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In this paper we extend some previously established links between the derivation oper-
ators used in formal concept analysis and some mathematical morphology operators to
fuzzy concept analysis. We also propose to use mathematical morphology to navigate in
a fuzzy concept lattice and perform operations on it. Links with other lattice-based for-
malisms such as rough sets and F-transforms are also established. This paper proposes
a discussion and new results on such links and their potential interest.
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1. Introduction

While lattice frameworks for information processing are more and more developed,
it is interesting and useful to establish links between different theories to make
each one inherit from properties and operators from other ones. Here, based on
our previous work on mathematical morphology and formal concept analysis, we
establish further links, by considering also other settings, such as fuzzy sets, pos-
sibility theory, rough sets, and F-transforms. In all these settings, the underlying
algebraic structure is a lattice. While some links have already been exhibited, the
new contribution is to include a morphological and fuzzy flavor. Another objective
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Fig. 1. A simple example of a context and its concept lattice from Wikipedia. Objects are integers
from 1 to 10, and attributes are composite (c) (i.e. non prime integer strictly greater than 1), even
(e), odd (o), prime (p) and square (s).

and contribution of this paper is to propose morphological operators working on
concept lattices, in particular on fuzzy concept lattices, to navigate among formal
concepts and perform operations on them, based on the notions of neighborhood
and distances. Indeed, building morphological operators from neighborhoods and
from distances is a classical approach in mathematical morphology,* and this idea is
used here in a new context with respect to existing works. The interest is to provide
explicit operators, not defined implicitly only via the adjunction property or from
the commutativity with respect to the supremum and infimum. These operators
constitute new tools for navigating in concept lattices, and for performing various
reasoning tasks. Morphological reasoning is useful for instance for fusion, merging,
revision, abduction, as already developed for different types of logics.2 7

As a running example, we consider in this paper a set of objects which are
integers between 1 and 10, and some of their properties, as displayed in Fig. 1.

In Sec. 2, we recall some definitions and notations useful in the paper, related
to formal concept analysis, mathematical morphology, and fuzzy sets. Our first
contribution is detailed in Sec. 3, by exhibiting links between derivation operators,
dilations and erosions from mathematical morphology, and the four operations of
possibility theory, in the crisp and fuzzy cases. The rough set setting is addressed in
Sec. 4, with links with F-transforms. Our second contribution concerns operations
acting actually on formal concepts (Sec. 5). We propose morphological operators
in a fuzzy concept lattice, based on decompositions, neighborhoods and distances.
Related works and our contribution with respect to them are discussed in each
appropriate section.

2. Preliminaries
2.1. Formal concept analysis

Let us introduce the main definitions and notations in formal concept analysis
(FCA)® that will be useful in this paper. A formal context is a triplet K = (G, M, I),
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where G is the set of objects, M the set of attributes, and I C G x M a relation
between objects and attributes ((g, m) € I means that the object g has the attribute
m). A formal concept of the context K is a pair (X,Y), with X C G and Y C M,
such that (X,Y) is maximal with the property X x Y C I. The set X is called the
extent and the set Y is called the intent of the formal concept (X, Y"). For any formal
concept a, we denote its extent by e(a) and its intent by i(a), i.e. a = (e(a),i(a)).

The set of all formal concepts of a given context can be hierarchically ordered
by inclusion of their extent (or equivalently by inclusion of their intent):

(X1, 1) 2¢ (X2,Y2) & X5 C Xp(e Y2 CY).

This order, that reflects the subconcept-superconcept relation, induces a complete
lattice which is called the concept lattice of the context (G, M, I), denoted C(K),
or simply C.

The lattice corresponding to the number example is shown in Fig. 1.

For X C G and Y C M, the derivation operators a and 3 are defined as:

a(X)={me M|Vg e X, (g.m) € I},
and
BY)={9€G|VmeY, (g,m) eI}
The pair (a, ) is a Galois connection between the partially ordered power sets
(P(G@),<C) and (P(M), Q) i.e.
VX € P(G),YY € P(M),Y Ca(X) < X C B(Y).

Saying that (X,Y), with X C G and Y C M, is a formal concept is equivalent
to a(X)=Y and B(Y) = X.
In the example in Fig. 1, the pair ({3,5,7}, {o,p}) is a formal concept.

2.2. Mathematical morphology

Let us recall the algebraic framework of mathematical morphology (MM). Let (£, <)
and (£, =) be two complete lattices (which do not need to be equal). All the fol-
lowing definitions and results are common to the general algebraic framework of
mathematical morphology in complete lattices.® 14 Note that different terminolo-
gies can be found in different lattice theory related contexts (refer to Ref. 15 for
equivalence tables).

Definition 1. An operator 0: £ — L' is an algebraic dilation if it commutes with
the supremum (sup-preserving mapping):

V(l‘l) €L, (5(\/21'1) = \/;6({)31) R

where V denotes the supremum associated with < and V' the one associated with
=<’
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An operator e: L — L is an algebraic erosion if it commutes with the infimum
(inf-preserving mapping):

V(.ﬁl) € ﬁl, 6(/\;$i) = /\ie(xi),
where A and A’ denote the infimum associated with < and =<', respectively.

This general definition allows defining mathematical morphology operators such as
dilations and erosions in many types of settings, such as sets, functions, fuzzy sets,
rough sets, graphs, hypergraphs, various logics, etc., based on their corresponding
lattices.

Algebraic dilations d and erosions € are increasing operators; moreover ¢ pre-
serves the smallest element and e preserves the largest element.

A fundamental notion in this algebraic framework is the one of adjunction.

Definition 2. A pair of operators (¢,9), 6: L — L', e: L — L, defines an adjunc-
tion if

Ve e LVye L) §(x) Xy < x=<e(y).

The main properties, that will be used in the following, are summarized as
follows.

Proposition 1. [e.g. Refs. 11, 12] If a pair of operators (,0) defines an adjunc-
tion, then the following results hold:

e 0 preserves the smallest element and e preserves the largest element;
e 0 is a dilation and € is an erosion (in the sense of Definition 1);

e Oc is anti-extensive: 6 <" Ids:, where Ids: denotes the identity mapping on L',
and €9 is extensive: Idy = €6. The compositions e and €5 are called morpholog-
ical opening and morphological closing, respectively;

e g0 = g, ded = 0, dede = Je and £0ed = €6, i.e. morphological opening and
closing are idempotent operators;

o if L =L then the following statements are equivalent:

(a) § is a closing (i.e. increasing, extensive and idempotent),
(b) € is an opening (i.e. increasing, anti-extensive and idempotent),
(¢c) de =¢,

(d) €6 =

Let § and & be two increasing operators such that de is anti-extensive and ) is
extensive. Then (g,9) is an adjunction.

The following representation result also holds. If € is an increasing operator, it
is an algebraic erosion if and only if there exists § such that (¢,8) is an adjunction.
The operator 0 is then an algebraic dilation and can be expressed as §(x) = N'{y €
L'z =e(y)}. A similar representation result holds for erosion.
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Particular forms of dilations and erosions can be defined based on the notion
of structuring element, which can be a neighborhood relation or any binary rela-
tion.*10 Examples will be given in the next sections.

Finally, operators that exchange the supremum and infimum are called anti-
dilations and anti-erosions.

Definition 3. An operator §%: £ — L' is an anti-dilation if
V(xz) S [,, 5‘1(\/1'331‘) = /\25‘1(%‘7;) .
An operator €%: L' — L is an anti-erosion if

V(x;) € L) e*(Nxy) = Vie(x;) .

2.3. Lattice of fuzzy sets

For the fuzzy case, we will rely on a classical residuated lattice for fuzzy sets. Mem-
bership functions are taking values in L endowed with a lattice structure (typically
L = [0,1] but all what follows extends directly for more general L-fuzzy sets'®),
and the corresponding residuated lattice is denoted (L, <,A,V,*,—), where A is
the infimum, V the supremum, and * and — are adjoint conjunction and impli-
cation. In this paper, we use conjunctions defined as operators that are increasing
in both arguments, commutative and associative, and admit 1 (or more generally
the greatest element of the lattice L) as unit element, i.e. t-norms. Implications
are defined as operators that are decreasing in the first argument, increasing in
the second one, and satisfy 0 - 0=0—-1=1—-1=1,1 > 0= 0 (or more
general expressions by replacing 0 and 1 by the smallest and greatest elements of
L, respectively). The adjunction property writes cxa < b < ¢ < a — b and the
implication defined by residuation from the conjunction is expressed as:

V(a,b) € L?, a —»b=sup{c € L|c*xa <b}.

Non-commutative conjunctions can also be considered,!” with two associated im-
plications, leading to adjoint triplets, and accordingly multi-adjoint concept lattices
in the framework of formal concept analysis.

The corresponding partial ordering on fuzzy sets is defined as:

p=rprveVees, ux) <v(z),

where p and v are two fuzzy sets (or equivalently their membership functions),
defined on an underlying space S. The residuated lattice of fuzzy sets is denoted
by (F,=2r, AF,VE %, =), with AF = min and VI = max (or inf and sup more
generally).

In particular we will use fuzzy sets defined on S = G, i.e. F = L, and on
S=M,ie F=1L".

Algebraic morphological operators are defined on this lattice as in Definition 1,
and definitions based on structuring elements also extend to the fuzzy case.l®20
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3. Derivation Operators and Mathematical Morphology Operators
3.1. Crisp setting

As already briefly noticed e.g. in Ref. 4 and further detailed in Ref. 21, formal con-
cept analysis and mathematical morphology both rely on complete lattice structures
which share some similarities. In this section, we highlight some parallel properties
of dilations and erosions on the one hand, and of derivation operators on the other
hand, in the classical setting. The first important link is that (e, §) is an adjunction
(sometimes called monotone Galois connection), while («, 3) is an antitone Galois
connection. It is obvious that the two properties are equivalent if we reverse the or-
der in one of the lattices. The same holds for all properties derived from adjunctions
or Galois connections (cf. Proposition 1). The most important ones are summarized
in Table 1.2

As mentioned above, terminology may slightly differ: increasing, idempotent
and extensive operators are called closings in MM and closure operators in FCA,
while increasing, idempotent and anti-extensive operators are called openings in
MM and kernel operators in FCA. Similarly, in FCA literature it is more common
to speak of closure systems, instead of Moore families.”

Table 1. Similarities between mathematical morphology and formal concept analysis.2!

Adjunctions, dilations and erosions Galois connection, derivation operators

6: (L,X) = (L, X)), e: (L, =) = (L£,=X) a: P(G) = P(M), 8: P(M) = P(G)

@) 2y = z=e(y) X CAY) <= Y Ca(X)

increasing operators decreasing operators

ede =¢,0e6 =96 afa=a, BaB =

€d = closing (closure operator), aff and Ba = both closure operators (closings)
de = opening (kernel operator)

Inv(ed) = e(L'), Inv(de) = 6(L) Inv(af) = a(P(G)), Inv(Ba) = B(P(M))

e(L’) is a Moore family, a(P(G)) and B(P(M)) are Moore families (or
4(L) is a dual Moore family closure systems)

§ is a dilation: §(Va;) = V/ (6(z;)) « is an anti-dilation: a(UX;) = Na(X;)

e is an erosion: e(A'y;) = A(e(ys)) B is an anti-dilation: 3(UY;) = NB(Y;)

In Ref. 21, we went beyond this simple translation of terminology from one
theory to the other by proposing new morphological operators acting on concept
lattices. These operators can then be used to reason on such lattices. This idea is
further investigated in Sec. 5, and extended to the fuzzy case.

2In the table we denote by Inv(yp) the set of invariants of an operator ¢ (i.e. x € Inv(yp) iff

p(z) = ).
P M C L is a Moore family if any element of £ has a smallest upper bound in M.
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Definition 4. Let us take as a structuring element centered at m € M, or a
neighborhood of m, the set of g € G such that (g,m) € I (and conversely the set
of m € M such that (g,m) € I is a neighborhood of g). We define operators §; and
g% from P(M) into P(G), and 07 and e from P(G) into P(M) as:

vX e P(G),VY € P(M)

6/(Y)={geG|3ImeY,(9,m)el},

={meM|VgeG, (gm)el=>ge X},
z{m€M|E|geX,(g,m EI},
eiY)={9€G|VYmeM,(gm)el=meY}.

o —

Proposition 2. The pairs of operators (¢1,dr) and (¢3,5%) are adjunctions (and

0r and 67 are dilations, €5 and €5 are erosions). Moreover, the following duality

relations hold: ;(M\Y) =G\ e5(Y) and 07(G\ X) = M \ e;(X).

Proof. Let us first assume that §;(Y) C X. Let m € Y. Then we have:
VgeG,(ggm)el=gecé(Y)=geX.

Hence Y C g7(X). Similarly Y C ¢;(X) = §;(Y) C X, and (e, d1) is an adjunction.
The proof for (7, d7) is similar.
Let g € 0r(M \'Y). Then

Ime M\Y,(g,m)el,
which implies that g ¢ €}(Y"), and we have
S(M\Y)CG\e(Y).
Similarly G\e}(Y) C §;(M\Y), hence 6;(M\Y) = G\e}(Y). The duality between

07 and €5 is proved similarly. O

Proposition 3. Using the FCA derivation operators on the context (G, M, T), the
operators in Definition 4 can be erpressed as:

51(v) = | BUmY).

meyY

er(X) ={me M| p({m}) C X},
67(X) = {J al{g}),

geX
e1Y)={9eGla({g}) €Y}

Proof. The proof is direct from the expressions of the derivation operators applied
on singletons:

B{m}) ={g€ G| (g,m) € I} and a({g}) ={m e M|(g;m)el}. O
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Fig. 2. Examples of erosions and dilations of subsets of G and M in the concept lattice in Fig. 1
using the operators in Definition 4.

An example illustrating Definition 4 on the concept lattice in Fig. 1 is given in
Fig. 2.

We will show in the next section that using this morphological construction, we
recover operators proposed in a possibilistic setting.

3.2. Possibilistic setting

Let us first remain with the crisp definition of the context, and consider the four set
functions of the possibility theory, the interest of which has already been demon-
strated for FCA in Refs. 22 and 23.¢ Using the notations of this paper, these func-
tions are defined, for X € P(G), as:?2

potential possibility: IJ(X) = {m € M | 3g € X, (g,m) € I}, which expresses
the properties satisfied by at least one object in X;

“For instance, these four operators have been shown to be useful for characterizing independent
sub-contexts, i.e. with no object in common and no property in common.23
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actual necessity: IN(X) = {m € M | Vg € G,(g,m) € I = g € X}, which
includes all properties such that any object satisfying one of them is necessarily
in X;

actual possibility: I§(X) = {m € M | Vg € X, (g,m) € I}, which is the set of
properties shared by all objects in X;

potential necessity: I (X)={m e M |{ge G| (g9,m) € I} UX # G}, which
includes each property such that there exists an object in X = G'\ X which does
not satisfy it;

and similar expressions for Y € P(M), denoted by IL(Y), IN(Y), I5(Y), and
IV (Y).

Note that similar notions (with sometimes other names) can be found in Refs. 24
and 25 for rough sets (hence the following results implicitly establish links between
FCA, rough sets and mathematical morphology). These links will be further inves-
tigated in Sec. 4.

The following proposition (the proof of which being straightforward) exhibits
links between these operators and morphological ones, from which their properties
can be easily derived.

Proposition 4. We have, for all X € P(G):

o TH(X) =03(X) = Ugexim € M | (g,m) € I}, i.e. it is a dilation from P(G)
into P(M) (see Definition 4 and Proposition 2), and hence commutes with union,
and is increasing;

o IN(X) = e1(X), i.e. an erosion from P(G) into P(M) (see Definition 4 and
Proposition 2), which is dual of §F, commutes with the intersection, and is
mcreasing;

o I4(X) =a(X) and it is an anti-dilation (see Table 1);

o 1Y(X) is dual of I5(X) and it is an anti-erosion, i.e. I (X N X') = IY(X) U
IZ(X");

and similar results for operators acting on' Y € P(M): I1L(Y) = 6;(Y) and is a
dilation, IN.(Y) = 3(Y) and is an erosion, I5(Y) = B(Y) and is an anti-dilation,
and IY;(Y) is an anti-erosion.

3.3. Fuzzy setting

Let us now move to fuzzy contexts, i.e. X and Y are fuzzy subsets of G and M,
and I is a fuzzy relation (I(g, m) now denotes the degree to which the object g has
the property m). The residuated lattice introduced in Sec. 2.3 is used, and degrees
take values in any residuated lattice L. In the examples, we will use L = [0, 1] for
the sake of simplicity, but the theorerical results hold for any residuated lattice.
In this section, we first recall existing definitions of fuzzy contexts and derivation
operators. Then we exhibit their properties in terms of mathematical morphology,
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and we define fuzzy dilations and erosions on fuzzy intents and extents. Finally, we
show the links with some other constructions.

The derivation operators have been generalized to the fuzzy case in Refs. 26,
27 (see Ref. 28 for a discussion of various approaches for fuzzy concept analysis),
leading to fuzzy sets a(X) and S(Y) defined as:

a(X)(m) = Ngea(X(9) = I(g,m)), (1)
BY)(9) = Amem(Y(m) = I(g,m)). (2)

Note that in the early work,?? the implication was defined from a t-conorm and a
complementation. We rely here on fuzzy implications related to a fuzzy conjunction
by the adjunction property, i.e. residuated implications, such as in later works,
which guarantees good properties, as detailed next.

As in the crisp case, a fuzzy formal concept is a pair of fuzzy sets (X,Y") such
that a(X) =Y and B(Y) = X. From the classical partial ordering on fuzzy sets
=<r (we use here the same notation for the ordering on L% and on LM), a partial
ordering <pc on fuzzy formal concepts is defined as:

(X1, Y1) 2rc (X2, Y2) © X1 =r Xo
and equivalently
(X1,Y1) 2pc (X2, Y2) © Yo 2p Y1,

and this ordering induces a complete lattice structure on the fuzzy formal concepts,
denoted C¥. As shown in Ref. 27, the infimum and supremum of a family of fuzzy
concepts (X, Y:)ier are:

NCer (X, V) = (AN ier X, a(B(VFerVh))) (3)
VEer (X1, Vi) = (B(a(VFier Xe)), AT ierYy) (4)

where AT and VI are the classical intersection and union of fuzzy sets, defined as
the pointwise infimum and supremum of the membership functions (Sec. 2.3).

Strict ordering relations <p and <p¢ are defined from <p and <p¢ as usual.

In this paper we consider only one pair of adjoint conjunction and implication.
This can be extended by considering several pairs (or triplets in case of non com-
mutative conjunction), where a mapping associates each object (respectively each
attribute) to a specific pair, leading to the notion of multi-adjoint object-oriented
(respectively property-oriented) concept lattices.?? Such extensions are not further
considered in this paper.

Let us consider a fuzzy version of the context depicted in Fig. 1, as shown in
Table 2, where degrees different from 0 and 1 can refer for instance to incomplete,
imprecise or uncertain knowledge, according to the semantics of the domain and
type of imperfection. In this example, we can consider degrees as the gradual sat-
isfaction of a property, represented by a (crisp) number in [0,1]. In this context,
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Table 2. An example of a fuzzy context.

’ K H Composite ‘ Even ‘ Odd ‘ Prime ‘ Square

1 0.2 0 1 0.2 1
2 0.2 1 0 1 0
3 0.2 0 1 1 0
4 0.8 1 0 0 1
5 0.2 0 1 1 0
6 0.8 1 0 0 0
7 0.2 0 1 1 0
8 0.8 1 0 0 0
9 0.8 0 1 0 1
10 0.8 1 0 0 0

and for Lukasiewicz conjunction and implication,® an example of a fuzzy formal
concept is:

Xi(1) = 0.4, X1(2) = - - = X1(8) = 0, X1(9) = 0.9, X;(10) = 0,

and

Yi(c) =0.8,Y1(e) =0.1,Y1(0) = 1,Y1(p) =0.1,Y1(s) = 1.
Another example is:
X5(1) = 0.3, X2(2) = 0, X2(3) = 0.6, X2(4) - - - = X5(8) = 0, X2(9) = 0.9, X5(10) = 0,
and

Ya(c) = 0.9, Ya(e) = 0.1, Y2(0) = 0.4, Ya(p) = 0.1, Ya(s) = 1.
We have o(X;) =Y, 6(Y;) = X, for i =1,2.
Proposition 5. The derivation operators o and 8 defined by Egs. (1) and (2) are

fuzzy anti-dilations.

Proof. Let us consider any family of fuzzy subsets X; of G, for an index set =
(i € Z). We have, using the fact that the fuzzy implication — is decreasing with
respect to the first argument (see Sec. 2.3):

vm e M, a(Vie=(Xi))(m) = Ajec((VFie=(X0))(g9) = I(g,m))
= Ngea(Viez(Xi(g)) = I(g,m))
= Niez(Ngec(Xi(g) = I(g,m)))
= Nez(a(X)(m)) = (AMieza(X5))(m)

hence « is a fuzzy anti-dilation. The proof for g is similar. O

dThe Lukasiewicz conjunction is defined as a * b = max(0,a + b — 1) and the implication by
a—b=min(1,1 —a+b).



12 J. Atif, 1. Bloch & C. Hudelot

Definition 5. The extension of the morphological operators introduced in
Definition 4 to the fuzzy case derives from fuzzy mathematical morphology:!&:19

VX € LE. VY € LM Vg € G,Ym € M,

61(Y)(9) = Vimem (Y (m) x I(g,m)),
er(X)(m) = Agea(I(g,m) = X(9)),
01 (X)(m) = Vgea(X(g) * I(g,m)),
e1(Y)(9) = Amem(I(g,m) = Y (m)).

Note that we use here a direct extension of definitions and results from Refs. 18,
19, by considering that the fuzzy structuring element is any fuzzy binary relation,
without any assumption that there is an underlying metric space. Also, the two
lattices defining the domains of definition and image of the morphological operators
do not need to be identical, while preserving the same properties.

These definitions are illustrated for (X;,Y;),i = 1,2, given as examples above
in the following tables (0 membership values are omitted):

1 2 3 4 5 6 7 8 9 10
X |o4 0.9
S;(vi) [ 1 01 1 1 1 06 1 06 1 06
ef(v1) |09 01 01 01 01 01 01 01 1 01
X, |03 0.6 0.9
sr(Y2) | 1 01 04 1 04 07 04 07 1 07
ei(Y2) |04 01 01 01 01 01 01 01 04 0.1

c e ) p s
i 0.8 0.1 1 0.1 1
5 (X1) | 07 0.9 0.9
er(X1) | 0.2
Yo 09 01 04 0.1 1
53(X2) | 0.7 09 06 09
er(Xa) | 0.2

Let us comment on these results, by detailing d;(Y7): since o belongs to Y7 with
degree 1, the dilation contains all objects g having the “odd” property, i.e. 1, 3, 5,
7, 9. Similarly, s belongs to Y7 with degree 1, so the dilation additionally contains
object 4 with degree 1. On the other hand, ¢ belongs to Y7 with a degree 0.8, and
hence objects 6, 8, 10 belong to the dilation with a lower degree. Finally e and
p belong to Y7 with a degree 0.1, hence object 2 belongs to the dilation with a
very low degree. These results fit well the intuition. Similar interpretations can be
provided for the other examples in the table.
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Proposition 6. The four set functions of the possibility theory extend to the fuzzy
case, and we have in particular, for any fuzzy subset X of G:

o IH(X)=63(X) and is a dilation,

o IN(X)=¢/(X) and is an erosion,

° é(X) a(X) and is an anti-dilation,
e I} (X) is an anti-erosion.

Similarly for the operators acting on'Y (fuzzy subset of M ), we have, for any fuzzy
subset'Y of M :

o IIL(Y)=6;(Y) and is a dilation,

o IN(Y)=2¢%(Y) and is an erosion,

. ]@(Y) = B(Y) and is an anti-dilation,
e IY,(Y) is an anti-erosion.

The proof is straightforward, as in the crisp case.

Some of these results have been obtained independently, sometimes in particular
cases only, in Refs. 31, 32, with illustrations on crisp spatially invariant structuring
elements (however this limits the scope of the applications), or also in Ref. 33.

As for the Galois connection or adjunction properties, two different views can
be adopted.

In the first view, the crisp definition of these properties is kept, with the
classical inclusion <p between fuzzy sets (see Sec. 2.3).

Proposition 7. The fuzzy versions of (er,dr) and (g%,07) (Definition 5) are
adjunctions for adjoint connectives * and —.

Proof. The proof follows the same lines as classical proofs of adjunction in math-
ematical morphology. Let X and Y be any two fuzzy subsets of G and M, respec-
tively. We have, using the adjunction property between * and —:

6r(Y) 2p X & Vg e G, 61(Y)(g) < X(9)
© Vg € G, Vmen(Y(m) xI(g,m)) < X(g)
SVge G, Vme M, Y(m)«1(g,m) < X(g)
SVme M,\Vge G, Y(m)<I(gm)—X
S Vme M, Y(m) < NgeaI(g,m) = X(g
&Y <per(X)

and thus (¢, dy) is an adjunction. The proof for (e%,07) is similar. |

Proposition 8. The compositions

o [N =Grer and IEIY, = 8%e} are algebraic openings,
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o INIH =e35% and 1IN I = e161 are algebraic closings,

for a continuous conjunction, if and only if * and — are adjoint.

If duality with respect to the complementation is also required, then the
Lukasiewicz operators (up to a bijection applied on the membership values) should
be chosen.

Proof. The result is derived from the link between the set functions of the possi-
bility theory and fuzzy dilations and erosions on the one hand (see Proposition 6),
and from previous results establishing the conditions under which fuzzy dilations

1'% on the other hand. In particular if * and — are

and erosions are adjoint or dua
adjoint, then from the adjunctions identified in Proposition 7, the compositions
are openings or closings. Conversely, since d; and €; are increasing since they are
a dilation and an erosion (Proposition 6), the fact that their composition is anti-
extensive (for opening), respectively extensive (for closing), implies that they form
an adjunction (Proposition 1), and hence * and — are adjoint as well. The same

reasoning applies for 07 and €7. O

These results also hold in the more general framework of multi-adjoint concept
lattices, as shown in Ref. 34.

Note that the property of closing or opening is derived classically from adjunc-
tion in mathematical morphology in the general case, and conversely the increasing-
ness of the operators, and the extensivity or anti-extensivity of their combination
implies adjunction. In Refs. 34, 35, the closing property is obtained for the com-
positions of Ié = o and I} = 3 (which form an adjunction) for a property of the
implication only (since the conjunction is not involved in these operators), expressed
as a < (a —b) = b, for all a and b.

Since the adjunction property (a*b <c<a <b— c¢) implies a < (a = b) = b
(assuming a commutative conjunction), this property holds a fortiori for adjoint
and —.

Similar results can be obtained for the anti-erosions I and I};.

In the second view, fuzzy notions of Galois connection and adjunction can be
defined from a degree of inclusion S between fuzzy subsets of G or M, as in Ref. 26,
thus establishing links with this work:

S(X,X') = Ngea(X(g) = X'(9)), SXY') = Amen(Y(m) = Y'(m)),  (5)

where — is a residuated implication (see Sec. 2.3).
As defined in Ref. 26 (see also Refs. 27, 36), («, 8) is a fuzzy Galois connection
if
S(X,X') < S(a(X'), (X)),
SV, Y') < S(B(Y"), A(Y)),
S(X, Ba(X)) = S(Y,aB(Y)) =1
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(or equivalently S(X,B(Y)) = S(Y,«(X))), which holds for o and 8 defined from
the residuated implication —.
We now prove similar results for morphological operators:

Proposition 9. For the fuzzy morphological operators of Definition 5 and adjoint
connectives x and — we have:

(0:(e1(X)), X) = S(X,e7(07(X))) =1,
S(Y,er(0:(Y))) = S(07(e7(Y)),Y) =1,
S(X,er(Y)) = 5(6;(X),Y),
S(Y,er(X)) = 5(6:(Y), X),
S(X,X') < S(er(X),er(X')),
S(X, X') < S(67(X),07(X")),
SY,Y') < S(er(Y),e7(Y"),
S(Y,Y') < S(61(Y),01(Y"))
A direct consequence is that (e1,dr) and (€3,97) are fuzzy adjunctions in the sense

of Ref. 26.

Proof. The proof uses extensively the adjunction property and classical properties
of adjoint connectives, supremum and infimum. In particular, the implication is
increasing with respect to the second argument and decreasing with respect to the
first one, and, for adjoint * and —, we have:

V(a,b)€L2,a§(a%b)%banda*(a%b)gb.

We also have X <p X' = S(X,X') =
Let us first show that 5(51(51(X)) ) = 1. We have:

Vg € G,Ym € M, Ngea(I(g',m) = X(g") < I(g,m) — X(g)
then, using the definition of erosion and the adjunction property:
er(X)(m) « I(g,m) < X(g).
Taking the sup over m, we get:
Vg € G, Vinenm(er(X)(m) x I(g,m)) < X(g)

i.e. (5[6](X) jF X, hence S((S](E[(X)),X) 1.
Similarly we have S(X,e5(05(X))) = S(Y,e1(0:(Y))) = S(05(e5(Y)),Y) = 1.
To show that S(X,e3(Y)) < S(67(X),Y), we use the definition of S in
Eq. (5), the adjunction property of (x,—), the increasingness of the supremum,
the commutativity of *. Since the derivation is very similar as for the proofs
in Ref. 26 (e.g. the one of Lemma 3), it is not detailed here. Similarly, we have
S(07(X),Y) < S(X,e5(Y)), and we get S(X,e5(Y)) = S(67(X),Y).
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The other equalities are proved in a similar way.

Since the combination dre; is anti-extensive, and S is decreasing with respect
to its first argument, we have S(X, X') < S(d;e;(X), X'). Since S(d;e1(X), X') =
S(er(X),er(X")), we get S(X,X') < S(e;(X),er(X’)), which proves the first in-
equality.

All other inequalities are proved in the same way. O

4. Links with Rough Sets and F-Transforms

In this section, we continue our investigation on the links between several algebraic
frameworks for data analysis by establishing relationships between mathematical
morphology, rough sets and F-transforms.

Several works have highlighted the links between rough sets, when formulated
between two universes, and formal concept analysis (see e.g. Ref. 25 and the refer-
ences therein), and the involved operators can be interpreted as modal operators
in modal logics.3” Based on previous work on mathematical morphology and rough
sets,® and on mathematical morphology for modal logics,? our contribution in this
section consists in further analyzing links between rough sets and FCA with a math-
ematical morphology point of view. These links hold in both the crisp and fuzzy

cases. F-transforms®®

are additionally considered by providing a morphological in-
terpretation of direct and inverse transforms, and of their links with rough sets,
which have been recently suggested in the fuzzy case.4?

Let X be a subset of a universe U, and R a binary relation on elements of U.
Lower and upper approximations RX, RX of the rough sets theory are morpho-
logical erosions and dilations, considering R as a structuring element.3® A similar
interpretation holds in the fuzzy case. Now, relationships with FCA require two
universes, G and M, or LS and LM in the fuzzy case. By setting R = I, the links
between rough sets, FCA, the four operators of possibility theory, modal logics and
mathematical morphology are immediate. We consider directly the fuzzy case, the
crisp one being then only a particular case.

Definition 6. Let * and — be a conjunction and an implication, respectively. Let
—G . —M

us define the operators R and R~ from L€ into LM, and RM and R~ from LM

into LG as follows:

VX € LY ¥m € M, R%(X)(m) = Agec(R(g,m) = X(g)), 6
) (

: (6)
VX € L¢ Vm € M, B (X)(m) = Vyea(R(g,m) * X(g)), (7)
VY € LM Vg € G, RM(Y)(g9) = Amem(R(g,m) — Y (m)), (8)
(9) = Vimem(R(g,m) * Y (m)). (9)

(Y)
VY € LM Vg e G, RV (V) 9

We have the following equivalences with the operators in Definition 5 and with
the four possibilistic functions, the proof of which being straightforward.
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Proposition 10. Let (L%, LM 1) be a fuzzy formal contest, where I is a binary
relation over G x M taking values in L. Let R = I. Then we have:

VX e LY RE(X) =e;(X) = 1§ (X),
VX € LE, BE(X) = 63(X) = IH(X),
VY e LM RM(Y) =&3(Y) = IN(Y),
vy e LM, B (V) = 6,(v) = IE(Y).

Similar links exist straightforwardly between morphological operators and the suf-
ficiency operators of Ref. 37 (see also Ref. 25).

Rough sets with two universes can be interpreted as follows: a set or fuzzy set of
objects X is defined in an approximate way by some sets of properties verified by
the elements (objects) of X. The lower approximation defines X by the properties
such that each object g that satisfies one of these properties is in X. The upper
approximation defines X as the set of properties satisfied by at least one of the
objects in X. Similarly, a set or fuzzy set of properties Y is defined approximately
by sets of objects satisfying properties in Y.

Let us now move to the framework of F-transforms.?® We first establish some
morphological properties of the direct and inverse transforms. Let f be a function
defined on a universe U (U = [0, 1] in Ref. 39) and taking values in L = [0, 1]. Let
{Ag,k € {1,...,n}} be a fuzzy partition of U, such that

VeeU,3k e {1,...,n} | Ax(z) > 0.

The direct transforms are functions from LY (the set of functions from U into L)
into L™ defined as:3?

with, for each k € {1,...,n}:

FH(f) = Vaev(Ar(z) = f(2)) (10)
the connective % being a conjunction, and:

FH(f) = Aaev (Ar(z) = f(2)), (11)

the connective — being the adjoint implication of *.
The inverse transforms are functions from L™ into LY defined as:?

Vo = (p1,...0n) € L™ Vz € U, f1(0)(2) = Ajy (Ar(z) = 1), (12)

Vo = (¢1,...0n) € L",Vz € U, fH()(2) = Vioi (Ar(z) * or) - (13)
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Note that we use here slightly more general notations than in the original work,3?
where fT was defined for ¢, = F,I(f) and ft for o = F¥(f).

Proposition 11. Let us consider the two complete lattices £L = (LY, =<p) and
L= (L™, <™) where <™ denotes the component-wise (Pareto) order. The following
morphological properties hold:

o FT commutes with the supremum and is therefore a dilation from L into L',
o [V commutes with the infimum and is therefore an erosion from L into L',

T commutes with the infimum and is therefore an erosion from L' into L,

f+ commutes with the supremum and is therefore a dilation from L' into L,

the four operators are increasing,

the pairs (f+, F¥) and (fT, F1) are adjunctions, for x and — being adjoint con-
junction and implication,

FYFNY(f) is a closing of f and f+(F¥Y)(f) is an opening of f, and in particular
we have fH(EY)(f) <p [ =p fTET)().

Proof. We have, for each k € {1,...,n}, Fl(f Vg) = FJ(f)V F}(g) since any
conjunction # is distributive with respect to V. Hence F'T commutes with the supre-
mum, and is therefore a dilation. Similarly, f* commutes with the supremum, and
Ft and f' commute with the infimum. It follows directly that these operators are
increasing. Note that this monotony property is derived differently in Ref. 39.

Let us show that (f¥, F*) is an adjunction for adjoint connectives * and —. Let
©=(¢1,--.,n) € L™ and g € LY:

FHp) 2p g & Vo € U, Vis, (Ax(x) * o1) < g(x)
sVeeUVke{l,...,n}, Ap(z) *x pr < g(x)
e Ve eUVke{l,...,n}, vr < Ax(z) = g(z)
S Vke{l,...,n}, vr < Agev(Ar(z) — g(x))
<" FHg)
which proves the adjunction property. A similar reasoning allows proving that

(fT, F") is an adjunction.
The last item is derived from the adjunction properties. O

It has been shown in Ref. 40 that for a binary relation R defined as R = Ui Ry,
for
Agly) ifx € Core(Ay),
Ri(z,y) =41 ifz=y,
0 otherwise

then the direct transforms are equivalent to upper and lower approximations of the
rough sets theory for the relation R, and fT(FT)(f) = R(R(f)), fHFY(f) =



Fuzzy Sets, Mathematical Morphology and FCA 19

R(R(f)), which are hence closing and opening of f, respectively, according
to Ref. 38. These relations between rough sets and F-transforms are then another
way to recover the last results of Proposition 11.

Now to go one step further and establish links with FCA, two universes are again
needed. Let us consider a fuzzy context K as previously. We propose to identify U
with G and {1,...,n} with M if |[M| = n, thus corresponding to a simple numbering
of the properties in M (note that the converse could do as well). Then ¢ is a fuzzy
subset of M and f a fuzzy subset of G. For the relation, we propose to identify
Ap(z) with I(g,my), with ¢ = z and k is the index of property my. According to
the representation in Table 2, Ag(-) is a column of K and A.(g) a line of this table,
with my = ¢,my = e, m3 = 0,my = p,ms = s. For instance, for k = 4, my = p
and Ag(1) = 0.2, Ax(2) = Ap(3) = Ax(5) = A(7) = 1, Ap(4) = Ap(6) = Ak(8) =
A(9) = Ax(10) = 0, and for g = 1, Ai(g) = As(g) = 0.2, As(g) = 0, 43(g) =
As(g) = 1.

Then we derive directly the following result, completing the links between the
different formalisms.

Proposition 12.

o FT =67,
L4 FL:E?I;
o fT=¢j,
° fJf:(S],

5. Mathematical Morphology on Formal Concepts

Beyond the links established in Sec. 3, we propose in this section to build morpho-
logical operators acting on concept lattices. As in any complete lattice, dilations
and erosions are defined as operations that commute with the supremum and the
infimum, respectively.

In Ref. 21, we developed this idea in the crisp case, and proposed two types
of operators. The first one is based on the notion of structuring element, defined
as an elementary neighborhood of elements of G or as a binary relation between
elements of G. We defined such a neighborhood as a ball of radius 1 of some distance
function on G derived from a distance on C. Such a distance can be built for instance
from valuations on the lattice (see e.g. Refs. 9, 41 for details on valuations, their
properties and derived metrics). In the second approach we defined morphological
operators directly from a distance on C.

We do not detail this previous work here, and move directly to the fuzzy case.
We propose in this section extensions of morphological operators to fuzzy operators
acting on a lattice of fuzzy concepts. As explained in the introduction, this is a
common way in mathematical morphology to define concrete operators, which has
proved useful in many applications, in various domains, such as image processing,
data analysis, fuzzy sets, or logical reasoning.
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In this section, we take L = [0,1], and we further assume that G and M are
finite. Several results are however more general.

5.1. Distances from valuations

A fuzzy concept a € CF will be denoted by a = (e(a),i(a)), with e(a) € L€
and i(a) € LM. The cardinality of a fuzzy set X of G is considered here as a crisp
number: [X| =} ;X (g) (and similarly for a fuzzy subset of M). This cardinality
is increasing, i.e.

VX1, Xo, Xi =r Xo = | Xq] < X2,
and satisfies
VX1, Xo, | X1 VE Xo| = | X | + | Xo| — | X1 AT X,

Indeed, |X1| + [Xa| — [ X1 AT Xo| = 30 co(X1(9) + Xa(9) — min(X:(g), X2(9))) =
> gec max(X1(g), X2(g)) = [ X1 VF Xaf.

The proposed construction relies on the following result,*142 that holds in any
lattice, and that we write here with the notations of this paper.

Theorem 1.*142 Let w be a real-valued function on a concept lattice (C¥', <pc).
Then the function defined as:

Y(a1,az) € CF x CF, dy(a1,as) = 2w(ay AFC as) — w(ay) — w(az), (14)
where ANFC is the infimum of fuzzy concepts (Eq. (3)), is a pseudo-metric if and
only if w is decreasing and is an upper valuation, i.e. satisfying the submodular

property:
Y(a,a2) € CF x CF, w(a1) + wlaz) > wla; AFC ag) +w(ay VI ay), (15)

where VFC is the supremum of fuzzy concepts (Eq. (4)).

The function defined as:
Y(ay,a0) € CF x CF, d(a1,a2) = wlay) + wlay) — 2w(as vie as) (16)

18 a pseudo-metric if and only if w is decreasing and is a lower valuation, i.e.
satisfying the supermodular property:

V(a1,a2) € CF x CF | w(ar) 4+ w(az) < w(ar AFC ag) 4+ w(ar VI ay). (17)

Based on this general result, metrics are obtained by defining suitable valuations
on (CF,=<r¢c). In what follows we introduce some examples of such valuations.

Proposition 13. On (CF, <p¢), the real-valued function defined as:
Va € C, wg(a) = |G| — |e(a)| (18)

s a strictly decreasing upper valuation.
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Proof. Let a; = (X1,Y7) and as = (X2,Y3) be two formal concepts. The strict
decreasingness of wg follows from the fact that: (X1,Y1) <pe (Xo,Ys) implies
X1 <p X, hence |G| — |X1| > ‘G| — |X2‘

Let us now prove that wq is an upper valuation, i.e. it satisfies the submodular
property. From Egs. (3) and (4) we have:

wa(ar A€ az) + wa(an VI az) = 2|G| — | X1 AT Xa| — |8 (a (X1 VF X2))].
Then:
wa(ar) + wg(az) — wa(ar AFC as) — weg(as vFCe as)

= X1 AT Xo| — | X4| — | Xa| +|B(a(X: VE X2))|

= |B8(a(X1 VI X2))| = | X1 VF Xo|

>0
since the closure operator Sa is extensive (X =g B(a(X))). This completes the
proof. O
Proposition 14. The function defined as:

V(a1,a9) € CF x CF | d,.(a1,a2) = 2wg (a1 ATC a) — wg(ar) — walag)

is a metric on (C¥', <p¢c), and

dug (a1, a2) = [e(ar) VT e(az)] — |e(ar) AT e(az)] .
Proof. From Theorem 1 and Proposition 13, d,, is a pseudo-metric. Let a1 =

(X1,Y1),a2 = (X3,Ys) be formal concepts in C¥. Then d,, (a1, az) can be written
as:

dug (a1, a2) = | X1| + | Xao| — 2| X1 AT X,
= |X; VI Xy — | X1 AT X
= le(a1) V7 e(az)| = le(ar) A" e(az)|
and it is then a metric on C¥ since |X; VI Xy| — | X1 AT X5| = 0 implies X; = X5
and hence a; = ay (since they are formal concepts). |
Proposition 15. The real-valued function defined on (C¥',<pc) as:
Va € CF, wyr(a) = i(a)| (19)

18 a strictly decreasing lower valuation.
Proof. The proof is similar as for wg. O

Proposition 16. The function defined as:
V(a1,a9) € CF x CF, d,,, (a1,a2) = war(ar) +war(az) — 2wpr(ar VIS ag)
is a metric on (C¥', <p¢), and

duy (a1, a2) = li(ar) Vi(az)| — |i(ar) AT i(a2)].
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Proof. As for d.(a1,az2), du,, (a1,az2) is a pseudo-metric from Theorem 1 and
Proposition 15. By denoting Y; = i(a;), and using the fact that i(a; VI ay) =
i(ay) AT i(a2) (Eq. (4)), dw,, (a1, az) can be written as |Yi| + |Ya| — 2|Y1 AT V3| =
|Y1 VE Ya| — [Y1 AT Y. Tt is then a metric on CF since |Y; VI Ya| — [Y1 AT Ya| =0
implies a; = as. O

As an illustration of these definitions, the distance between the two fuzzy con-
cepts (X1,Y7) and (X5,Ys) given as examples in Sec. 3.3 is equal to 0.7 (for both
dywe and dy,,, ).

In the particular case where fuzzy sets are crisp, these results become equivalent
to the ones in Ref. 21.

5.2. Distances from filters and ideals

The distances introduced in previous work?! based on filters and ideals also directly
extend to the fuzzy case.

Let us recall that the ideal and filter associated with @ € C¥ are defined respec-
tively as:

I, ={beCF|b=pca},
F,={beCF|a=<pcb},

these definitions being direct extensions of the ones in the crisp case. Note that they
provide crisp subsets of CF'. It is easy to show that I, rc, = I,UIy, I xrcy, = 1,01,
and similar results for filters.

Proposition 17. Let us denote by wi(a) = |1,| the cardinality of the ideal gener-
ated by an element a of CF'. The function wy is increasing and supermodular (lower
valuation). Then one can define a pseudo-metric as:

dy, (a1, a) = wr(ay) + wr(az) — 2wr(ay AFC ay).
Proof. It is straightforward to see that w; is increasing. From the properties of
ideals, we have:
wi(aA"Cb) + wr(a VI b) = [Ioprey| + [Tayrey|
= I, N Ip| + |1, U I
= Lo N Iy| + [La] + [Ip| = [Ia N 1|
= |I| + |Ip| = wr(a) + wr(b).

This shows that wy is a lower valuation. Hence —wy is a decreasing upper valuation,
and from Theorem 1 applied on —wy, d,, is a pseudo-metric. O

Proposition 18. Let us denote by wr(a) = |Fy| the cardinality of the filter gen-
erated by an element a of CF'. The function wr is decreasing and supermodular
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(lower valuation). Then one can define a pseudo-metric as:

dwp (Cl1, ag) = wF(al) + OJF(CLQ) — 2wp(a1 \/FC 0/2) .

Proof. The proof is similar to the one for d,,,, by exploiting this time the properties
of filters. 0

By generalizing the previous valuations, one can define the following ones:*3

consider a non-negative real-valued function f on C¥, then the function defined as:

w(a)= > f(b)

b=Frca

is an increasing lower valuation, and

W)= 3 1)

axXrcb

is a decreasing lower valuation.

5.3. Morphological operators on LG, L™ and CF

In the following, we denote by df" any metric defined on CF'. It induces a pseudo-
metric on G or M by applying it on the object concepts or attribute concepts. For
any g € G, p(g) = (Ba({g}),a({g})) is the fuzzy object concept of g, as a direct
extension of the notion of object concept in the crisp case. Then we can define for
instance for any g1, g2 € G:

d(g1,92) = d" (p(g1), p(g2)) -

A similar construction can be performed based on attribute concepts.
Definition 7. Dilations and erosions on (L%, <) are defined, for all X € LY, as:
Vg € G,0(X)(9) = Vgen) X (9'),

Vg € G,ep(X)(9) = Ngrev(g) X (9)

where b is a structuring element defined as:

blg) ={g € G|d(g,9') <1}.

Dilations and erosions of size n are defined by using the set {¢’ € G | d(g,¢’) < n}
as structuring element.

Proposition 19. ¢, is extensive and gp is anti-extensive.
Proof. The result follows directly from the fact that g € b(g). O

Similar definitions and results apply on L.
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5.4. Using generators
Another construction can be derived from the following definitions and results,

using generators.

Definition 8. An elementary fuzzy set X, associated with a fuzzy set X is defined
as:

Xy(g) = X(g) and Vg’ € G\ {g}, Xy(g") = 0.
Proposition 20. Any fuzzy set X is sup-generated by the associated X, i.e.
X =V eaX,.
More generally, the set {X;‘, g € G, € L}, such that
X;(g) =X and Vg’ # g, X](¢") =0
sup-generates the lattice of fuzzy sets. A similar result for fuzzy attributes is given

in Ref. 44 in the framework of multi-adjoint concept lattices.

Definition 9. The fuzzy object concept of an elementary fuzzy set X, is defined
as p(Xy) = (Ba(Xy), a(Xy)).

Proposition 21. CF is sup-generated by fuzzy object concepts associated with ele-
mentary fuzzy sets, i.e.:
Va=(X,Y)eCr (X,Y) =V eap(Xy),

where is given by Eq. (4).

Proof. The proof is derived from the expression of the supremum in Eq. (4), from
Definition 9 and from the fact that (X,Y) € CF:

VFCgeGﬁ(Xg):\/cheG(ﬂa( q),(Xy))
= (Ba(V geGﬁa(Xq))v FgeGa(Xg))
(ﬁ(/\FgeGaﬁa(Xg)) a(V QGGXQ))
= (B(ATgeca(Xy)), (X))
= (Ba(V geGX ),Y)
= (Ba(X),Y) = (X,Y). O

Note that this result could also be derived from the results in Ref. 44, and
linking elementary fuzzy attributes and meet irreducible elements (as also used in
the next subsection in the present work).

Definition 10. From any dilation & on the generating fuzzy object concepts
(image of elementary fuzzy sets by j), a dilation on C¥" is derived as:

Va = (X,Y) € C",6(a) = VI ca(5(X,)) -
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Fig. 3. Dilation of {a} = {({1,9}, {0, s})} using as a structuring element a ball of dy, (red) and
of du,, (blue).

A similar construction applies for erosion, from the inf-generated property of
concepts, extended to the fuzzy case, and the commutativity of erosion with the
infimum.

Let us consider again the example in Fig. 1 (in the crisp case for this simple
illustration), and the concept a = ({1, 9}, {0, s}). We have:

dwe(a,01) = dyg (a,a3) =1 and d,,,, (a,a1) = dy,, (a,a2) = dy,, (a,a3) =1,
where a1 = ({1,4,9}, {s}),a2 = ({1,3,5,7,9},{0}), a3 = ({9}, {c, 0, s}). Hence:
6&({a}) = {a, a1, a3} and 6},({a}) = {a,a1,a2, a3} .
This is illustrated in Fig. 3.

5.5. Using irreducible decompositions

Another classical decomposition in ordered sets is the join irreducible decomposi-
tion. Let us denote by J(CF') the set of join irreducible elements of C', i.e.

JECHY={aecCP\{L}|V(bc)eCF xCFa='c=a=bora=c}.

The smallest element L is excluded from the set of irreducible elements. We have:*?

Va € CF\{L},a=VvIbe J(CF) | b=<pc a}.

We denote by J(a) the set of elements b involved in this decomposition. A mini-
mality constraint can also be added, as suggested in Ref. 21. Note that L is equal
to the supremum of an empty family in a complete lattice, so this expression would
hold also for L (and in that case J(a) would be empty). The same consideration
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applies for the greatest element T in the meet irreductible decomposition below.
These limit cases are not further considered in the following.

Such decompositions have been used in more general contexts as well, such as
object- and property-oriented concept lattices.46:47

Definition 11. From a distance d in C¥, we derive a dilation (of size n) from
J(CF) into CF as:

Vb e J(CF), 6;(b) = vF9{b e CF | d(a,b) <n},
and a dilation on C* as:

Va € CF, 6(a) = VvFC{5,;(b) | be J(CF) and b <pc a}.

Alternatively, the supremum in this definition can be restricted to the set of b
forming a minimal decomposition of a.

A similar construction for erosion can be performed from the meet irreducible
decomposition of any element of CF'. Let M (CF") denote the set of meet irreducible
elements (defined in a similar way as J(C*")). The decomposition of any a € CF"\
{T} into meet irreducible elements is defined as:

a=ACbe M(CF) |a=pc b}.
Let M(a) be the set of elements b involved in this decomposition.

Definition 12. From a distance d in C¥, we derive an erosion (of size n) from
M(CF) into CF as:

Vb € M(CF), epr(d) = AFC{b e CF | d(a,b) <n},
and an erosion on (CF as:
Va € CF, e(a) = AF9{epr(b) | b € M(CF) and a <p¢ b} .

Let us now consider particular distances, which are said V-compatible, and
derive dilations from them, as an extension of the construction done in Ref. 21
for the crisp case.

Definition 13. A distance is V-compatible, and denoted by dV, if for any n in RT
and any family (a;);c= of elements of C', for an index set =:

{beCr | dV(viZai,b) <n} = Uie={be CI|d'(a;,b) <n}.

Proposition 22. Let d be any distance on the fuzzy concept lattice (CF', <), and J
the join-irreducible decomposition operator on (C¥', <). Then the following function:

Y(a,b) € CF* d"(a,b) = inf d(a;,b)
a;€J(a)

s V-compatible.
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Proof. Let a = VF%{a; | a; € J(a)} (i.e. a; is irreducible for each 7). We have:

{beC|d"(a,b) <n}={becCl| ir}f( )d(ai,b) <n}
a; € a

= U{i|a,-€(7(a)}{b ec”t | d(a;,b) < n}.

Let now a = V% cza; for any family of a; indexed by = (not necessarily ir-
reducible). Each a; can be decomposed as a; = VF{a;; | a;; € J(a;)}, and
a=VF%c=VvFC {a;; | a;j € J(a;)}. Let us note =; = {j | a;; € J(a;)}. Then we
have:

{beCr |d"(vEiSa;,b) <n} ={beCF| inf d(a;j,b) <n}

a;j€Uic=J (ai) N

= Ujez jes,{b € cr | d(aij, b) < n}

= Ujez{be CH| inf d(a;;,b) < n}
1€=;

= Uje={be CF | dY(a;,b) <n}. ]
Proposition 23. Let d¥ be a V-compatible distance on CF. For any n in N, the
operator defined as:
Va € CF 5(a) = VI {b e CF | d¥(a,b) < n}
15 a dilation.
Proof. Let us prove that § commutes with the supremum. Since d¥ is V-
compatible, we have:
Y(a1,a2) € CF x CF,
§(ay VI ag) = vFCUb e CF | d¥(ay VI ap,b) < n}
=VvIP{b et | d¥(a,b) <n}uU{be CF|d(az,b) <n})
— (VFO({b e C | d¥(a1,b) < n})
vEC (vEC b e CF | dY(ag,b) < n})
= 6(a1) VEC 5(as).

This result extends to any family of a;, hence 6 commutes with the supremum.
Note that it uses the fact that, since <p¢ is a partial ordering, we have, for any
subsets A and B of CF, (VF'CA) vFC (vFCB) = vFC (AU B). |

Similarly, A-compatible distances can be defined, i.e. such that for any n in RT
and any family (a;);c= of elements of C*":

{b € (CF | d/\(/\zFe%a’Z?b) S n} = miGE{b € (CF | d/\(aiab) S ’I’L},

based on meet irreducible decompositions, from which erosions can be derived.
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As underlying distance d on C, the distances defined above such as d,,, and

d,,,, can be used, for instance.

Wnr

Let us illustrate these definitions in the crisp case, on the example in Fig. 1. In
this lattice, the irreducible elements are:

({4,6,8,10}, {c,e}) = p(Xe) = p(Xs) = p(X10),
({19}, {o,s}) =p(X1) = a,
({4}, {c,e;s}) =p(X4) =
({9} {c,0,s}) = p(Xo) =
({2} {e,p}) = P(X2),
(X3) =

({3.5, 7} {0, p}) = p(X3) = p(Xs5) = p(X7) .

Note that in this example irreducible elements are exactly elementary object con-
cepts. Moreover, if the context is made non redundant by clarification (by removing
the identical lines and columns on this particular example, here objects 5, 7, 8, 10 in
Fig. 1) then irreducible elements and elementary object concepts are in one-to-one
correspondence.

Let us decompose a1 = ({1,4, 9}, {s}):

a1:a4\/Fca\/Fca3

Let us take d,, as distance on C, and the associated dilation dg on irreducible

[1,2.34,5,5,?.3,9,1n+"|
ﬂ Iy

(2468100 3579 '| (12357

i46.89,10]
) i 1= L o e
[4,6.810)
icel
"2 |3s?1
| lepl _lepl

Fig. 4. Dilation of {a1} = {({1, 4,9}, {s})} using as a structuring element a ball of dy, for each
irreducible element of its decomposition.
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elements. We have:

5@({&4}) = {CL4, as = ({47 9}7 {C’ €, S})7 J-}
dc({a}) = {a,a1,as}
§G({a3}) = {0,3, as, a, aO}

and thus 6({a1}) = {1, a,a1,a3,a4,a5}. Note that this is not equivalent to com-
puting directly dg({a1}), thus really providing a new definition. This is illustrated
in Fig. 4.

While this figure illustrates one particular dilation, different from the direct
dilation of {a;}, several others could be defined and illustrated similarly. For in-
stance, other distances could be chosen (from which the dilation would be derived),
acting either on G, on M, or depending on both G and M. This open choice offers
flexibility for adapting the operators according to the application at hand.

6. Conclusion

The contribution of this paper is twofold. First, we exhibited links between formal
concept analysis and mathematical morphology in different frameworks (sets, fuzzy
sets, rough sets, F-transforms), paving the way for further discussions on these links
and on the properties that each framework could inherit from the others. Note that
these formal links should be exploited by keeping in mind that the semantics of
the different formalisms may have to be differentiated. An interesting outcome of
these links is that they allow to have unified representations between formalisms
with originally different aims (e.g. explaining vs. inferring, describing vs. predicting,
etc.). These links are summarized in Fig. 5.

Secondly we proposed operational ways to transform formal concepts using
mathematical morphology in these frameworks. These operations could now be

Lartices
(P(G),Q) | (- B a=I%pB=1I
(P(M),C) |
_/./'/'/ I — Structuring element
‘ (LG =r, nF VF *, —>) _/./'// Relation in approximation spaces
(LJHJ: jF‘, AFJ: vpl: *, _}) - —M
s;=Iy =R =ft: P(M)—= P(G)
eg=IN=R°=F': P(G) = PM)
Adpunctions R -
Gi=I"=TR =F': PG)— PM)
es=I=RM=f': P(M)— P(G)

Valuations . 6:C" = C
{(CF,jFC,/\FC,\/FC) Lo memes d — . CF L CF

Fig. 5. Summary of the contributions and established links.



30 J. Atif, 1. Bloch & C. Hudelot

explored to reason on concept lattices, for navigating among concepts, etc. (for
instance for abduction in the crisp case” or in a fuzzy setting®).

Algorithmic questions should also be addressed, for instance to build a fuzzy
concept lattice. In the proposed extensions to the fuzzy case, cardinality and dis-
tance values are crisp numbers. Another possible extension could be to define them
as fuzzy numbers, however at the cost of an increased complexity. Other links, for
instance with graphs and hypergraphs, will be explored in our future work, based
on mathematical morphology operators defined on such structures, in particular
transforming a set of vertices into a set of edges or hyperdeges, or the converse.*®4?
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