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This note provides a better and detailed proof of Theorem 2 of
[1], as well as some corollaries of the main result.

In [1], we developed a theory of mathematical morphology on
hypergraphs. Let H = (V,E) be a hypergraph with E = {e;...en}
([Ef|=m), and ¢: (P(E), C)—(P(E), C) be a dilation such that
d(e) # 0 for all e e E. We defined a similarity function between
hyperedges as:

S:ExE—R"
|o(ei) N o(e))| (M
|o(e) U d(ey)|

We stated that the matrix M = (s(e;, ej))uq1 my» for s defined as
in Eq. (1) from a morphological dilation, is positive definite. In the
proof we used the Schur product theorem (i.e. the Hadamard prod-
uct of two positive semi definite matrices is positive semi definite),
which actually holds for symmetric matrices. However the proof
involved the sum of anti-symmetric and diagonal matrices, so
the argument cannot be applied in this case (although the result
was correct).

In this note, we provide a better and more detailed proof of this
result, by proving the following theorem. This proof has also the
advantage of suggesting extensions to other similarity matrices,
has shown by the two subsequent corollaries.

Theorem 1.let H=(V,E) be a hypergraph  with
E={eq,e,e3,...em} and let § : (P(E), C)—(P(E), C) be a dilation
such that d(e;) #0 for all i€ {1,2,...,m}. Then the following
matrices:

(ei,e;) — s(ei, ) =

(A= (‘( i) No(e )|)iJ€{1-2 ..... my’
(if) B = (b

ije{1.2,., m}
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[o(ei)na(e;)|
(iii) and M = (W >U‘><eﬂ‘)ue(1,2.m,m}

are positive semi definite.
Proof. (i) Let |é(e)|=a;; for all ie{1,2,...,m} and

|6(e;) N d(ej)| = a;j for all i,j € {1,2,...,m}, i#].
We obtain the matrix:

a1 Q12 -+ im

a1 Ozp -+ Oopm
A=

n1 Qm2 - am,m

To E we can associate a vector space on a field K in the
following way: to each element e; we associate a vector:

e =(0,0,...,0,1,0,0,...0,0). This family of vectors is a basis of
- m-—1
a vector space denoted by V(E). So for i € V(E),ii = >_[", Ji€}.
We have the inner product:
b: VEE)xV(E) — R
@w) o ()=
For all §(e;),i € {1,2,...,m} we define the vector is., € V(E) by

m
Us(e) = Zla(ei) (er)ex
k=1

where for alli e {1,2,...,m}
. 1 ife,ede)
Kie (&) = {O otherwise.

Hence,
m m
Z ) (@) 2 siey () = ZX&(E,-)md(ej)(ek)
k=1 k=1
= |o(e;) N S(ey)]-
Therefore,

= (‘6(61) n 5(ej)‘)ije{l,2 ..... my = (<ﬁ5(ei);ﬁ5(9])>)i‘j€{]v2 _____ my’
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It is the Gram matrix of {ﬁ5(91)7 ﬁ‘;<ez)7 ﬁ6(93) ey ﬂ‘;(em)} which is pOSi-
tive semi definite. Hence, A is positive semi definite.
(ii) Let

1
bi,i:m forije{1,2,...,m}

and let us note J(e;) = C;, consequently:

d(ei)Ud(e) =Ciu Cf =(Gin Cj)c and |6(e;) U d(ej)| = |E| — |Gin Gl
We have:
1
buzi forije{1,2,...,m}
[ee] , 1Enes
E[(1 = =5)
So
1 ( 1 ) _|GinGl
=—— with ¢;; =
[EI\1 —cij ije(1,2,...m} ! |E|
Since d(e;) # 0 for all ie{1,2,...,m}, we have: 0< <1 and

1 ok
e = > ko€t hence,

|E‘ Zcok

where C* = CoCo...0C is a k times Hadamard product.
~—

k
Now the matrix

C=(cj) = Lang il)

1<ij<m

[E]

is positive semi definite by (i) applied to C;

From the Schur product theorem, if M and N are two positive
semi definite matrices, then Mo N = No M is also positive semi
definite, hence, C°* is positive semi definite for all k € N. From this,
for all x1,x5,...,xm € R, we have:

ZZC kxix; >

i=1 j=1
So, forallN > 0

m m N

S5 g > 0

i=1 j=1 k=0

Consequently for N— + oco:

m m -+oo

330 ey > 0

i=1 j=1 k=0

and we have:

m_ +oo m

ZZZC kxix; = Z}il xxj > 0.

i=1 j=1 k=0

Both the matrix (
tive, so B is.

T ) and |E|. B are definite semi posi-
ij/ije{1,.2,.,m}

(iii) By applying again the Schur product theorem, the matrix
M=AoB

is positive semi definite. (I

Corollary 1. Let E={ej,e;,e3,...,} a set and let
{Ai,ie {1,2,...,m}} be a set of non-empty subsets of E, with
vie{1,2,..., m} A; # 0. Then the following matrices:

(i) A= (JAinAjl)

(ii) B = (V‘ A ‘);Je{l.z ..... m)’
(iii) and the Jaccarp index M = (

ije{12,...m}’

\AiﬂAj\>
A4 ) jie(12,...m}

are positive semi definite.

Corollary 2. let E=/{ej,eyes,...,y a set and let
{Ai,ie {1,2,...,m}} be a set of non-empty subsets of E, with
Vie {1,2,...,m},A; # 0. Then the following matrices, for o € R**:

(i) A= (‘Ai mAjl)i,je{l.Z,...,m}’

o 1
(ii) B = ((‘Ai‘Jf‘Ai‘)x)i.je{l.z....,m‘,y

i) and M = ()
( ) (1A;|+1A; n* ije{1.2,...m}

are positive semi definite.

Proof. The proof is similar to the previous one. For (ii), we have:

1 1 o
— oA+ Epr-1 g
(1Al + A1) 1“(Oﬁ)/o
with
I'(x) :/ et ldt
0

Let

Falt) =ehies
We introduce the following scalar product:
Gaila) = [ a0y 00t

So

1
*WU-A,»;fAﬂ

€ [*([0; 00]).

which a Gram matrix. O
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