & & � +-�D � � ! �@

(1.18)

1.2 Finite Probability Spaces

Let

(

be a set with finitely many elements. An example to keep in mind is

(� )    �   ! �  !  �  ! ! � !   � !  ! � ! !  � ! ! ! *
(2.1)

of all possible outcomes of three coin tosses. Let

E

be the set of all subsets of
(

. Some sets in

E

are

F

,

)    �   ! �  !  �  ! ! *

,

) ! ! ! *

, and

(

itself. How many sets are there in

E

?
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Definition 1.1 A probability measure

��

is a function mapping

E

into
?� � 	@ with the following

properties:

(i)

� � � ( � � 	

,

(ii) If

G � � G % � & & & is a sequence of disjoint sets in

E

, then

�� HI J-K �
G - L � I M-K �
� � � G - �&

Probability measures have the following interpretation. Let

G

be a subset of

E

. Imagine that

(

is
the set of all possible outcomes of some random experiment. There is a certain probability, between�

and

	

, that when that experiment is performed, the outcome will lie in the set

G

. We think of� � � G �

as this probability.

Example 1.2 Suppose a coin has probability

� . for

 

and

%. for

!

. For the individual elements of(

in (2.1), define

� � )    * � N � . O . � � � )   ! * � N � . O % N %. O �� � )  !  * � N � . O % N %. O � � � )  ! ! * � N � . O N %. O % �� � ) !   * � N � . O % N � . O � � � ) !  ! * � N � . O N %. O % �� � ) ! !  * � N � . O N % . O % � � � ) ! ! ! * � N % . O . &

For
GP E

, we define � � � G � � MR
QS T � �

) + *& (2.2)

For example,

�� )    �   ! �  !  �  ! ! *� U 	 ' V
. 0 $ U 	 ' V
% U $ ' V 0 U 	 ' V U $ ' V
% � 	 ' �

which is another way of saying that the probability of

 

on the first toss is

� . .
As in the above example, it is generally the case that we specify a probability measure on only some
of the subsets of

(

and then use property (ii) of Definition 1.1 to determine

� � � G �

for the remaining
sets

G P E

. In the above example, we specified the probability measure only for the sets containing
a single element, and then used Definition 1.1(ii) in the form (2.2) (see Problem 1.4(ii)) to determine� �

for all the other sets in

E

.

Definition 1.2 Let

(

be a nonempty set. A �-algebra is a collection

W

of subsets of

(

with the
following three properties:

(i)

FP W

,



18

(ii) If

G P W

, then its complement

GX P W

,

(iii) If

G � � G % � G . � & & & is a sequence of sets in

W

, then YI -K � G - is also in

W

.

Here are some important �-algebras of subsets of the set

(

in Example 1.2:

E� � Z F � ( [ �

E� � Z F � ( � )    �   ! �  !  �  ! ! * � ) !   � !  ! � ! !  � ! ! ! * [ �

E% � Z F � ( � )    �   ! * � )  !  �  ! ! * � ) !   � !  ! * � )! !  � ! ! ! * �

and all sets which can be built by taking unions of these

[ �

E. � E� The set of all subsets of

(&

To simplify notation a bit, let us define

G]\ 6� )    �   ! �  !  �  ! ! *� )  

on the first toss

* �G]^ 6� ) !   � !  ! � ! !  � ! ! ! *� ) !

on the first toss

* �

so that E� � ) F � ( � G\ � G^ * �

and let us define G\ \ 6� )    �   ! *� )   

on the first two tosses

* �G\ ^ 6� )  !  �  ! ! *� )  !

on the first two tosses

* �G^ \ 6� ) !   � !  ! *� ) !  

on the first two tosses

* �G^ ^ 6� ) ! !  � ! ! ! *� ) ! !

on the first two tosses

* �

so that E% � ) F � ( � G\ \ � G]\ ^ � G^ \ � G]^ ^ �G]\ � G^ � G]\ \ Y G^ \ � G]\ \ Y G^ ^ � G\ ^ Y G]^ \ � G\ ^ Y G]^ ^ �GX \ \ � GX \ ^ � GX ^ \ � GX ^ ^ *&

We interpret �-algebras as a record of information. Suppose the coin is tossed three times, and you
are not told the outcome, but you are told, for every set in

E� whether or not the outcome is in that
set. For example, you would be told that the outcome is not in

F

and is in

(

. Moreover, you might
be told that the outcome is not in

G \ but is in

G]^ . In effect, you have been told that the first toss
was a

!

, and nothing more. The �-algebra

E� is said to contain the “information of the first toss”,
which is usually called the “information up to time

	

”. Similarly,

E% contains the “information of
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the first two tosses,” which is the “information up to time

$

.” The �-algebra
E. � E

contains “full
information” about the outcome of all three tosses. The so-called “trivial” �-algebra

E� contains no
information. Knowing whether the outcome + of the three tosses is in

F
(it is not) and whether it is

in

(

(it is) tells you nothing about +

Definition 1.3 Let

(

be a nonempty finite set. A filtration is a sequence of �-algebras

E� � E� � E% � & & & � E`_

such that each �-algebra in the sequence contains all the sets contained by the previous �-algebra.

Definition 1.4 Let

(

be a nonempty finite set and let

E
be the �-algebra of all subsets of

(

. A
random variable is a function mapping

(
into

�a
.

Example 1.3 Let

(

be given by (2.1) and consider the binomial asset pricing Example 1.1, where��� � "

, � � $

and

� � � % . Then
�� , �� , ��% and

��. are all random variables. For example,��% �  ! � � � % �� � 	b

. The “random variable”

��� is really not random, since

��� � + � � "

for all+ P (

. Nonetheless, it is a function mapping

(

into

� a

, and thus technically a random variable,
albeit a degenerate one.

A random variable maps
(

into

�a

, and we can look at the preimage under the random variable of
sets in

�a

. Consider, for example, the random variable

��% of Example 1.1. We have
�% �   � � ��% �  ! � � 	b ��% � !  � � �% � ! ! � � ��% �!   � � �% � !  ! � � "c��% � ! !  � � ��% �! ! ! � � 	&

Let us consider the interval

? "c� $d @ . The preimage under

� % of this interval is defined to be

) +P (e �% � + � P ? "c� $d @ *� ) +P (e "f �% f $d * � GX ^ ^ &

The complete list of subsets of

(

we can get as preimages of sets in

� a

is:

F � ( � G\ \ � G]\ ^ Y G]^ \ � G^ ^ �

and sets which can be built by taking unions of these. This collection of sets is a �-algebra, called
the �-algebra generated by the random variable

� % , and is denoted by � � ��% � . The information
content of this �-algebra is exactly the information learned by observing

� % . More specifically,
suppose the coin is tossed three times and you do not know the outcome +, but someone is willing
to tell you, for each set in � � ��% � , whether + is in the set. You might be told, for example, that + is
not in

G]\ \ , is in

G]\ ^ Y G]^ \ , and is not in

G]^ ^ . Then you know that in the first two tosses, there
was a head and a tail, and you know nothing more. This information is the same you would have
gotten by being told that the value of

� % � + � is "

.

Note that

E% defined earlier contains all the sets which are in � � � % � , and even more. This means
that the information in the first two tosses is greater than the information in

� % . In particular, if you
see the first two tosses, you can distinguish

G \ ^ from

G]^ \ , but you cannot make this distinction
from knowing the value of

��% alone.
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Definition 1.5 Let

(

be a nonemtpy finite set and let

E

be the �-algebra of all subsets of

(

. Let

A

be a random variable on

� ( � E �

. The �-algebra � � A � generated by

A

is defined to be the collection
of all sets of the form

) + P (e A � + � P G *

, where

G

is a subset of

� a

. Let

W

be a sub- �-algebra ofE

. We say that

A

is

W

-measurable if every set in � � A � is also in

W

.

Note: We normally write simply

) A P G *

rather than

) +P (e A � + � P G *

.

Definition 1.6 Let

(

be a nonempty, finite set, let

E

be the �-algebra of all subsets of

(

, let

� �

be
a probabilty measure on

� ( � E �

, and let

A

be a random variable on

(

. Given any set

Gg � a

, we
define the induced measure of

G

to beh i � G � 6� � � ) A P G *&

In other words, the induced measure of a set

G

tells us the probability that

A

takes a value in

G

. In
the case of

�B% above with the probability measure of Example 1.2, some sets in

�a

and their induced
measures are: h jk � F � � � � � F � � � �h jk � � a � � � � � ( � � 	 �h jk ?� � l � � � � � ( � � 	 �

h jk ?� � '@ � � � ) ��% � 	 * � � � � G^ ^ � � U $ ' V
% &

In fact, the induced measure of

��% places a mass of size

N � . O % � �m at the number

	b

, a mass of sizenm at the number

"

, and a mass of size

N % . O % � nm at the number

	

. A common way to record this
information is to give the cumulative distribution function

o jk ��p � of

�% , defined by

o jk ��p � 6� �� � ��% f p � �
qsrrrtu

rrrv
� � if p 
 	 �nm � if

	 f p 
 "c�wm � if

" f p 
 	b �	 � if

	b f p &

(2.3)

By the distribution of a random variable

A

, we mean any of the several ways of characterizingh i . If

A

is discrete, as in the case of

� % above, we can either tell where the masses are and how
large they are, or tell what the cumulative distribution function is. (Later we will consider random
variables

A

which have densities, in which case the induced measure of a set

Gg � a

is the integral
of the density over the set

G

.)

Important Note. In order to work through the concept of a risk-neutral measure, we set up the
definitions to make a clear distinction between random variables and their distributions.

A random variable is a mapping from

(

to

�a

, nothing more. It has an existence quite apart from
discussion of probabilities. For example, in the discussion above,

� % �! !  � � ��% � ! ! ! � � 	

,
regardless of whether the probability for

 

is

� . or

� % .

CHAPTER 1. Introduction to Probability Theory 21

The distribution of a random variable is a measure

h i on

� a

, i.e., a way of assigning probabilities
to sets in

�a

. It depends on the random variable

A

and the probability measure

� �
we use in

(

. If we
set the probability of

 

to be

� . , then

h jk assigns mass

�m to the number
	b

. If we set the probability
of

 

to be

� % , then

h jk assigns mass

� n to the number

	b

. The distribution of

��% has changed, but
the random variable has not. It is still defined by�% �   � � ��% �  ! � � 	b ��% � !  � � �% � ! ! � � ��% �!   � � �% � !  ! � � "c��% � ! !  � � ��% �! ! ! � � 	&
Thus, a random variable can have more than one distribution (a “market” or “objective” distribution,
and a “risk-neutral” distribution).

In a similar vein, two different random variables can have the same distribution. Suppose in the
binomial model of Example 1.1, the probability of

 

and the probability of

!

is

� % . Consider a
European call with strike price

	 "
expiring at time

$

. The payoff of the call at time

$

is the random
variable

� �% � 	 " � 5 , which takes the value

$

if +�    

or + �   !

, and takes the value

�

in
every other case. The probability the payoff is

$

is

� n , and the probability it is zero is

. n . Consider also
a European put with strike price

'
expiring at time

$

. The payoff of the put at time

$

is

� ' � � % � 5 ,
which takes the value

$
if + � ! !  

or + � ! ! !

. Like the payoff of the call, the payoff of the
put is

$

with probability

� n and

�

with probability

. n . The payoffs of the call and the put are different
random variables having the same distribution.

Definition 1.7 Let

(

be a nonempty, finite set, let

E

be the �-algebra of all subsets of

(

, let

� �

be
a probabilty measure on

� ( � E �

, and let

A

be a random variable on

(

. The expected value of

A

is
defined to be �x A 6� M

QS y A
� + � �� ) + *& (2.4)

Notice that the expected value in (2.4) is defined to be a sum over the sample space

(

. Since

(

is a
finite set,

A

can take only finitely many values, which we label p � � & & & � p _ . We can partition

(

into
the subsets

) A� � p � * � & & & � ) A _ � p _ * , and then rewrite (2.4) as

�x A 6� M
QS y A

� + � � � ) + *

� _ M-K �
M

QS z i{K | { }
A � + � �� ) + *

� _ M-K � p -
M

QS z i{K | { }
�� ) + *

� _ M-K � p -
�� ) A- � p - *

� _ M-K � p -
h i ) p - *&
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Thus, although the expected value is defined as a sum over the sample space

(

, we can also write it
as a sum over

� a

.

To make the above set of equations absolutely clear, we consider

� % with the distribution given by
(2.3). The definition of

�x � % is

�x ��% � ��% �   � � � )    *0 ��% �  ! � � � )   ! *

0 �% � !  � � � )  !  *0 �% � ! ! � �� )  ! ! *

0 �% � !   � � � ) !   *0 �% � !  ! � �� ) !  ! *

0 �% � ! !  � � � ) ! !  *0 ��% �! ! ! � �� ) ! ! ! *

� 	b]~ � � � G\ \ � 0 "~ � � � G\ ^ Y G]^ \ � 0 	~ �� � G]^ ^ �� 	b]~ � � ) ��% � 	b *0 "~ �� ) �% � " *0 	~ � � ) �% � 	 *

� 	b]~ h jk ) 	b *0 "~ h jk ) " *0 	~ h jk ) 	 *

� 	b]~ 	� 0 "~ "� 0 "~ "�

� "� �&

Definition 1.8 Let

(

be a nonempty, finite set, let

E

be the �-algebra of all subsets of

(

, let

� �

be a
probabilty measure on

� ( � E �

, and let

A

be a random variable on

(

. The variance of

A

is defined
to be the expected value of

� A � �x A � %

, i.e.,

Var

� A � 6� M
QS y

� A � + � � �x A � % � � ) + *& (2.5)

One again, we can rewrite (2.5) as a sum over

�a

rather than over

(

. Indeed, if

A

takes the valuesp � � & & & � p _ , then

Var

� A � � _ M-K �
��p - � �x A � % � � ) A � p - * � _ M-K �
� p - � �x A � %h i � p - �&

1.3 Lebesgue Measure and the Lebesgue Integral

In this section, we consider the set of real numbers

� a

, which is uncountably infinite. We define the
Lebesgue measure of intervals in

� a

to be their length. This definition and the properties of measure
determine the Lebesgue measure of many, but not all, subsets of

� a

. The collection of subsets of� a

we consider, and for which Lebesgue measure is defined, is the collection of Borel sets defined
below.

We use Lebesgue measure to construct the Lebesgue integral, a generalization of the Riemann
integral. We need this integral because, unlike the Riemann integral, it can be defined on abstract
spaces, such as the space of infinite sequences of coin tosses or the space of paths of Brownian
motion. This section concerns the Lebesgue integral on the space

� a

only; the generalization to
other spaces will be given later.
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Definition 1.9 The Borel �-algebra, denoted

� � �a �

, is the smallest �-algebra containing all open
intervals in

� a

. The sets in

� � � a �

are called Borel sets.

Every set which can be written down and just about every set imaginable is in

� � � a �

. The following
discussion of this fact uses the �-algebra properties developed in Problem 1.3.

By definition, every open interval

��� � � � is in

� � � a �

, where � and

�
are real numbers. Since

� � �a �

is
a �-algebra, every union of open intervals is also in

� � �a �
. For example, for every real number � ,

the open half-line ��� � l � � I J
_K �

�� � � 0 � �

is a Borel set, as is � � l � � � � I J
_K �

��� � ��� � �&

For real numbers � and

�
, the union � � l � � � Y � � � l �

is Borel. Since

� � �a �
is a �-algebra, every complement of a Borel set is Borel, so

� � � a �

contains

?� � �@ � N � � l � � � Y � � � l � O X�&

This shows that every closed interval is Borel. In addition, the closed half-lines

?� � l � � I J
_K �

?� � � 0 �@

and � � l � � @ � I J
_K �

?� � � � � @

are Borel. Half-open and half-closed intervals are also Borel, since they can be written as intersec-
tions of open half-lines and closed half-lines. For example,

�� � �@ � � � l � �@� ��� � l �&

Every set which contains only one real number is Borel. Indeed, if � is a real number, then

) � * � I��
_K �

U� � 	 � � � 0
	

�
V&

This means that every set containing finitely many real numbers is Borel; if

G � ) � � � � % � & & & � � _ * ,
then G� _ J-K �

) � - *&
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In fact, every set containing countably infinitely many numbers is Borel; if

G�� ) � � � � % � & & & *

, then

G� _ J-K �
) � - *&

This means that the set of rational numbers is Borel, as is its complement, the set of irrational
numbers.

There are, however, sets which are not Borel. We have just seen that any non-Borel set must have
uncountably many points.

Example 1.4 (The Cantor set.) This example gives a hint of how complicated a Borel set can be.
We use it later when we discuss the sample space for an infinite sequence of coin tosses.

Consider the unit interval

?� � 	@ , and remove the middle half, i.e., remove the open interval

G � 6� U 	 " � ' " V&

The remaining set �� � :� � 	 " ; Y : ' " � 	 ;

has two pieces. From each of these pieces, remove the middle half, i.e., remove the open setG % 6� U 		b � '	b V J U 	 '	b � 	� 	b V&

The remaining set �% � :� � 		b ; J : '	b � 	 " ; J : ' " � 	 '	b ; J : 	�	b � 	 ;&

has four pieces. Continue this process, so at stage

,

, the set

�- has

$ -

pieces, and each piece has
length

� n { . The Cantor set � 6� I� -K �
�-

is defined to be the set of points not removed at any stage of this nonterminating process.

Note that the length of

G � , the first set removed, is

� % . The “length” of

G % , the second set removed,
is

� w 0 � w � � n . The “length” of the next set removed is

"~ �. % � � w , and in general, the length of the,

-th set removed is

$D - . Thus, the total length removed isI M-K �
	$ - � 	 �

and so the Cantor set, the set of points not removed, has zero “length.”

Despite the fact that the Cantor set has no “length,” there are lots of points in this set. In particular,
none of the endpoints of the pieces of the sets

�� � �% � & & & is ever removed. Thus, the points

� � 	 " � ' " � 	 � 		b � '	b � 	 '	b � 	� 	b � 	b " � & & &

are all in

�

. This is a countably infinite set of points. We shall see eventually that the Cantor set
has uncountably many points. �
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Definition 1.10 Let

� � � a �

be the �-algebra of Borel subsets of

�a

. A measure on

� � a� � � �a � �

is a
function � mapping

�

into

?� � l@ with the following properties:

(i) � � F � � �

,

(ii) If

G � � G % � & & & is a sequence of disjoint sets in

� � � a �
, then

� HI J-K �
G - L � I M-K � � � G - �&

Lebesgue measure is defined to be the measure on

� �a�� � � � a � �

which assigns the measure of each
interval to be its length. Following Williams’s book, we denote Lebesgue measure by � � .
A measure has all the properties of a probability measure given in Problem 1.4, except that the total
measure of the space is not necessarily

	
(in fact, � � � � a � � l), one no longer has the equation

� � GX � � 	 � � � G �

in Problem 1.4(iii), and property (v) in Problem 1.4 needs to be modified to say:

(v) If

G � � G % � & & & is a sequence of sets in

� � � a �

with

G � � G % �~ ~ ~ and � � G�� � 
 l , then

� HI� -K �
G - L � �� 7_ �I � � G _ �&

To see that the additional requirment � � G � � 
 l is needed in (v), consider

G � � ? 	 � l � � G % � ? $ � l � � G . � ? ' � l � � & & & &

Then� I -K � G - � F

, so � � �� I -K � G - � � �

, but

�� 7 _ �I � � � G _ � � l.
We specify that the Lebesgue measure of each interval is its length, and that determines the Lebesgue
measure of all other Borel sets. For example, the Lebesgue measure of the Cantor set in Example
1.4 must be zero, because of the “length” computation given at the end of that example.

The Lebesgue measure of a set containing only one point must be zero. In fact, since

) � *g U� � 	 � � � 0
	

�
V

for every positive integer �, we must have

� f � � ) � * f � � U� � 	 � � � 0
	

�
V � $

�&

Letting � � l, we obtain � � ) � * � � &
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The Lebesgue measure of a set containing countably many points must also be zero. Indeed, ifG�� ) � � � � % � & & & *

, then � � � G � � I M-K � � � ) � - * � I M-K � � � � &

The Lebesgue measure of a set containing uncountably many points can be either zero, positive and
finite, or infinite. We may not compute the Lebesgue measure of an uncountable set by adding up
the Lebesgue measure of its individual members, because there is no way to add up uncountably
many numbers. The integral was invented to get around this problem.

In order to think about Lebesgue integrals, we must first consider the functions to be integrated.

Definition 1.11 Let

�

be a function from

� a

to

�a

. We say that

�

is Borel-measurable if the set) p P �ae � � p � P G *

is in

� � � a �

whenever

G P � � � a �

. In the language of Section 2, we want the�-algebra generated by

�

to be contained in

� � �a �

.

Definition 3.4 is purely technical and has nothing to do with keeping track of information. It is
difficult to conceive of a function which is not Borel-measurable, and we shall pretend such func-
tions don’t exist. Hencefore, “function mapping

�a

to

� a

” will mean “Borel-measurable function
mapping

� a

to

� a

” and “subset of

�a

” will mean “Borel subset of

�a

”.

Definition 1.12 An indicator function � from

� a

to

� a

is a function which takes only the values

�

and

	

. We call G 6� ) p P � ae � � p � � 	 *

the set indicated by �. We define the Lebesgue integral of � to be��
�� � � � � 6� � � � G �&

A simple function

�

from

� a

to

� a

is a linear combination of indicators, i.e., a function of the form

� � p � � _ M-K � �- �-
��p � �

where each �- is of the form �- � p � � Z 	 � if p P G - �� � if p #P G - �

and each �- is a real number. We define the Lebesgue integral of

�

to be�
� � � � � 6� _ M-K � �-

�
�� �- � � � �

_ M-K � �- � �
� G - �&

Let

�

be a nonnegative function defined on

� a

, possibly taking the value l at some points. We
define the Lebesgue integral of

�

to be�
�� � � � � 6� ��� � �
�� � � � � e � is simple and

� ��p � f � ��p � for every p P � a �&
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It is possible that this integral is infinite. If it is finite, we say that

�

is integrable.

Finally, let

�

be a function defined on

�a

, possibly taking the value l at some points and the value� l at other points. We define the positive and negative parts of

�
to be� 5 ��p � 6� 789 ) � ��p � � � * � �D � p � 6� 789 ) � � ��p � � � * �

respectively, and we define the Lebesgue integral of

�
to be�

�� � � � � 6� �
�� � 5 � � � � � �
�� �D � � � �

provided the right-hand side is not of the form l � l. If both

  � � � 5 � � � and

  �� �D � � � are finite
(or equivalently,

  �� ¡ � ¡ � � � 
 l, since

¡ � ¡ � � 5 0 �D ), we say that

�

is integrable.

Let

�

be a function defined on

� a
, possibly taking the value l at some points and the value � l at

other points. Let

G

be a subset of
� a

. We define�
T � � � � 6� �
� � ¢ � T � � � � �

where ¢ � T � p � 6� Z 	 � if p P G �� � if p #P G �

is the indicator function of

G

.

The Lebesgue integral just defined is related to the Riemann integral in one very important way: if
the Riemann integral

  £¥¤ � ��p � �p is defined, then the Lebesgue integral

 §¦ ¤¨ £ © � � � � agrees with the
Riemann integral. The Lebesgue integral has two important advantages over the Riemann integral.
The first is that the Lebesgue integral is defined for more functions, as we show in the following
examples.

Example 1.5 Let

ª

be the set of rational numbers in

?� � 	@ , and consider

� 6� ¢ ��« . Being a countable
set,

ª

has Lebesgue measure zero, and so the Lebesgue integral of

�

over

?� � 	@ is�
¦ � ¨ � © � � � � � � &

To compute the Riemann integral

  �� � � p � �p , we choose partition points

� � p � 
 p � 
 ~ ~ ~ 
p _ � 	

and divide the interval

?� � 	@ into subintervals

?p � � p � @ � ?p � � p % @ � & & & � ?p _D � � p _ @ . In each
subinterval

?p -�D � � p - @ there is a rational point >- , where

� � >- � � 	

, and there is also an irrational
point � - , where

� � � - � � �

. We approximate the Riemann integral from above by the upper sum_ M-K �
� � >- � ��p - � p -�D � � � _ M-K � 	~
��p - � p -�D � � � 	 �

and we also approximate it from below by the lower sum_ M-K �
� � � - � ��p - � p -�D � � � _ M-K � �~
��p - � p -�D � � � � &
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No matter how fine we take the partition of

?� � 	@ , the upper sum is always

	

and the lower sum is
always

�

. Since these two do not converge to a common value as the partition becomes finer, the
Riemann integral is not defined. �

Example 1.6 Consider the function

� ��p � 6� Z l � if p � � �� � if p ¬� � &

This is not a simple function because simple function cannot take the value l. Every simple
function which lies between

�

and

�

is of the form

� ��p � 6� Z®­ � if p � � �� � if p ¬� � �

for some­ P ?� � l � , and thus has Lebesgue integral�
� � � � � � � ­ � � ) � * � � &

It follows that�
� � � � � � � � �� � �
�� � � � � e � is simple and

� � p � f � � p � for every p P �a � � � &

Now consider the Riemann integral

 ID I � ��p � �p , which for this function

�

is the same as the
Riemann integral

  �D � � ��p � �p . When we partition

? � 	 � 	@ into subintervals, one of these will contain
the point

�

, and when we compute the upper approximating sum for

  �D � � � p � �p , this point will
contribute l times the length of the subinterval containing it. Thus the upper approximating sum isl. On the other hand, the lower approximating sum is

�

, and again the Riemann integral does not
exist. �

The Lebesgue integral has all linearity and comparison properties one would expect of an integral.
In particular, for any two functions

�

and � and any real constant �,�
�� � �0 � � � � � � �
�� � � � � 0 �
�� � � � � ��

�� � � � � � � � ��� � � � � �

and whenever

� ��p � f � � p � for all p P � a

, we have�
�� � � � � f �
�� � � � � �&

Finally, if

G

and

¯

are disjoint sets, then�
T° ± � � � � �

�
T � � � � 0

�
± � � � �&
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There are three convergence theorems satisfied by the Lebesgue integral. In each of these the sit-
uation is that there is a sequence of functions

� _ � � � 	 � $ � & & & converging pointwise to a limiting
function

�

. Pointwise convergence just means that�� 7_ �I � _ ��p � � � � p � for every p P � a&
There are no such theorems for the Riemann integral, because the Riemann integral of the limit-
ing function

�

is too often not defined. Before we state the theorems, we given two examples of
pointwise convergence which arise in probability theory.

Example 1.7 Consider a sequence of normal densities, each with variance

	

and the �-th having
mean �: � _ ��p � 6� 	² $³ ´D µ¶· ¸ ¹ kk &

These converge pointwise to the function� ��p � � �

for every p P �a&

We have

  �� � _ � � � � 	
for every �, so

�� 7 _ �I   �� � _ � � � � 	

, but

  �� � � � � � �

. �

Example 1.8 Consider a sequence of normal densities, each with mean

�

and the �-th having vari-
ance

� _ : � _ � p � 6� º �$³ ´D ¶ kk ¸&

These converge pointwise to the function

� ��p � 6� Z l � if p � � �� � if p ¬� � &

We have again

  �� � _ � � � � 	

for every �, so

�� 7 _ �I   �� � _ � � � � 	

, but

  � � � � � � � �

. The
function

�

is not the Dirac delta; the Lebesgue integral of this function was already seen in Example
1.6 to be zero. �

Theorem 3.1 (Fatou’s Lemma) Let

� _ � � � 	 � $ � & & & be a sequence of nonnegative functions con-
verging pointwise to a function

�

. Then�
�� � � � � f �� 7 �» ¼_ �I �½
�� � _ � � �&

If

�� 7 _ �I   � � � _ � � � is defined, then Fatou’s Lemma has the simpler conclusion�
�� � � � � f �� 7_ �I �¾
�� � _ � � �&

This is the case in Examples 1.7 and 1.8, where

�� 7_ �I �
�� � _ � � � � 	 �
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while

  � � � � � � � �

. We could modify either Example 1.7 or 1.8 by setting � _ � � _ if � is even,
but � _ � $ � _ if � is odd. Now

  �� � _ � � � � 	

if � is even, but

  �� � _ � � � � $

if � is odd. The
sequence

)   � � � _ � � � *I _K � has two cluster points,

	

and

$

. By definition, the smaller one,

	

, is�� 7 �» ¼ _ �I   �� � _ � � � and the larger one,

$

, is

�� 7 � �� _ �I   �� � _ � � � . Fatou’s Lemma guarantees
that even the smaller cluster point will be greater than or equal to the integral of the limiting function.

The key assumption in Fatou’s Lemma is that all the functions take only nonnegative values. Fatou’s
Lemma does not assume much but it is is not very satisfying because it does not conclude that�

�� � � � � � �� 7_ �I �¾
�� � _ � � �&

There are two sets of assumptions which permit this stronger conclusion.

Theorem 3.2 (Monotone Convergence Theorem) Let

� _ � � � 	 � $ � & & & be a sequence of functions
converging pointwise to a function

�

. Assume that� f �� � p � f �% � p � f �. � p � f ~ ~ ~ for every p P �a&

Then �
�� � � � � � �� 7_ �I ��
�� � _ � � � �

where both sides are allowed to be l.
Theorem 3.3 (Dominated Convergence Theorem) Let

� _ � �� 	 � $ � & & & be a sequence of functions,
which may take either positive or negative values, converging pointwise to a function

�

. Assume
that there is a nonnegative integrable function � (i.e.,

  � � � � � � 
 l) such that¡ � _ � p � ¡ f � � p � for every p P � a

for every �&

Then �
�� � � � � � �� 7_ �I ��
�� � _ � � � �

and both sides will be finite.

1.4 General Probability Spaces

Definition 1.13 A probability space

� ( � E� �� �

consists of three objects:

(i)

(

, a nonempty set, called the sample space, which contains all possible outcomes of some
random experiment;

(ii)

E

, a �-algebra of subsets of

(

;

(iii)

� �

, a probability measure on

� ( � E �

, i.e., a function which assigns to each set
GP E

a number�� � G � P ?� � 	@ , which represents the probability that the outcome of the random experiment
lies in the set

G

.
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Remark 1.1 We recall from Homework Problem 1.4 that a probability measure
� �

has the following
properties:

(a)

� � � F � � �

.

(b) (Countable additivity) If

G � � G % � & & & is a sequence of disjoint sets in

E

, then

�� HI J-K �
G - L � I M-K � � � � G - �&

(c) (Finite additivity) If � is a positive integer and
G � � & & & � G _ are disjoint sets in

E

, then�� � G � Y~ ~ ~ Y G _ � � �� � G � � 0 ~ ~ ~ 0 � � � G _ �&

(d) If

G

and

¯

are sets in

E

and
Gg ¯

, then� � � ¯ � � � � � G � 0 � � � ¯ ¿ G �&

In particular, � � � ¯ � 1 �� � G �&

(d) (Continuity from below.) If

G � � G % � & & & is a sequence of sets in

E

with

G � g G % g ~ ~ ~ , then

� � HI J-K �
G - L � �� 7_ �I �� � G _ �&

(d) (Continuity from above.) If

G � � G % � & & & is a sequence of sets in

E

with

G � � G % �~ ~ ~ , then

� � HI� -K �
G - L � �� 7_ �I �� � G _ �&

We have already seen some examples of finite probability spaces. We repeat these and give some
examples of infinite probability spaces as well.

Example 1.9 Finite coin toss space.
Toss a coin � times, so that

(

is the set of all sequences of

 

and

!

which have � components.
We will use this space quite a bit, and so give it a name:

( _ . Let

E

be the collection of all subsets
of

( _ . Suppose the probability of

 

on each toss is =, a number between zero and one. Then the
probability of

!

is > 6� 	 � =. For each +� � +� � + % � & & & � + _ � in ( _ , we define

�� ) + * 6� = À �Á £ÂÃÄ Å \Æ _ Q~ > À �Á £Â ÃÄ Å ^Æ _ Q&

For each

G P E

, we define � � � G � 6� MR
QS T � �

) + *& (4.1)

We can define

�� � G �

this way because

G

has only finitely many elements, and so only finitely many
terms appear in the sum on the right-hand side of (4.1). �
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Example 1.10 Infinite coin toss space.
Toss a coin repeatedly without stopping, so that

(

is the set of all nonterminating sequences of

 

and

!

. We call this space

(I . This is an uncountably infinite space, and we need to exercise some
care in the construction of the �-algebra we will use here.

For each positive integer �, we define

E _ to be the �-algebra determined by the first � tosses. For
example,

E% contains four basic sets,

G]\ \ 6� ) +� � +� � + % � +. � & & & � e +� �  � +% �  *

� The set of all sequences which begin with

  �G]\ ^ 6� ) +� � +� � + % � +. � & & & � e +� �  � +% � ! *

� The set of all sequences which begin with

 ! �G]^ \ 6� ) +� � +� � + % � +. � & & & � e +� � ! � + % �  *

� The set of all sequences which begin with

!  �G^ ^ 6� ) +� � +� � + % � +. � & & & � e +� � ! � + % � ! *

� The set of all sequences which begin with

! ! &

Because

E% is a �-algebra, we must also put into it the sets

F

,

(

, and all unions of the four basic
sets.

In the �-algebra

E

, we put every set in every �-algebra

E _ , where � ranges over the positive
integers. We also put in every other set which is required to make

E

be a �-algebra. For example,
the set containing the single sequence)      ~ ~ ~ * � )  

on every toss

*

is not in any of the

EÇ_ �-algebras, because it depends on all the components of the sequence and
not just the first � components. However, for each positive integer �, the set)  

on the first � tosses

*

is in

EÇ_ and hence in

E

. Therefore,

)  

on every toss

* � IÈ�
_K �

)  

on the first � tosses

*

is also in

E

.

We next construct the probability measure

� �

on

� (I � E �

which corresponds to probability = P?� � 	@ for

 

and probability >� 	 � = for

!

. Let

G P E

be given. If there is a positive integer �
such that

GP E _ , then the description of

G

depends on only the first � tosses, and it is clear how to
define

� � � G �

. For example, suppose

G�� G]\ \ Y G]^ \ , where these sets were defined earlier. ThenG

is in

E% . We set

� � � G]\ \ � � = % and

� � � G^ \ � � > =, and then we have�� � G � � � � � G\ \ Y G^ \ � � = % 0 > =� � =0 > � =� =&
In other words, the probability of a

 

on the second toss is =.
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Let us now consider a set

G P E

for which there is no positive integer � such that

G P E

. Such
is the case for the set

)  

on every toss

*

. To determine the probability of these sets, we write them
in terms of sets which are in

E _ for positive integers �, and then use the properties of probability
measures listed in Remark 1.1. For example,

)  

on the first toss

* � )  

on the first two tosses

*

� )  
on the first three tosses

*

� ~ ~ ~ �
and I�

_K �
)  

on the first � tosses

* � )  

on every toss

*&

According to Remark 1.1(d) (continuity from above),

� � )  

on every toss

* � �� 7_ �I � � )  

on the first � tosses

* � �� 7_ �I = _&

If =� 	

, then

�� )  
on every toss

* � 	

; otherwise,

� � )  

on every toss

* � �

.

A similar argument shows that if

� 
 =
 	

so that

� 
 >
 	

, then every set in

(I which contains
only one element (nonterminating sequence of

 

and

!

) has probability zero, and hence very set
which contains countably many elements also has probabiliy zero. We are in a case very similar to
Lebesgue measure: every point has measure zero, but sets can have positive measure. Of course,
the only sets which can have positive probabilty in

(I are those which contain uncountably many
elements.

In the infinite coin toss space, we define a sequence of random variables

�� � �% � & & & by

�- � + � 6� Z 	

if +- �  ��

if +- � ! �

and we also define the random variable

A � + � � _ M-K �
�- � + �$ - &

Since each

�- is either zero or one,

A

takes values in the interval

?� � 	@ . Indeed,

A � ! ! ! ! ~ ~ ~ � � �

,A �    ~ ~ ~ � � 	

and the other values of

A

lie in between. We define a “dyadic rational
number” to be a number of the form

Á % { , where

,

and É are integers. For example,

. n is a dyadic
rational. Every dyadic rational in (0,1) corresponds to two sequences +P (I . For example,

A �  ! ! ! ! ! ~ ~ ~ � � A � !      ~ ~ ~ � � ' "&

The numbers in (0,1) which are not dyadic rationals correspond to a single +P (I ; these numbers
have a unique binary expansion.
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Whenever we place a probability measure

� �

on

� ( � E �

, we have a corresponding induced measureh i on

?� � 	@ . For example, if we set =� >� � % in the construction of this example, then we have

h i :� � 	 $ ; � � � )

First toss is

! * � 	 $ �

h i : 	 $ � 	 ; � � � )

First toss is

 * � 	 $ �

h i :� � 	 " ; � � � )

First two tosses are

! ! * � 	 " �

h i : 	 " � 	 $ ; � � � )

First two tosses are

!  * � 	 " �

h i : 	 $ � ' " ; � � � )

First two tosses are

 ! * � 	 " �

h i : ' " � 	 ; � � � )

First two tosses are

  * � 	 "&

Continuing this process, we can verify that for any positive integers

,

and É satisfying

� f É � 	$ - 
 É$ - f 	 �

we have h i : É � 	$ - � É$ - ; � 	$ - &

In other words, the

h i -measure of all intervals in

?� � 	@ whose endpoints are dyadic rationals is the
same as the Lebesgue measure of these intervals. The only way this can be is for

h i to be Lebesgue
measure.

It is interesing to consider what

h i would look like if we take a value of = other than

� % when we
construct the probability measure

� �

on

(

.

We conclude this example with another look at the Cantor set of Example 3.2. Let

(ËÊ ¤Æ ÃÌ be the
subset of

(

in which every even-numbered toss is the same as the odd-numbered toss immediately
preceding it. For example,

  ! ! ! !   

is the beginning of a sequence in

(Ê ¤Æ ÃÌ , but

 !

is not.
Consider now the set of real numbers

� � 6� ) A � + � e +P (Ê ¤Æ ÃÌ *&

The numbers between

� � n � � % � can be written as

A � + � , but the sequence + must begin with either!  

or

 !

. Therefore, none of these numbers is in

� �

. Similarly, the numbers between

� ��Í � .�Í �
can be written as

A � + � , but the sequence + must begin with

! ! !  

or

! !  !

, so none of these
numbers is in

� �

. Continuing this process, we see that

� �

will not contain any of the numbers which
were removed in the construction of the Cantor set

�

in Example 3.2. In other words,
� � g �

.
With a bit more work, one can convince onself that in fact

� � � �

, i.e., by requiring consecutive
coin tosses to be paired, we are removing exactly those points in

?� � 	@ which were removed in the
Cantor set construction of Example 3.2. �
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In addition to tossing a coin, another common random experiment is to pick a number, perhaps
using a random number generator. Here are some probability spaces which correspond to different
ways of picking a number at random.

Example 1.11
Suppose we choose a number from

�a

in such a way that we are sure to get either

	

,

"

or

	b

.
Furthermore, we construct the experiment so that the probability of getting

	

is

nm , the probability of
getting

"

is

nm and the probability of getting

	b

is

�m . We describe this random experiment by taking(

to be

� a

,

E

to be

� � � a �

, and setting up the probability measure so that

� � ) 	 * � "� � � � ) " * � "� � � � ) 	b * � 	�&

This determines

� � � G �

for every set
G P � � �a �

. For example, the probability of the interval

�� � � @

is

wm , because this interval contains the numbers

	

and

"

, but not the number

	b

.

The probability measure described in this example is

h jk , the measure induced by the stock price��% , when the initial stock price
��� � "

and the probability of

 

is

� . . This distributionwas discussed
immediately following Definition 2.8. �

Example 1.12 Uniform distribution on

?� � 	@ .
Let

( � ?� � 	@ and let

E � � � ?� � 	@ � , the collection of all Borel subsets containined in

?� � 	@ . For
each Borel set

Gg ?� � 	@ , we define

� � � G � � � � � G � to be the Lebesgue measure of the set. Because� � ?� � 	@ � 	
, this gives us a probability measure.

This probability space corresponds to the random experiment of choosing a number from

?� � 	@ so
that every number is “equally likely” to be chosen. Since there are infinitely mean numbers in

?� � 	@ ,
this requires that every number have probabilty zero of being chosen. Nonetheless, we can speak of
the probability that the number chosen lies in a particular set, and if the set has uncountably many
points, then this probability can be positive. �

I know of no way to design a physical experiment which corresponds to choosing a number at
random from

?� � 	@ so that each number is equally likely to be chosen, just as I know of no way to
toss a coin infinitely many times. Nonetheless, both Examples 1.10 and 1.12 provide probability
spaces which are often useful approximations to reality.

Example 1.13 Standard normal distribution.
Define the standard normal density

� ��p � 6� 	² $³ ´D p
% $ &

Let

(� �a

,

E� � � � a �

and for every Borel set

Gg � a

, define

� � � G � 6� �
T � � � �& (4.2)
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If

G

in (4.2) is an interval

?� � �@ , then we can write (4.2) as the less mysterious Riemann integral:

� � ?� � �@ 6� � £
¤

	² $³ ´D p
%

$ �p &

This corresponds to choosing a point at random on the real line, and every single point has probabil-
ity zero of being chosen, but if a set

G

is given, then the probability the point is in that set is given
by (4.2). �

The construction of the integral in a general probability space follows the same steps as the con-
struction of Lebesgue integral. We repeat this construction below.

Definition 1.14 Let

� ( � E� � � �

be a probability space, and let

A

be a random variable on this space,
i.e., a mapping from

(

to

� a

, possibly also taking the values

Î l.

Ï If

A

is an indicator, i.e,

A � + � � ¢ � T � + � � Z 	

if + P G ��

if + P GX �

for some set

G P E

, we define �
y A � � � 6� �� � G �&

Ï If

A

is a simple function, i.e, A � + � � _ M-K � �- ¢ � T {
� + � �

where each �- is a real number and each

G - is a set in

E

, we define�
y A � �� 6�

_ M-K � �-
�

y ¢ � T { � ��� _ M-K � �- �� � G - �&

Ï If

A

is nonnegative but otherwise general, we define�
y A � � �6� � �� � �

y � � ��e �

is simple and

� � + � f A � + � for every +P ( �&

In fact, we can always construct a sequence of simple functions

�_ � �� 	 � $ � & & & such that� f �� � + � f �% � + � f �. � + � f & & & for every + P ( �

and

� � + � � �� 7 _ �I �_ � + � for every + P (

. With this sequence, we can define�
y A � � � 6� �� 7_ �I �
y �_ � � �&
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Ï If

A

is integrable, i.e, �
y A 5 � ��
 l � �
y AD � � �
 l �

where A 5 � + � 6� 789 ) A � + � � � * � AD � + � 6� 789 ) � A � + � � � * �

then we define �
y A � � � 6�

�
y A 5 � �� � �

�
y AD � � �&

If

G

is a set in

E

and

A

is a random variable, we define�
T A � � � 6�

�
y ¢ � T~ A � � �&

The expectation of a random variable
A

is defined to be
�x A 6� �
y A � � �&

The above integral has all the linearity and comparison properties one would expect. In particular,
if

A

and

�

are random variables and � is a real constant, then�
y � A0 � � � �� � �
y A � � �0

�
y � � ����

y � A � � � � � � y A � ��

If
A � + � f � � + � for every +P (

, then �
y A � � � f

�
y � � � �&

In fact, we don’t need to have

A � + � f � � + � for every + P (

in order to reach this conclusion; it is
enough if the set of + for which

A � + � f � � + � has probability one. When a condition holds with
probability one, we say it holds almost surely. Finally, if

G

and

¯

are disjoint subsets of

(

and

A

is a random variable, then �
T° ± A � ��� �
T A � ��0

�
± A � � �&

We restate the Lebesgue integral convergence theorem in this more general context. We acknowl-
edge in these statements that conditions don’t need to hold for every +; almost surely is enough.

Theorem 4.4 (Fatou’s Lemma) Let

A _ � � � 	 � $ � & & & be a sequence of almost surely nonnegative
random variables converging almost surely to a random variable

A

. Then�
y A � � � f �� 7 � » ¼_ �I �
y A _ � � ��

or equivalently, �x A f �� 7 � » ¼_ �I �x A _&
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Theorem 4.5 (Monotone Convergence Theorem) Let

A _ � � � 	 � $ � & & & be a sequence of random
variables converging almost surely to a random variable

A

. Assume that� f A� f A% f A. f ~ ~ ~ almost surely&

Then �
y A � � ��� �� 7_ �I �
y A _ � ���

or equivalently, �x A�� �� 7_ �I �x A _&

Theorem 4.6 (Dominated Convergence Theorem) Let

A _ � � � 	 � $ � & & & be a sequence of random
variables, converging almost surely to a random variable

A

. Assume that there exists a random
variable

�

such that ¡ A _ ¡ f �

almost surely for every �&

Then �
y A � � �� �� 7_ �I �
y A _ � ���

or equivalently, �x A�� �� 7_ �I �x A _&

In Example 1.13, we constructed a probability measure on

� �a� � � � a � �

by integrating the standard
normal density. In fact, whenever � is a nonnegative function defined on

a

satisfying

  � � � � � � � 	

,
we call � a density and we can define an associated probability measure by

� � � G � 6� �
T � � � � for every

GP � � � a �& (4.3)

We shall often have a situation in which two measure are related by an equation like (4.3). In fact,
the market measure and the risk-neutral measures in financial markets are related this way. We say
that � in (4.3) is the Radon-Nikodym derivative of

� ��

with respect to � � , and we write

�� � ��� � � & (4.4)

The probability measure

��

weights different parts of the real line according to the density �. Now
suppose

�

is a function on

� a�� � � �a � � �� �

. Definition 1.14 gives us a value for the abstract integral�
� � � � � �&

We can also evaluate �
�� � � � � � �

which is an integral with respec to Lebesgue measure over the real line. We want to show that�
�� � � ��� �
�� � � � � � � (4.5)
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an equation which is suggested by the notation introduced in (4.4) (substitute
Ð �ÑÐÒÓ for � in (4.5) and

“cancel” the

� � � ). We include a proof of this because it allows us to illustrate the concept of the
standard machine explained in Williams’s book in Section 5.12, page 5.

The standard machine argument proceeds in four steps.

Step 1. Assume that

�

is an indicator function, i.e.,

� � p � � ¢ � T ��p � for some Borel set

Gg �a

. In
that case, (4.5) becomes � � � G � � �

T � � � �&

This is true because it is the definition of
�� � G �

.

Step 2. Now that we know that (4.5) holds when

�
is an indicator function, assume that

�

is a
simple function, i.e., a linear combination of indicator functions. In other words,

� � p � � _ M-K � �- � -
� p � �

where each �- is a real number and each

� - is an indicator function. Then�
�� � � � � � �
��

Ô _ M-K � �-
� - Õ � ��

� _ M-K � �-
�

�� � - � � �

� _ M-K � �-
�

�� � - � � � �

� �
��

Ô _ M-K � �-
� - Õ � � � �

� �
�� � � � � �&

Step 3. Now that we know that (4.5) holds when

�

is a simple function, we consider a general
nonnegative function

�

. We can always construct a sequence of nonnegative simple functions� _ � �� 	 � $ � & & & such that� f �� � p � f �% � p � f �. � p � f & & & for every p P � a�

and

� ��p � � �� 7 _ �I � _ � p � for every p P �a

. We have already proved that�
� � � _ � � ��� �
� � � _ � � � � for every �&

We let � � l and use the Monotone Convergence Theorem on both sides of this equality to
get �

� � � � ��� �
�� � � � � �&
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Step 4. In the last step, we consider an integrable function

�

, which can take both positive and
negative values. By integrable, we mean that�

�� � 5 � ��
 l � �
� � �D � ��
 l&

¿From Step 3, we have �
�� � 5 � � � � �
�� � 5 � � � � ��

�� �D � � � � �
�� �D � � � �&

Subtracting these two equations, we obtain the desired result:�
�� � � � � � �
�� � 5 � � � � �
�� �D � � �

� �
�� � 5 � � � � � �
�� �D � � � �

� �
� � � � � �&

1.5 Independence

In this section, we define and discuss the notion of independence in a general probability space� ( � E� � � �

, although most of the examples we give will be for coin toss space.

1.5.1 Independence of sets

Definition 1.15 We say that two sets

GP E

and

¯ P E

are independent if� � � G� ¯ � � �� � G � � � � ¯ �&

Suppose a random experiment is conducted, and + is the outcome. The probability that + P G

is� � � G �

. Suppose you are not told +, but you are told that + P ¯

. Conditional on this information,
the probability that + P G

is � � � G ¡ ¯ � 6� � � � G� ¯ �� � � ¯ � &

The sets

G

and

¯

are independent if and only if this conditional probability is the uncondidtional
probability

� � � G �

, i.e., knowing that + P ¯

does not change the probability you assign to

G
. This

discussion is symmetric with respect to

G

and

¯

; if

G

and

¯

are independent and you know that+ P G

, the conditional probability you assign to

¯

is still the unconditional probability

� � � ¯ �
.

Whether two sets are independent depends on the probability measure

� �

. For example, suppose we
toss a coin twice, with probability = for

 

and probability >� 	 � = for

!

on each toss. To avoid
trivialities, we assume that

� 
 =
 	

. Then� � )   * � = % � �� )  ! * � �� ) !  * � = >� �� ) ! ! * � >%& (5.1)
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Let

G�� )   �  ! *

and

¯ � )  ! � !  *

. In words,

G

is the set “

 

on the first toss” and

¯

is the
set “one

 

and one

!

.” Then

G� ¯ � )  ! *

. We compute

� � � G � � = % 0 = >� =��� � � ¯ � � $ = >�� � � G � �� � ¯ � � $ = % >�� � � G� ¯ � � = >&
These sets are independent if and only if

$ = % >� = >, which is the case if and only if =� � % .

If = � � % , then

�� � ¯ �

, the probability of one head and one tail, is

� % . If you are told that the coin
tosses resulted in a head on the first toss, the probability of

¯

, which is now the probability of a

!

on the second toss, is still

� % .

Suppose however that = � � & � 	 . By far the most likely outcome of the two coin tosses is

! !

, and
the probability of one head and one tail is quite small; in fact,

�� � ¯ � � � & � 	 � � . However, if you
are told that the first toss resulted in

 
, it becomes very likely that the two tosses result in one head

and one tail. In fact, conditioned on getting a

 

on the first toss, the probability of one

 

and one!

is the probability of a
!

on the second toss, which is

� & � �

.

1.5.2 Independence of Ö-algebras

Definition 1.16 Let

W

and

×

be sub- �-algebras of

E

. We say that

W

and

×

are independent if every
set in

W
is independent of every set in

×

, i.e,

�� � G� ¯ � � �� � G � �� � ¯ �

for every

G P × � ¯ P W&

Example 1.14 Toss a coin twice, and let

��

be given by (5.1). Let

W � E� be the �-algebra
determined by the first toss:

W

contains the sets

F � ( � )   �  ! * � ) !  � ! ! *&

Let

×

be the �-albegra determined by the second toss:

×

contains the sets

F � ( � )   � !  * � )  ! � ! ! *&

These two �-algebras are independent. For example, if we choose the set

)   �  ! *

from

W

and
the set

)   � !  *

from

×

, then we have

� � )   �  ! * �� )   � !  *� � = % 0 = > � � = % 0 = > � � = % �� � N )   �  ! *� )   � !  * O � � � )   * � = %&

No matter which set we choose in

W

and which set we choose in

×

, we will find that the product of
the probabilties is the probability of the intersection.
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Example 1.14 illustrates the general principle that when the probability for a sequence of tosses is
defined to be the product of the probabilities for the individual tosses of the sequence, then every
set depending on a particular toss will be independent of every set depending on a different toss.
We say that the different tosses are independent when we construct probabilities this way. It is also
possible to construct probabilities such that the different tosses are not independent, as shown by
the following example.

Example 1.15 Define

��

for the individual elements of

( � )   �  ! � !  � ! ! *

to be

�� )   * � 	� � � � )  ! * � $� � � � ) !  * � 	 ' � �� ) ! ! * � 	 ' �

and for every set

Gg (

, define

� � � G �

to be the sum of the probabilities of the elements in

G

. Then� � � ( � � 	

, so

� �

is a probability measure. Note that the sets

)  

on first toss

* � )   �  ! *

and)  

on second toss

* � )   � !  *

have probabilities

� � )   �  ! * � � . and

� � )   � !  * �nm , so the product of the probabilities is

n% Ø . On the other hand, the intersection of

)   �  ! *

and

)   � !  *

contains the single element

)   *

, which has probability

�m . These sets are not
independent.

1.5.3 Independence of random variables

Definition 1.17 We say that two random variables

A

and

�

are independent if the �-algebras they
generate � � A � and � � � � are independent.

In the probability space of three independent coin tosses, the price

� % of the stock at time

$

is
independent of

jÙjk . This is because

��% depends on only the first two coin tosses, whereas

jÙjk is
either � or

�

, depending on whether the third coin toss is

 

or

!

.

Definition 1.17 says that for independent random variables

A

and

�

, every set defined in terms ofA

is independent of every set defined in terms of

�

. In the case of

� % and

jÙjk just considered, for ex-

ample, the sets

) ��% � � � ��� * � )  !  �  ! ! *

and

Ú jÙ jk � � Û � )    �  !  � !   � ! !  *

are indepedent sets.

Suppose

A

and

�

are independent random variables. We defined earlier the measure induced by

A

on

�a

to be h i � G � 6� �� ) A P G * � Gg � a&

Similarly, the measure induced by

�

ish Ü � ¯ � 6� �� ) � P ¯ * � ¯g � a&

Now the pair

� A�� � �

takes values in the plane

� a %

, and we can define the measure induced by the
pair h i ¨ Ü � � � � � � ) � A�� � � P � * � �g � a %s&

The set

�

in this last equation is a subset of the plane

� a %

. In particular,

�

could be a “rectangle”,
i.e, a set of the form

GÝ ¯

, where

Gg �a

and

¯g � a

. In this case,) � A� � � P GÝ ¯ * � ) A P G *� ) � P ¯ * �
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and

A

and

�

are independent if and only ifh i ¨ Ü � GÝ ¯ � � �� N ) A P G *� ) � P ¯ * O

� �� ) A P G * �� ) � P ¯ *
(5.2)� h i � G �h Ü � ¯ �&

In other words, for independent random variables

A
and

�
, the joint distribution represented by the

measure

h i ¨ Ü factors into the product of the marginal distributions represented by the measuresh i and

h Ü .
A joint density for

� A� � �

is a nonnegative function

� i ¨ Ü ��p �­ �

such that

h i ¨ Ü � GÝ ¯ � � �
T

�
± � i ¨ Ü � p �­ � �p �­ &

Not every pair of random variables
� A�� � �

has a joint density, but if a pair does, then the random
variables

A

and

�

have marginal densities defined by

� i ��p � � �I
D I � i ¨ Ü ��p � Þ � � Þ� � Ü �­ � �I
D I � i ¨ Ü �ß �­ � �ß &

These have the properties

h i � G � � �
T � i � p � �p � Gg � a�

h Ü � ¯ � � �
± � Ü �­ � �­ � ¯g � a&

Suppose

A

and

�

have a joint density. Then

A

and

�

are independent variables if and only if
the joint density is the product of the marginal densities. This follows from the fact that (5.2) is
equivalent to independence of

A

and

�

. Take

G� � � l � p @ and

¯ � � � l �­ @ , write (5.1) in terms
of densities, and differentiate with respect to both p and­ .

Theorem 5.7 Suppose

A

and

�

are independent random variables. Let � and

�

be functions from� a

to

� a

. Then � � A � and

� � � �

are also independent random variables.

PROOF: Let us denote

à � � � A � and

á�� � � � �

. We must consider sets in � � à �

and � � á � . But
a typical set in � � à � is of the form) +e à � + � P G * � ) +â � � A � + � � P G * �

which is defined in terms of the random variable

A

. Therefore, this set is in � � A � . (In general,
we have that every set in � � à � is also in � � A � , which means that

A

contains at least as much
information as

à

. In fact,

A

can contain strictly more information than

à

, which means that � � A �

will contain all the sets in � � à � and others besides; this is the case, for example, if

à� A %

.)

In the same way that we just argued that every set in � � à � is also in � � A � , we can show that
every set in � � á � is also in � � � � . Since every set in � � A � is independent of every set in � � � � , we
conclude that every set in � � à � is independent of every set in � � á � . �
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Definition 1.18 Let

A� � A% � & & & be a sequence of random variables. We say that these random
variables are independent if for every sequence of sets

G � P � � A� � � G % P � � Aã% � � & & & and for every
positive integer �, � � � G � � G % � ~ ~ ~ G _ � � � � � GB� � �� � G % �~ ~ ~ � � � G _ �&

1.5.4 Correlation and independence

Theorem 5.8 If two random variables

A

and

�

are independent, and if � and

�

are functions from� a

to

� a

, then �x ? � � A � � � � �@ � �x � � A �~ �x � � � � �

provided all the expectations are defined.

PROOF: Let � ��p � � ¢ � T ��p � and

� �­ � � ¢ � ± �­ �

be indicator functions. Then the equation we are
trying to prove becomes

� � N ) AP G *� ) � P ¯ * O � �� ) A P G * �� ) � P ¯ * �

which is true because

A

and

�

are independent. Now use the standard machine to get the result for
general functions � and

�

. �

The variance of a random variable

A

is defined to be

Var

� A � 6� �x ? A � �x A@ %&

The covariance of two random variables

A

and

�

is defined to be

Cov

� A� � � 6� �x ä � A � �x A � � � � �x � � å

� �x ? A �@ � �x A~ �x �&

According to Theorem 5.8, for independent random variables, the covariance is zero. If

A

and

�

both have positive variances, we define their correlation coefficient

� � A� � � 6� Cov

� A� � �æ

Var

� A �

Var

� � �&

For independent random variables, the correlation coefficient is zero.

Unfortunately, two random variables can have zero correlation and still not be independent. Con-
sider the following example.

Example 1.16 Let

A

be a standard normal random variable, let

á

be independent of

A
and have

the distribution

� � ) á � 	 * � � � ) á � � 	 * � �

. Define

� � A á

. We show that
�

is also a
standard normal random variable,

A

and

�

are uncorrelated, but

A

and

�

are not independent.

The last claim is easy to see. If

A

and

�

were independent, so would be

A %
and

� %
, but in fact,A % � � %

almost surely.

CHAPTER 1. Introduction to Probability Theory 45

We next check that

�

is standard normal. For­ P �a

, we have� � ) � f ­ * � � � ) � f ­ and

á� 	 *0 �� ) � f ­ and
á� � 	 *� � � ) A f ­ and

á� 	 *0 � � ) � A f ­ and

á� � 	 *� � � ) A f ­ * � � ) á� 	 *0 �� ) � A f ­ * �� ) á� � 	 *

� 	 $ � � ) A f ­ *0 	 $ � � ) � A f ­ *&
Since

A

is standard normal,

� � ) A f ­ * � �� ) A f �­ *
, and we have

� � ) � f ­ * � �� ) A f ­ *

,
which shows that

�

is also standard normal.

Being standard normal, both

A

and

�
have expected value zero. Therefore,

Cov

� A� � � � �x ? A �@ � �x ? A % á@ � �x A %~ �x á� 	~ � � � &

Where in

�a %

does the measure

h i ¨ Ü put its mass, i.e., what is the distribution of

� A� � �

?

We conclude this section with the observation that for independent random variables, the variance
of their sum is the sum of their variances. Indeed, if

A

and

�

are independent and

á � A 0 �

,
then

Var
� á � 6� �x ä � á � �x á � % å

� �x N A0 � � �x A � �x � � % å

� �x ä � A � �x A � % 0 $ � A � �x A � � � � �x � � 0 � � � �x � � % å

� Var

� A � 0 $ �x ? A � �x A@ �x ? � � �x �@ 0 Var

� � �

� Var

� A � 0 Var

� � �&

This argument extends to any finite number of random variables. If we are given independent
random variables

A� � A% � & & & � A _ , then

Var

� A� 0 A% 0 ~ ~ ~ 0 A _ � � Var

� A� � 0 Var

� Aã% � 0 ~ ~ ~ 0 Var

� A _ �& (5.3)

1.5.5 Independence and conditional expectation.

We now return to property (k) for conditional expectations, presented in the lecture dated October
19, 1995. The property as stated there is taken from Williams’s book, page 88; we shall need only
the second assertion of the property:

(k) If a random variable

A

is independent of a �-algebra

×

, then�x ? A ¡ ×@ � �x A&

The point of this statement is that if

A

is independent of

×

, then the best estimate of

A

based on
the information in

×

is

�x A

, the same as the best estimate of

A

based on no information.
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To show this equality, we observe first that

�x A

is

×

-measurable, since it is not random. We must
also check the partial averaging property�

T �x A � ��� �
T A � � � for every

GP ×&

If

A

is an indicator of some set

¯

, which by assumption must be independent of

×

, then the partial
averaging equation we must check is �

T � � � ¯ � � � ��� �
T ¢ � ± � ��&

The left-hand side of this equation is

�� � G � �� � ¯ �

, and the right hand side is�
y ¢ � T ¢ � ± � � ��

�
y ¢ � Tç ± � ��� � � � G� ¯ �&

The partial averaging equation holds because

G

and

¯

are independent. The partial averaging
equation for general

A

independent of

×

follows by the standard machine.

1.5.6 Law of Large Numbers

There are two fundamental theorems about sequences of independent random variables. Here is the
first one.

Theorem 5.9 (Law of Large Numbers) Let

A� � A% � & & & be a sequence of independent, identically
distributed random variables, each with expected value � and variance � % . Define the sequence of
averages �_ 6� A� 0 A% 0 ~ ~ ~ 0 A _� � �� 	 � $ � & & & &

Then

�_ converges to � almost surely as � � l.
We are not going to give the proof of this theorem, but here is an argument which makes it plausible.
We will use this argument later when developing stochastic calculus. The argument proceeds in two
steps. We first check that

�x �_ � � for every �. We next check that Var

� �_ � � � as � � � . In
other words, the random variables

�_ are increasingly tightly distributed around � as � � l.
For the first step, we simply compute

�x �_ � 	
� ? �x A� 0 �x Aã% 0 ~ ~ ~ 0 �x A _ @ � 	
� ? �0 �0 ~ ~ ~ 0 �@è éê ë_ times

� �&

For the second step, we first recall from (5.3) that the variance of the sum of independent random
variables is the sum of their variances. Therefore,

Var

� �_ � � _ M-K � Var

U A- �
V � _ M-K �
� %� % � � % �&

As � � l , we have Var

� �_ � � � .
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1.5.7 Central Limit Theorem

The Law of Large Numbers is a bit boring because the limit is nonrandom. This is because the
denominator in the definition of

�_ is so large that the variance of
�_ converges to zero. If we want

to prevent this, we should divide by

² � rather than �. In particular, if we again have a sequence of
independent, identically distributed random variables, each with expected value � and variance � % ,
but now we set á _ 6� � A� � � � 0 � Aã% � � � 0 ~ ~ ~ 0 � A _ � � �² � �

then each

á _ has expected value zero and

Var

� á _ � � _ M-K � Var
U A- � �² �
V � _ M-K �
� % � � � %&

As � � l, the distributions of all the random variables

á _ have the same degree of tightness, as
measured by their variance, around their expected value

�

. The Central Limit Theorem asserts that
as � � l, the distribution of

á _ approaches that of a normal random variable with mean (expected
value) zero and variance � % . In other words, for every set

Gì � a

,

�� 7_ �I � � ) á _ P G * � 	
� ² $³

�
T ´D ¶ kkí k �p &
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Chapter 2

Conditional Expectation

Please see Hull’s book (Section 9.6.)

2.1 A Binomial Model for Stock Price Dynamics

Stock prices are assumed to follow this simple binomial model: The initial stock price during the
period under study is denoted

� � . At each time step, the stock price either goes up by a factor of �

or down by a factor of

�

. It will be useful to visualize tossing a coin at each time step, and say that

Ï the stock price moves up by a factor of � if the coin comes out heads (

 

), andÏ down by a factor of

�

if it comes out tails (

!

).

Note that we are not specifying the probability of heads here.

Consider a sequence of 3 tosses of the coin (See Fig. 2.1) The collection of all possible outcomes
(i.e. sequences of tosses of length 3) is

(�� )    �   ! �  !  �  ! ! � !   � !   � !  ! � ! !  � ! ! ! *&

A typical sequence of

(

will be denoted +, and + - will denote the

,

th element in the sequence +.
We write

�- � + � to denote the stock price at “time”

,

(i.e. after

,

tosses) under the outcome +. Note
that

�- � + � depends only on + � � + % � & & & � + - . Thus in the 3-coin-toss example we write for instance,

�� � + � î� �� � + � � + % � + . � î� �� � + � � �

��% � + � î� ��% � + � � + % � + . � î� ��% � + � � + % �&

Each

�- is a random variable defined on the set

(

. More precisely, let

E � ï � ( �

. Then

E

is a�-algebra and

� ( � E �

is a measurable space. Each

�- is an

E

-measurable function

( � �a, that is,�D �- is a function

� � E where

�

is the Borel �-algebra on IR. We will see later that

� - is in fact

49
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Figure 2.1: A three coin period binomial model.

measurable under a sub- �-algebra of

E

. Recall that the Borel �-algebra

�

is the �-algebra generated
by the open intervals of IR. In this course we will always deal with subsets of IR that belong to

�

.

For any random variable

A

defined on a sample space

(

and any­ P � a

, we will use the notation:

) A f ­ * î� ) + P (e A � + � f ­ *&

The sets

) A
 ­ * � ) A 1­ * � ) A� ­ * � etc, are defined similarly. Similarly for any subset

¯

of

�a

,
we define ) A P ¯ * î� ) + P (e A � + � P ¯ *&

Assumption 2.1 �3 �3 �

.

2.2 Information

Definition 2.1 (Sets determined by the first

,

tosses.) We say that a set

G ì (

is determined by
the first

,

coin tosses if, knowing only the outcome of the first

,

tosses, we can decide whether the
outcome of all tosses is in

G

. In general we denote the collection of sets determined by the first

,
tosses by

E- . It is easy to check that

E�- is a �-algebra.

Note that the random variable

�]- is

E- -measurable, for each

,� 	 � $ � & & & � �.
Example 2.1 In the 3 coin-toss example, the collection

ð�ñ of sets determined by the first toss consists of:
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1.

ò�ó ôöõ ÷ø ø øÇù ø ø úù ø úøÇù ø ú ú û

,

2.

ò�ü ôõ ÷ úø øÇù úø úù ú úøÇù ú ú ú û

,
3.

ý

,
4.

þ

.

The collection

ð�ÿ of sets determined by the first two tosses consists of:

1.

ò�ó ó ôõ ÷ø ø øÇù ø ø ú û

,

2.

ò�ó ü ô õ ÷ ø úøÇù ø ú ú û

,

3.

ò�ü ó ô õ ÷ úø øÇù úø ú û

,

4.

ò�ü ü ôõ ÷ ú úøÇù ú ú ú û

,
5. The complements of the above sets,

6. Any union of the above sets (including the complements),
7.

ý

and

þ

.

Definition 2.2 (Information carried by a random variable.) Let

A

be a random variable

( � � a.
We say that a set

Gì (
is determined by the random variable

A

if, knowing only the value

A � + �

of the random variable, we can decide whether or not + P G

. Another way of saying this is that for
every­ P � a

, either

AD � �­ � ì G

or

AD � �­ �� G � �

. The collection of susbets of

(

determined
by

A
is a �-algebra, which we call the �-algebra generated by

A

, and denote by � � A � .
If the random variable

A

takes finitely many different values, then � � A � is generated by the collec-
tion of sets ) AD � � A � + � � ¡ +P ( * e

these sets are called the atoms of the �-algebra � � A � .
In general, if

A

is a random variable

( � � a, then � � A � is given by

� � A � � ) AD � � ¯ � e ¯ P � *&

Example 2.2 (Sets determined by

�ÿ ) The �-algebra generated by

�ÿ consists of the following sets:

1.

ò]ó ó õ ÷ø ø øÇù ø ø ú û õ ÷� � þ� �ÿ �� � õ 	 ÿ ��
 û ,
2.

ò�ü ü õ ÷ ú úøÇù ú ú ú û õ ÷ �ÿ õ �ÿ �

 ûù

3.

ò�ó ü � ò�ü ó õ ÷ �ÿ õ 	 � � 
 ûù

4. Complements of the above sets,
5. Any union of the above sets,
6.

ý õ ÷ �ÿ �� � � ý û ,
7.

þ õ ÷ �ÿ �� � � �� û .
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2.3 Conditional Expectation

In order to talk about conditional expectation, we need to introduce a probability measure on our
coin-toss sample space

(

. Let us define

Ï =P �� � 	 � is the probability of

 

,Ï > î� � 	 � = � is the probability of

!

,Ï the coin tosses are independent, so that, e.g.,

� � �  ! � � = % >� etc.Ï �� � G � î� � + S T � � � + � , � Gì (

.

Definition 2.3 (Expectation.)

�x A î� M
+ S (

A � + � � � � + �&

If

Gì (

then � T � + � î� Z 	

if + P G�

if + ¬P G

and �x � � T A � � �
T A � � � � M
+ S T A � + � � � � + �&

We can think of

�x � � T A � as a partial average of

A

over the set

G

.

2.3.1 An example

Let us estimate

�� , given

�% . Denote the estimate by

�x � �� ¡ ��% � . From elementary probability,�x � �� ¡ �% � is a random variable

�

whose value at + is defined by� � + � � �x � �� ¡ �% � ­ � �

where­ � �B% � + � . Properties of

�x � �� ¡ �B% � :

Ï �x � �� ¡ ��% � should depend on +, i.e., it is a random variable.Ï If the value of

��% is known, then the value of

�x � �� ¡ �% � should also be known. In particular,

– If +�    

or +�   !

, then

�% � + � � � % ��� . If we know that

��% � + � � � % �� , then
even without knowing +, we know that

�� � + � � � �� . We define�x � �� ¡ �% � �   � � �x � �� ¡ ��% � �  ! � � � ���&

– If + � ! ! !

or + � ! !  

, then

�% � + � � �% �� . If we know that

��% � + � � �% �� , then
even without knowing +, we know that

�� � + � � � ��� . We define�x � �� ¡ ��% � � ! ! ! � � �x � �� ¡ �% � � ! !  � � � ���&
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– If + P G � )  !  �  ! ! � !   � !  ! *

, then

��% � + � � � � �� . If we know

�% � + � �� � �� , then we do not know whether

�� � � �� or

�� � � �� . We then take a weighted
average: �� � G � � = % >0 = >% 0 = % >0 = >% � $ = >&

Furthermore, �
T �� � � � � = % > � �� 0 = >% � �� 0 = % > � ��� 0 = >% � ���

� = > � �0 � � ��
For + P G

we define

�x � �� ¡ �% � � + � �   T �� � ���� � G � � � % � �0 � � ���&

Then �
T �x � �� ¡ �% � � � �� �
T �� � � �&

In conclusion, we can write �x � �� ¡ �% � � + � � � � ��% � + � � �

where

� � p � �
qsrtu

rv
� ��� if p � � % ���� % � �0 � � �� if p � � � ���� �� if p � � % ��

In other words,

�x � �� ¡ �% � is random only through dependence on

� % . We also write

�x � �� ¡ �% � p � � � � p � �

where � is the function defined above.

The random variable

�x � �� ¡ �% � has two fundamental properties:

Ï �x � �� ¡ ��% � is � � ��% � -measurable.Ï For every set

G P � � ��% � , �
T �x � �� ¡ ��% � � � � � �
T �� � � �&

2.3.2 Definition of Conditional Expectation

Please see Williams, p.83.

Let

� ( � E� �� �

be a probability space, and let

W

be a sub- �-algebra of

E

. Let

A

be a random variable
on

� ( � E� �� �

. Then

�x � A ¡ W �

is defined to be any random variable

�

that satisfies:

(a)

�

is

W

-measurable,
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(b) For every set

G P W

, we have the “partial averaging property”�
T � � ���

�
T A � ��&

Existence. There is always a random variable

�

satisfying the above properties (provided that�x ¡ A ¡
 l), i.e., conditional expectations always exist.

Uniqueness. There can be more than one random variable

�

satisfying the above properties, but if� �

is another one, then

� � � �

almost surely, i.e.,

� � ) + P (e � � + � � � � � + � * � 	&

Notation 2.1 For random variables

A� �

, it is standard notation to write

�x � A ¡ � � î� �x � A ¡ � � � � �&

Here are some useful ways to think about

�x � A ¡ W �

:

Ï A random experiment is performed, i.e., an element + of

(

is selected. The value of + is
partially but not fully revealed to us, and thus we cannot compute the exact value of

A � + � .
Based on what we know about +, we compute an estimate of

A � + � . Because this estimate
depends on the partial information we have about +, it depends on +, i.e.,

�x ? A ¡ �@ � + � is a
function of +, although the dependence on + is often not shown explicitly.Ï If the �-algebra

W

contains finitely many sets, there will be a “smallest” set

G

in

W

containing+, which is the intersection of all sets in

W

containing +. The way + is partially revealed to us
is that we are told it is in

G

, but not told which element of

G

it is. We then define

�x ? A ¡ �@ � + �

to be the average (with respect to

��

) value of

A

over this set

G

. Thus, for all + in this set

G

,�x ? A ¡ �@ � + � will be the same.

2.3.3 Further discussion of Partial Averaging

The partial averaging property is�
T �x � A ¡ W � � ��� �
T A � � �� � GP W& (3.1)

We can rewrite this as

�x ? � T& �x � A ¡ W �@ � �x ? � T& A@& (3.2)

Note that

� T is a

W

-measurable random variable. In fact the following holds:

Lemma 3.10 If

4

is any

W

-measurable random variable, then provided

�x ¡ 4& �x � A ¡ W � ¡ 
 l,

�x ? 4& �x � A ¡ W �@ � �x ? 4& A@& (3.3)
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Proof: To see this, first use (3.2) and linearity of expectations to prove (3.3) when

4
is a simpleW

-measurable random variable, i.e.,

4

is of the form

4�� � _-K � �- � T� , where each

G - is in

W

and
each �- is constant. Next consider the case that

4

is a nonnegative
W

-measurable random variable,
but is not necessarily simple. Such a

4

can be written as the limit of an increasing sequence
of simple random variables

4_ ; we write (3.3) for each

4_ and then pass to the limit, using the
Monotone Convergence Theorem (See Williams), to obtain (3.3) for

4

. Finally, the general

W

-
measurable random variable

4

can be written as the difference of two nonnegative random-variables4 � 4 5 � 4D , and since (3.3) holds for

4 5

and
4D it must hold for

4

as well. Williams calls
this argument the “standard machine” (p. 56).

Based on this lemma, we can replace the second condition in the definition of a conditional expec-
tation (Section 2.3.2) by:

(b’) For every

W

-measurable random-variable

4

, we have
�x ? 4& �x � A ¡ W �@ � �x ? 4& A@& (3.4)

2.3.4 Properties of Conditional Expectation

Please see Willams p. 88. Proof sketches of some of the properties are provided below.

(a)

�x � �x � A ¡ W � � � �x � A �&

Proof: Just take

G

in the partial averaging property to be

(

.

The conditional expectation of

A

is thus an unbiased estimator of the random variable

A

.

(b) If

A

is

W

-measurable, then �x � A ¡ W � � A&

Proof: The partial averaging property holds trivially when

�

is replaced by

A

. And since

A

is

W

-measurable,

A

satisfies the requirement (a) of a conditional expectation as well.

If the information content of

W

is sufficient to determine

A

, then the best estimate of

A

based
on

W

is

A

itself.

(c) (Linearity) �x �� � A� 0 � % A% ¡ W � � � � �x � A� ¡ W � 0 � % �x � Aã% ¡ W �&

(d) (Positivity) If

A 1 �

almost surely, then

�x � A ¡ W � 1 � &

Proof: Take

G� ) +P (e �x � A ¡ W � � + � 
 � *

. This set is in

W

since

�x � A ¡ W �

is

W

-measurable.
Partial averaging implies

  T �x � A ¡ W � � � � �   T A � ��. The right-hand side is greater than
or equal to zero, and the left-hand side is strictly negative, unless

� � � G � � �

. Therefore,�� � G � � �

.
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(h) (Jensen’s Inequality) If

�â a � a is convex and

�x ¡ � � A � ¡
 l , then

�x � � � A � ¡ W � 1 � � �x � A ¡ W � �&

Recall the usual Jensen’s Inequality:

�x � � A � 1 � � �x � A � �&

(i) (Tower Property) If

×

is a sub- �-algebra of

W

, then

�x � �x � A ¡ W � ¡ × � � �x � A ¡ × �&

×

is a sub- �-algebra of

W

means that

W

contains more information than

×

. If we estimate

A

based on the information in

W

, and then estimate the estimator based on the smaller amount
of information in

×

, then we get the same result as if we had estimated

A

directly based on
the information in

×

.

(j) (Taking out what is known) If

á

is

W

-measurable, then

�x � á A ¡ W � � á& �x � A ¡ W �&

When conditioning on

W

, the

W

-measurable random variable

á

acts like a constant.

Proof: Let

á

be a

W

-measurable random variable. A random variable

�

is

�x � á A ¡ W �

if and
only if

(a)

�

is

W

-measurable;
(b)

  T � � ���   T á A � ��� � GP W

.

Take

� � á& �x � A ¡ W �

. Then

�

satisfies (a) (a product of

W

-measurable random variables isW

-measurable).

�

also satisfies property (b), as we can check below:�
T � � � � � �x � � T& � �

� �x ? � T á �x � A ¡ W �@� �x ? � T á& A@

((b’) with

4 � � T á

� �
T á A � ��&

(k) (Role of Independence) If

×

is independent of � � � � A � � W � , then

�x � A ¡ � � W � × � � � �x � A ¡ W �&

In particular, if

A

is independent of

×

, then

�x � A ¡ × � � �x � A �&

If

×

is independent of

A

and

W

, then nothing is gained by including the information content
of

×

in the estimation of

A

.
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2.3.5 Examples from the Binomial Model

Recall that

E� � ) �� G\ � G]^ � ( *

. Notice that

�x � ��% ¡ E� � must be constant on

G]\ and

G]^ .

Now since

�x � ��% ¡ E� � must satisfy the partial averaging property,�
T� �x � �% ¡ E� � � � �� �
T� ��% � � ��

�
T� �x � �% ¡ E� � � � �� �
T� ��% � ��&

We compute �
T� �x � �% ¡ E� � � �� � �� � G]\ �& �x � ��% ¡ E� � � + �

� = �x � ��% ¡ E� � � + � � � +P G]\ &

On the other hand, �
T� �% � ��� = % � % ��� 0 = > � � ���&

Therefore, �x � �% ¡ E� � � + � � = � % �� 0 > � � �� � � + P G\ &

We can also write �x � �% ¡ E� � � + � � = � % ��� 0 > � � ��� � = �0 > � � � ��� � = �0 > � � �� � + � � � +P G\

Similarly, �x � �% ¡ E� � � + � � � = �0 > � � �� � + � � � + P G]^ &

Thus in both cases we have �x � �% ¡ E� � � + � � � = �0 > � � �� � + � � � +P (&

A similar argument one time step later shows that�x � �. ¡ E% � � + � � � = �0 > � � ��% � + �&

We leave the verification of this equality as an exercise. We can verify the Tower Property, for
instance, from the previous equations we have�x ? �x � �. ¡ E% � ¡ E� @ � �x ? � = �0 > � � ��% ¡ E% @� � = �0 > � � �x � ��% ¡ E� � (linearity)� � = �0 > � � % ��&

This final expression is

�x � ��. ¡ E� � .
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2.4 Martingales

The ingredients are:

Ï A probability space

� ( � E� � � �

.Ï A sequence of �-algebras

E� � E� � & & & � E _ , with the property that

Eã� ì E� ì & & & ì E _ ìE

. Such a sequence of �-algebras is called a filtration.Ï A sequence of random variables

�� � �� � & & & � � _ . This is called a stochastic process.

Conditions for a martingale:

1. Each

�- is

E- -measurable. If you know the information in

E- , then you know the value of�- . We say that the process

) �- * is adapted to the filtration

) E- * .
2. For each

,

,

�x � �- 5 � ¡ E- � � �- . Martingales tend to go neither up nor down.

A supermartingale tends to go down, i.e. the second condition above is replaced by

�x � �- 5 � ¡ E- � f�- ; a submartingale tends to go up, i.e.

�x � �- 5 � ¡ E- � 1 �- .
Example 2.3 (Example from the binomial model.) For

� õ �ù �

we already showed that�� � ���� ñ � ð � � õ �� 	  ! � � ���"

For

� õ # , we set

ð 
 õ ÷ ýù þ û

, the “trivial �-algebra”. This �-algebra contains no information, and anyð 
 -measurable random variable must be constant (nonrandom). Therefore, by definition,

�� � �ñ � ð 
 � is that
constant which satisfies the averaging property� þ �� � �ñ � ð 
 � � �$ õ � þ �ñ � �$"

The right hand side is

�� �ñ õ �� 	  ! � � � 
 , and so we have�� � �ñ � ð 
 � õ �� 	  ! � � � 
"

In conclusion,

% If

�� 	  ! � � õ � then

÷ � �ù ð � � � õ #ù �ù �ù & û

is a martingale.% If

�� 	  ! � �' �

then

÷ � �ù ð � � � õ #ù �ù �ù & û

is a submartingale.% If

�� 	  ! � �( �

then

÷ � �ù ð � � � õ #ù �ù �ù & û

is a supermartingale.

Chapter 3

Arbitrage Pricing

3.1 Binomial Pricing

Return to the binomial pricing model

Please see:

Ï Cox, Ross and Rubinstein, J. Financial Economics, 7(1979), 229–263, and

Ï Cox and Rubinstein (1985), Options Markets, Prentice-Hall.

Example 3.1 (Pricing a Call Option) Suppose 	 õ �ù � õ #" )ù * õ � ) +(interest rate),

� 
 õ ) # . (In this
and all examples, the interest rate quoted is per unit time, and the stock prices

� 
ù �ñù " " " are indexed by the
same time periods). We know that

�ñ �� � õ � � # # if � ñ õ ø� )

if � ñ õ ú

Find the value at time zero of a call option to buy one share of stock at time 1 for $50 (i.e. the strike price is
$50).

The value of the call at time 1 is

,ñ �� � õ � �ñ �� �.- ) # �� õ � ) # if � ñ õ ø#

if � ñ õ ú

Suppose the option sells for $20 at time 0. Let us construct a portfolio:

1. Sell 3 options for $20 each. Cash outlay is- /0 #"

2. Buy 2 shares of stock for $50 each. Cash outlay is $100.

3. Borrow $40. Cash outlay is- /1 #"

59
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This portfolio thus requires no initial investment. For this portfolio, the cash outlay at time 1 is:� ñ õ ø � ñ õ ú

Pay off option

/ � ) # / #

Sell stock - / � # # - / ) #

Pay off debt

/ ) # / ) #- - - - - - - - - -/ # / #

The arbitrage pricing theory (APT) value of the option at time 0 is

,
 õ � # .
Assumptions underlying APT:

Ï Unlimited short selling of stock.Ï Unlimited borrowing.Ï No transaction costs.Ï Agent is a “small investor”, i.e., his/her trading does not move the market.

Important Observation: The APT value of the option does not depend on the probabilities of

 

and

!

.

3.2 General one-step APT

Suppose a derivative security pays off the amount

4� at time 1, where

4� is an

E� -measurable
random variable. (This measurability condition is important; this is why it does not make sense
to use some stock unrelated to the derivative security in valuing it, at least in the straightforward
method described below).

Ï Sell the security for

4� at time 0. (

4� is to be determined later).Ï Buy

� � shares of stock at time 0. (

� � is also to be determined later)Ï Invest

4� � � � �� in the money market, at risk-free interest rate �. (

4� � � � ��� might be
negative).Ï Then wealth at time 1 is A� î� � � �� 0 � 	0 � � � 4� � � � ��� �� � 	0 � � 4� 0 � � � �� � � 	0 � � ��� �&

Ï We want to choose

4� and

� � so that A� � 4�

regardless of whether the stock goes up or down.
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The last condition above can be expressed by two equations (which is fortunate since there are two
unknowns): � 	0 � � 4� 0 � � � �� � � � � 	0 � � �� � � 4� � �

(2.1)

� 	0 � � 4� 0 � � � �� �! � � � 	0 � � �� � � 4� �! � (2.2)

Note that this is where we use the fact that the derivative security value

4- is a function of

�- ,
i.e., when

�- is known for a given +, 4- is known (and therefore non-random) at that + as well.
Subtracting the second equation above from the first gives

� � � 4� � � � 4� �! ��� � � � �� � ! �& (2.3)

Plug the formula (2.3) for

� � into (2.1):� 	0 � � 4� � 4� � � � � � � �� � � � � 	0 � � �� �

� 4� � � � 4� � � � 4� �! �� � � � � �� � � � 	 � � � ���

� 	
� � � ? � � � � � 4� � � � � 4� � � � 4� � ! � � � � � 	 � � �@

� 	0 � � �� � � 4� � � 0 � � 	 � �� � � 4� �! �&

We have already assumed �3 �3 �

. We now also assume

� f 	0 � f � (otherwise there would
be an arbitrage opportunity). Define

<= î� 	0 � � �� � � � < > î� � � 	 � �� � � &

Then

< = 3 �

and

< >3 �

. Since

<=0 < > � 	

, we have

� 
 <=
 	

and

<> � 	 � <=. Thus,

<=�� < > are like
probabilities. We will return to this later. Thus the price of the call at time 0 is given by

4� � 		0 � ? <= 4� � � 0 < > 4� �! �@& (2.4)

3.3 Risk-Neutral Probability Measure

Let

(

be the set of possible outcomes from � coin tosses. Construct a probability measure

�� �

on

(

by the formula ��� � + � � + % � & & & � + _ � î� <= 2 z34 +5K \ } <> 2 z 34 +5K ^ }�� �

is called the risk-neutral probability measure. We denote by

��x

the expectation under

�� �

. Equa-
tion 2.4 says 4� � ��x U 		0 � 4�

V&
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Theorem 3.11 Under

�� �

, the discounted stock price process

) � 	0 � �D - �- � E- * _-K � is a martingale.

Proof:

��x ? � 	0 � �D 6 - 5 � 7 �- 5 � ¡ E- @� � 	0 � �D 6 - 5 � 7 � <= �0 < > � � �-

� � 	0 � �D 6 - 5 � 7 U � � 	0 � � � �� � � 0 � � � � 	 � � �� � �
V �-

� � 	0 � �D 6 - 5 � 7 �0 � � � � �0 � � � � � � �� � � �-

� � 	0 � �D 6 - 5 � 7 � � � � � � 	0 � �� � � �-

� � 	0 � �D - �- &

3.3.1 Portfolio Process

The portfolio process is

�� � � � � � � � & & & � � _D � � , where

Ï � - is the number of shares of stock held between times

,

and

,0 	

.Ï Each

� - is

E- -measurable. (No insider trading).

3.3.2 Self-financing Value of a Portfolio Process

8

Ï Start with nonrandom initial wealth

Aã� , which need not be 0.Ï Define recursively

A- 5 � � � - �- 5 � 0 � 	0 � � � A- � � - �- � (3.1)� � 	0 � � A- 0 � - � �- 5 � � � 	0 � � �- �& (3.2)

Ï Then each

A- is

E- -measurable.

Theorem 3.12 Under

�� �

, the discounted self-financing portfolioprocess value

) � 	0 � �D - A- � E- * _-K �
is a martingale.

Proof: We have

� 	0 � �D 6 - 5 � 7 A- 5 � � � 	0 � �D - A- 0 � - N � 	0 � �D 6 - 5 � 7 �- 5 � � � 	0 � �D - �- O&
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Therefore, ��x ? � 	0 � �D 6 - 5 � 7 A- 5 � ¡ E- @� ��x ? � 	0 � �D - A- ¡ E- @0 ��x ? � 	0 � �D 6 - 5 � 7 � - �- 5 � ¡ E- @� ��x ? � 	0 � �D - � - �- ¡ E- @� � 	0 � �D - A- (requirement (b) of conditional exp.)0 � - ��x ? � 	0 � �D 6 - 5 � 7 �- 5 � ¡ E- @ (taking out what is known)� � 	0 � �D - � - �- (property (b))� � 	0 � �D - A- (Theorem 3.11)

3.4 Simple European Derivative Securities

Definition 3.1 () A simple European derivative security with expiration time É is an

EÁ -measurable
random variable

4Á . (Here, É is less than or equal to �, the number of periods/coin-tosses in the
model).

Definition 3.2 () A simple European derivative security

4Á is said to be hedgeable if there exists
a constant

A� and a portfolio process

� � � � � � & & & � �Á D � � such that the self-financing value
process

Aã� � A� � & & & � AÁ given by (3.2) satisfiesAÁ � + � � 4Á � + � � � +P (&

In this case, for

,�� � � 	 � & & & � É, we call

A- the APT value at time

,

of

4Á .

Theorem 4.13 (Corollary to Theorem 3.12) If a simple European security

4Á is hedgeable, then
for each

, � � � 	 � & & & � É, the APT value at time

,

of

4Á is4- î� � 	0 � � - ��x ? � 	0 � �D Á 4Á ¡ E- @& (4.1)

Proof: We first observe that if

) �- � E- e , � � � 	 � & & & � É * is a martingale, i.e., satisfies the
martingale property ��x ? �- 5 � ¡ E- @ � �-

for each

, � � � 	 � & & & � É � 	 , then we also have��x ? �Á ¡ E- @ � �- � ,�� � � 	 � & & & � É � 	& (4.2)

When

, � É � 	 , the equation (4.2) follows directly from the martingale property. For

, � É � $,
we use the tower property to write��x ? �Á ¡ EÁ D % @ � ��x ? ��x ? �Á ¡ EÁ D � @ ¡ EÁ D % @� ��x ? �Á D � ¡ EÁ D % @� �Á D % &
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We can continue by induction to obtain (4.2).

If the simple European security

4Á is hedgeable, then there is a portfolio process whose self-
financing value process

Aã� � A� � & & & � AÁ satisfies

AÁ � 4Á . By definition,

A- is the APT value
at time

,

of

4Á . Theorem 3.12 says thatAã� � � 	0 � �D � A� � & & & � � 	0 � �D Á AÁ

is a martingale, and so for each

,

,� 	0 � �D - A- � ��x ? � 	0 � �D Á AÁ ¡ E- @ � ��x ? � 	0 � �D Á 4Á ¡ E- @&

Therefore, A- � � 	0 � � - ��x ? � 	0 � �D Á 4Á ¡ E- @&

3.5 The Binomial Model is Complete

Can a simple European derivative security always be hedged? It depends on the model. If the answer
is “yes”, the model is said to be complete. If the answer is “no”, the model is called incomplete.

Theorem 5.14 The binomial model is complete. In particular, let

4Á be a simple European deriva-
tive security, and set4- � +� � & & & � +- � � � 	0 � � - ��x ? � 	0 � �D Á 4Á ¡ E- @ � +� � & & & � +- � � (5.1)

� - � +� � & & & � +- � � 4- 5 � � +� � & & & � +- �  � � 4- 5 � � +� � & & & � +- � ! ��- 5 � � +� � & & & � +- �  � � �- 5 � � +� � & & & � +- � ! �& (5.2)

Starting with initial wealth

4� � ��x ? � 	0 � �D Á 4Á @ , the self-financing value of the portfolio process� � � � � � & & & � �Á D � is the process

4� � 4� � & & & � 4Á .

Proof: Let

4� � & & & � 4Á D � and

� � � & & & � �Á D � be defined by (5.1) and (5.2). Set

Aã� � 4� and
define the self-financing value of the portfolio process

� � � & & & � �Á D � by the recursive formula 3.2:A- 5 � � � - �- 5 � 0 � 	0 � � � A- � � - �- �&

We need to show that A- � 4- � � , P ) � � 	 � & & & � É *& (5.3)

We proceed by induction. For

, � �

, (5.3) holds by definition of

A � . Assume that (5.3) holds for
some value of

,

, i.e., for each fixed

� +� � & & & � +- � , we haveA- � +� � & & & � +- � � 4- � +� � & & & � +- �&
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We need to show that

A- 5 � � +� � & & & � +- �  � � 4- 5 � � +� � & & & � +- �  � �

A- 5 � � +� � & & & � +- � ! � � 4- 5 � � +� � & & & � +- � ! �&
We prove the first equality; the second can be shown similarly. Note first that��x ? � 	0 � �D 6 - 5 � 7 4- 5 � ¡ E- @ � ��x ? ��x ? � 	0 � �D Á 4Á ¡ E- 5 � @ ¡ E- @� ��x ? � 	0 � �D Á 4Á ¡ E- @� � 	0 � �D - 4-

In other words,

) � 	0 � �D - 4- * _-K � is a martingale under

�� �

. In particular,

4- � +� � & & & � +- � � ��x ? � 	0 � �D � 4- 5 � ¡ E- @ � +� � & & & � +- �

� 		0 � � < = 4- 5 � � +� � & & & � +- �  � 0 <> 4- 5 � � +� � & & & � +- � ! � �&

Since

� +� � & & & � +- � will be fixed for the rest of the proof, we simplify notation by suppressing these
symbols. For example, we write the last equation as

4- � 		0 � � <= 4- 5 � � � 0 < > 4- 5 � �! � �&

We compute

A- 5 � � �
� � - �- 5 � � � 0 � 	0 � � � A- � � - �- �� � - � �- 5 � � � � � 	0 � � �- � 0 � 	0 � � 4-

� 4- 5 � � � � 4- 5 � �! ��- 5 � � � � �- 5 � � ! � � �- 5 � � � � � 	0 � � �- �

0 <= 4- 5 � � � 0 < > 4- 5 � �! �

� 4- 5 � � � � 4- 5 � � ! �� �- � � �- � � �- � � 	0 � � �- �

0 <= 4- 5 � � � 0 < > 4- 5 � �! �

� � 4- 5 � � � � 4- 5 � � ! � � U � � 	 � �� � �
V 0 <= 4- 5 � � � 0 < > 4- 5 � �! �

� � 4- 5 � � � � 4- 5 � � ! � � <>0 < = 4- 5 � � � 0 < > 4- 5 � �! �� 4- 5 � � �&
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Chapter 35

Notes and References

35.1 Probability theory and martingales.

Probability theory is usually learned in two stages. In the first stage, one learns that a discrete ran-
dom variable has a probability mass function and a continuous random variable has a density. These
can be used to compute expectations and variances, and even conditional expectations. Furthermore,
one learns how transformations of continuous random variables cause changes in their densities. A
well-written book which contains all these things is DeGroot (1986).

The second stage of probability theory is measure theoretic. In this stage one views a random
variable as a function from a sample space

(

to the set of real numbers

� a

. Certain subsets of

(

are
called events, and the collection of all events forms a �-algebra

E

. Each set

G

in

E

has a probability� � � G �
. This point of view handles both discrete and continuous random variables within the same

unifying framework. A conditional expectation is itself a random variable, measurable with respect
to the conditioning �-algebra. This point of view is indispensible for treating the rather complicated
conditional expectations which arise in martingale theory. A well-written book on measure-theoretic
probability is Billingsley (1986). A succinct book on measure-theoretic probability and martingales
in discrete time is Williams (1991). A more detailed book is Chung (1968).

The measure-theoretic view of probability theory was begun by Kolmogorov (1933). The term
martingale was apparently first used by Ville (1939), although the concept dates back to 1934 work
of Lévy. The first complete account of martingale theory is Doob (1953).

35.2 Binomial asset pricing model.

The binomial asset pricing model was developed by Cox, Ross & Rubinstein (1979). Accounts of
this model can be found in several places, including Cox & Rubinstein (1985), Dothan (1990) and
Ritchken (1987). Many models are first developed and understood in continuous time, and then
binomial versions are developed for purposes of implementation.
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35.3 Brownian motion.

In 1828 Robert Brown observed irregular movement of pollen suspended in water. This motion is
now known to be caused by the buffeting of the pollen by water molecules, as explained by Einstein
(1905). Bachelier (1900) used Brownian motion (not geometric Brownian motion) as a model of
stock prices, even though Brownian motion can take negative values. Lévy (1939, 1948) discov-
ered many of the nonintuitive properties of Brownian motion. The first mathematically rigorous
construction of Brownian motion was carried out by Wiener (1923, 1924).

Brownian motion and its properties are presented in a numerous texts, including Billingsley (1986).
The development in this course is a summary of that found in Karatzas & Shreve (1991).

35.4 Stochastic integrals.

The integral with respect to Brownian motion was developed by Itô (1944). It was introduced to
finance by Merton (1969). A mathematical construction of this integral, with a minimum of fuss, is
given by Øksendal (1995).

The quadratic variation of martingales was introduced by Fisk (1966) and developed into the form
used in this course by Kunita & Watanabe (1967).

35.5 Stochastic calculus and financial markets.

Stochastic calculus begins with Itô (1944). Many finance books, including (in order of increasing
mathematical difficulty) Hull (1993), Dothan (1990) and Duffie (1992), include sections on Itô’s
integral and formula. Some other books on dynamic models in finance are Cox & Rubinstein (1985),
Huang & Litzenberger (1988), Ingersoll (1987), and Jarrow (1988). An excellent reference for
practitioners, now in preprint form, is Musiela & Rutkowski (1996). Some mathematics texts on
stochastic calculus are Øksendal (1995), Chung & Williams (1983), Protter (1990) and Karatzas &
Shreve (1991).

Samuelson (1965, 1973) presents the argument that geometric Brownian motion is a good model
for stock prices. This is often confused with the efficient market hypothesis, which asserts that all
information which can be learned from technical analysis of stock prices is already reflected in those
prices. According to this hypothesis, past stock prices may be useful to estimate the parameters of
the distribution of future returns, but they do not provide information which permits an investor to
outperform the market. The mathematical formulation of the efficient market hypothesis is that there
is a probability measure under which all discounted stock prices are martingales, a much weaker
condition than the claim that stock prices follow a geometric Brownian motion. Some empirical
studies supporting the efficient market hypothesis are Kendall (1953), Osborne (1959), Sprenkle
(1961), Boness (1964), Alexander (1961) and Fama (1965). The last of these papers discusses
other distributions which fit stock prices better than geometric Brownian motion. A criticism of the
efficient market hypothesis is provided by LeRoy (1989). A provocative article on the source of
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stock price movements is Black (1986).

The first derivation of the Black-Scholes formula given in this course, using only Itô’s formula,
is similar to that originally given by Black & Scholes (1973). An important companion paper is
Merton (1973), which makes good reading even today. (This and many other papers by Merton
are collected in Merton (1990).) Even though geometric Brownian motion is a less than perfect
model for stock prices, the Black-Scholes option hedging formula seems not to be very sensitive to
deficiencies in the model.

35.6 Markov processes.

Markov processes which are solutions to stochastic differential equations are called diffusion pro-
cesses. A good introduction to this topic, including discussions of the Kolmogorov forward and
backward equations, is Chapter 15 of Karlin & Taylor (1981). The other books cited previously,
Øksendal (1995), Protter (1990), Chung & Williams (1983), and Karatzas & Shreve (1991), all treat
this subject. Kloeden & Platen (1992) is a thorough study of the numerical solution of stochastic
differential equations.

The constant elasticity of variance model for option pricing appears in Cox & Ross (1976). Another
alternative model for the stock price underlying options, due to Föllmer & Schweizer (1993), has
the geometric Ornstein-Uhlenbeck process as a special case.

The Feynman-Kac Theorem, connecting stochastic differential equations to partial differential equa-
tions, is due to Feyman (1948) and Kac (1951). A numerical treatment of the partial differential
equations arising in finance is contained in Wilmott, Dewynne and Howison (1993, 1995) and also
Duffie (1992).

35.7 Girsanov’s theorem, the martingale representation theorem, and
risk-neutral measures.

Girsanov’s Theorem in the generality stated here is due to Girsanov (1960), although the result for
constant

�

was established much earlier by Cameron & Martin (1944). The theorem requires a
technical condition to ensure that

�x á � ! � � 	

, so that

�� �

is a probability measure; see Karatzas &
Shreve (1991), page 198.

The form of the martingale representation theorem presented here is from Kunita & Watanabe
(1967). It can also be found in Karatzas & Shreve (1991), page 182.

The application of the Girsanov Theorem and the martingale representation theorem to risk-neutral
pricing is due to Harrison & Pliska (1981). This methodology frees the Brownian-motion driven
model from the assumption of constant interest rate and volatility; these parameters can be random
through dependence on the path of the underlying asset, or even through dependence on the paths of
other assets. When both the interest rate and volatility of an asset are allowed to be stochastic, the
Brownian-motion driven model is mathematically the most general possible for asset prices without
jumps.
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When asset processes have jumps, risk-free hedging is generally not possible. Some works on
hedging and/or optimization in models which allow for jumps are Aase (1993), Back (1991), Bates
(1988,1992), Beinert & Trautman (1991), Elliott & Kopp (1990), Jarrow & Madan (1991b,c), Jones
(1984), Madan & Seneta (1990), Madan & Milne (1991), Mercurio & Runggaldier (1993), Merton
(1976), Naik & Lee (1990), Schweizer (1992a,b), Shirakawa (1990,1991) and Xue (1992).

The Fundamental Theorem of Asset Pricing, as stated here, can be found in Harrison & Pliska (1981,
1983). It is tempting to believe the converse of Part I, i.e., that the absence of arbitrage implies the
existence of a risk-neutral measure. This is true in discrete-time models, but in continuous-time
models, a slightly stronger condition is needed to guarantee existence of a risk-neutral measure. For
the continuous-time case, results have been obtained by many authors, including Stricker (1990),
Delbaen (1992), Lakner (1993), Delbaen & Schachermayer (1994a,b), and Fritelli & Lakner (1994,
1995).

In addition to the fundamental papers of Harrison & Kreps (1979), and Harrison & Pliska (1981,
1983), some other works on the relationship between market completeness and uniqueness of the
risk-neutral measure are Artzner & Heath (1990), Delbaen (1992), Jacka (1992), Jarrow & Madan
(1991a), Müller (1989) and Taqqu & Willinger (1987).

35.8 Exotic options.

The reflection principle, adjusted to account for drift, is taken from Karatzas & Shreve (1991), pages
196–197.

Explicit formulas for the prices of barrier options have been obtained by Rubinstein & Reiner (1991)
and Kunitomo & Ikeda (1992). Lookback options have been studied by Goldman, Sosin & Gatto
(1979), Goldman, Sosin & Shepp (1979) and Conzé & Viswanathan (1991).

Because it is difficult to obtain explicit formulas for the prices of Asian options, most work has
been devoted to approximations. We do not provide an explicit pricing formula here, although the
partial differential equation given here by the Feynman-Kac Theorem characterizes the exact price.
Bouaziz, Bryis & Crouhy (1994) provide an approximate pricing formula, Rogers & Shi (1995)
provide a lower bound, and Geman & Yor (1993) obtain the Laplace transform of the price.

35.9 American options.

A general arbitrage-based theory for the pricing of American contingent claims and options begins
with the articles of Bensoussan (1984) and Karatzas (1988); see Myneni (1992) for a survey and
additional references. The perpetual American put problem was solved by McKean (1965).

Approximation and/or numerical solutions for the American option problem have been proposed
by several authors, including Black (1975), Brennan & Schwartz (1977) (see Jaillet et al. (1990)
for a treatment of the American option optimal stopping problem via variational inequalities, which
leads to a justification of the Brennan-Schwartz algorithm), by Cox, Ross & Rubinstein (1979) (see
Lamberton (1993) for the convergence of the associated binomial and/or finite difference schemes)
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and by Parkinson (1977), Johnson (1983), Geske & Johnson (1984), MacMillan (1986), Omberg
(1987), Barone-Adesi & Whalley (1987), Barone-Adesi & Elliott (1991), Bunch & Johnson (1992),
Broadie & Detemple (1994), and Carr & Faguet (1994).

35.10 Forward and futures contracts.

The distinction between futures contracts and daily resettled forward contracts has only recently
been recognized (see Margrabe (1976), Black (1976)) and even more recently understood. Cox,
Ingersoll & Ross (1981) and Jarrow & Oldfield (1981) provide a discrete-time arbitrage-based anal-
ysis of the relationship between forwards and futures, whereas Richard & Sundaresan (1981) study
these claims in a continuous-time, equilibrium setting. Our presentation of this material is similar to
that of Duffie & Stanton (1992), which also considers options on futures, and to Chapte 7 of Duffie
(1992). For additional reading on forward and futures contracts, one may consult Duffie (1989).

35.11 Term structure models.

The Hull & White (1990) model is a generalization of the constant-coefficent Vasicek (1977) model.
Implementations of the model appear in Hull & White (1994a,b). The Cox-Ingersoll-Ross model is
presented in (1985a,b). The presentations of these given models here is taken from Rogers (1995).
Other surveys of term structure models are Duffie & Kan (1994) and Vetzal (1994). A partial list of
other term structure models is Black, Derman & Toy (1990), Brace & Musiela (1994a,b), Brennan
& Schwartz (1979, 1982) (but see Hogan (1993) for discussion of a problem with this model), Duffie
& Kan (1993), Ho & Lee (1986), Jamshidian (1990), and Longstaff & Schwartz (1992a,b).

The continuous-time Heath-Jarrow-Morton model appears in Heath, Jarrow & Morton (1992), and
a discrete-time version is provided by Heath, Jarrow & Morton (1990). Carverhill & Pang (1995)
discuss implementation. The Brace-Gatarek-Musiela variation of the HJM model is taken from
Brace, et al. (1995). A summary of this model appears as Reed (1995). Related works on term
structure models and swaps are Flesaker & Hughston (1995) and Jamshidian (1996).

35.12 Change of numéraire.

This material in this course is taken from Geman, El Karoui and Rochet (1995). Similar ideas were
used by by Jamshidian (1989). The Merton option pricing formula appears in Merton (1973).

35.13 Foreign exchange models.

Foreign exchange options were priced by Biger & Hull (1983) and Garman & Kohlhagen (1983).
The prices for differential swaps have been worked out by Jamshidian (1993a, 1993b) and Brace &
Musiela (1994a).
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