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This note provides a better and detailed proof of Theorem 2 of
[1], as well as some corollaries of the main result.

In [1], we developed a theory of mathematical morphology on
hypergraphs. Let H ¼ ðV ; EÞ be a hypergraph with E ¼ fe1 . . . emg
(jEj ¼ m), and d : ðPðEÞ; # Þ�!ðPðEÞ; # Þ be a dilation such that
dðeÞ– ; for all e 2 E. We defined a similarity function between
hyperedges as:

s : E� E �! Rþ

ðei; ejÞ# sðei; ejÞ ¼
jdðeiÞ \ dðejÞj
jdðeiÞ [ dðejÞj

:
ð1Þ

We stated that the matrix M ¼ sðei; ejÞ
� �

i;j2f1...mg, for s defined as
in Eq. (1) from a morphological dilation, is positive definite. In the
proof we used the Schur product theorem (i.e. the Hadamard prod-
uct of two positive semi definite matrices is positive semi definite),
which actually holds for symmetric matrices. However the proof
involved the sum of anti-symmetric and diagonal matrices, so
the argument cannot be applied in this case (although the result
was correct).

In this note, we provide a better and more detailed proof of this
result, by proving the following theorem. This proof has also the
advantage of suggesting extensions to other similarity matrices,
has shown by the two subsequent corollaries.

Theorem 1. Let H ¼ ðV ; EÞ be a hypergraph with
E ¼ fe1; e2; e3; . . . emg and let d : ðPðEÞ; # Þ�!ðPðEÞ; # Þ be a dilation
such that dðeiÞ – ; for all i 2 f1;2; . . . ;mg. Then the following
matrices:

(i) A ¼ jdðeiÞ \ dðejÞj
� �

i;j2f1;2;...;mg,

(ii) B ¼ 1
jdðeiÞ[dðej j

� �
i;j2f1;2;...;mg

,

(iii) and M ¼ jdðeiÞ\dðejÞj
jdðeiÞ[dðejÞj

� �
i;j2f1;2;...;mg

are positive semi definite.

Proof. ðiÞ Let jdðeiÞj ¼ ai;i for all i 2 f1;2; . . . ;mg and
jdðeiÞ \ dðejÞj ¼ ai;j for all i; j 2 f1;2; . . . ;mg; i – j.

We obtain the matrix:

A ¼

a1;1 a1;2 � � � a1;m

a2;1 a2;2 � � � a2;m

..

. ..
. . .

. ..
.

am;1 am;2 � � � am;m

0
BBBB@

1
CCCCA

To E we can associate a vector space on a field K in the
following way: to each element ei we associate a vector:
~ei ¼ ð0;0; . . . ;0|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

i�1

;1;0;0; . . . 0;0|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
m�i

Þ. This family of vectors is a basis of

a vector space denoted by VðEÞ. So for ~u 2 VðEÞ;~u ¼
Pm

i¼1ki~ei.
We have the inner product:

b : VðEÞ � VðEÞ ! R

ðui
!

; uj
!Þ # hui

!
; uj
!i ¼ u>i

�!
~uj

For all dðeiÞ; i 2 f1;2; . . . ;mg we define the vector ~udðeiÞ 2 VðEÞ by

~udðeiÞ ¼
Xm

k¼1

vdðeiÞðekÞ~ek

where for all i 2 f1;2; . . . ;mg

vdðeiÞðekÞ ¼
1 if ek 2 dðeiÞ
0 otherwise:

�

Hence,

h~udðeiÞ;~udðejÞi ¼
Xm

k¼1

vdðeiÞðekÞ:vdðejÞðekÞ ¼
Xm

k¼1

vdðeiÞ\dðejÞðekÞ

¼ jdðeiÞ \ dðejÞj:

Therefore,

A ¼ ðjdðeiÞ \ dðejÞjÞi;j2f1;2;...;mg ¼ ðh~udðeiÞ;~udðejÞiÞi;j2f1;2;...;mg:
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It is the Gram matrix of f~udðe1Þ;~udðe2Þ;~udðe3Þ . . . ;~udðemÞg which is posi-
tive semi definite. Hence, A is positive semi definite.
ðiiÞ Let

bi;j ¼
1

jdðeiÞ [ dðejÞj
; for i; j 2 f1;2; . . . ;mg

and let us note dðeiÞ ¼ Cc
i , consequently:

dðeiÞ [ dðejÞ ¼ Cc
i [ Cc

j ¼ Ci \ Cj
� �c and jdðeiÞ [ dðejÞj ¼ jEj � jCi \ Cjj:

We have:

bi;j ¼
1

jEjð1� jCi\Cj j
jEj Þ

; for i; j 2 f1;2; . . . ;mg:

So

B ¼ 1
jEj

1
1� ci;j

	 

i;j2f1;2;...;mg

with ci;j ¼
jCi \ Cjj
jEj

Since dðeiÞ– ; for all i 2 f1;2; . . . ;mg, we have: 0 6 ci;j < 1 and
1

1�ci;j
¼
Pþ1

k¼0ck
i;j, hence,

B ¼ 1
jEj
Xþ1
k¼0

C�k

where C�k ¼ C � C � . . . � C|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
k

is a k times Hadamard product.

Now the matrix

C ¼ ðci;jÞ ¼
1
jEj ðjCi \ CjjÞ16i;j6m

is positive semi definite by ðiÞ applied to Cc
i

From the Schur product theorem, if M and N are two positive
semi definite matrices, then M � N ¼ N �M is also positive semi
definite, hence, C�k is positive semi definite for all k 2 N. From this,
for all x1; x2; . . . ; xm 2 R, we have:

Xm

i¼1

Xm

j¼1

c�ki;j xixj P 0:

So, for all N P 0:

Xm

i¼1

Xm

j¼1

XN

k¼0

c�ki;j xixj P 0:

Consequently for N�!þ1:

Xm

i¼1

Xm

j¼1

Xþ1
k¼0

c�ki;j xixj P 0;

and we have:

Xm

i¼1

Xm

j¼1

Xþ1
k¼0

c�ki;j xixj ¼
Xm

i¼1

Xm

j¼1

1
1� ci;j

xixj P 0:

Both the matrix 1
1�ci;j

� �
i;j2f1;2;...;mg

and jEj. B are definite semi posi-
tive, so B is.
ðiiiÞ By applying again the Schur product theorem, the matrix

M ¼ A � B

is positive semi definite. h

Corollary 1. Let E ¼ fe1; e2; e3; . . . eng a set and let
fAi; i 2 f1;2; . . . ;mgg be a set of non-empty subsets of E, with
8i 2 f1;2; . . . ;mg;Ai – ;. Then the following matrices:

(i) A ¼ jAi \ Ajj
� �

i;j2f1;2;...;mg,

(ii) B ¼ 1
jAi[Aj j

� �
i;j2f1;2;...;mg

,

(iii) and the JACCARD index M ¼ jAi\Aj j
jAi[Aj j

� �
i;j2f1;2;...;mg

are positive semi definite.

Corollary 2. Let E ¼ fe1; e2; e3; . . . eng a set and let
fAi; i 2 f1;2; . . . ;mgg be a set of non-empty subsets of E, with
8i 2 f1;2; . . . ;mg;Ai – ;. Then the following matrices, for a 2 Rþ�:

(i) A ¼ jAi \ Ajj
� �

i;j2f1;2;...;mg,

(ii) B ¼ 1
ðjAi jþjAj jÞa

� �
i;j2f1;2;...;mg

,

(iii) and M ¼ jAi\Aj j
ðjAi jþjAj jÞa

� �
i;j2f1;2;...;mg

are positive semi definite.

Proof. The proof is similar to the previous one. For (ii), we have:

1
ðjAij þ jAjjÞa

¼ 1
CðaÞ

Z 1

0
e�ðjAi jþjAj jÞtta�1dt

with

CðaÞ ¼
Z 1

0
e�tta�1dt

Let

f Ai
ðtÞ ¼ e�jAi jtt

a�1
2 2 L2ð 0;1½ ½Þ:

We introduce the following scalar product:

hf Ai
; f Aj
i ¼

Z 1

0
f Ai
ðtÞf Aj

ðtÞdt:

So

B ¼ 1
CðaÞ hf Ai

; f Aj
i

which a Gram matrix. h
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